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Limit analysis of thick and thin circular plates 
subjected to transverse pressure 

Notadoa 

K. S. DINNO (BAGHDAD) and M. ROBINSON (MANCHESTER) 

Two LOWER bound analyses for the calculation of the limit transverse pressure on simply sup­
ported and clamped plates are presented: a thick plate analysis which takes account of all stresses 
and which is based on the von Mises yield criterion, and a thin plate with shear analysis which 
ignores the through thickness direct stresses and which uses a close approximation to the true 
thin plate interaction yield surface. The lower bound limit pressures are optimised using a non­
linear programming method. Results for the different ranges of plate radius to thickness are 
compared between the two analyses and with results by others. 

Przedstawiono dwie dolne oceny nosno5ci granicznej wolno podpartych i utwierdzonych p1yt 
obci~nych poprzecznie; dla plyt grubych ocen~ znaleziono uwzgl~aj~c pelny stan na• 
pr~ienia i przyjmuj~c warunek plastyczno5ci Misesa; dla plyt cienkich pomini~to napr~nia 
normalne w kierurtku prostopadlym do plyty. a za warunek plastycznoSci przyj~o pewn~ apro­
ksymacj~ Scislego warunku obowi~uj~cego dla tych plyt. Najleps~ dolo~ ocen~ no8noSci 
okreslono metod~ programowania nieliniowego. Obliczone dla r6mych stosunk6w promienia 
plyty do jej grubo5ci warto5ci obu ocen por6wnano z wynikami uzyskanymi przez innych auto­
r6w. 

llpe~CTBBneHbl ~e HH>IUIHC OUCHI<H npe~CJJbHOit HCcyiUCit CllocOOHOC'IH CBOOo~ODO,AJJCpThiX 
H 3aKpeDnCHHbiX DJ1HT, Hai'pY>f<CHHbiX nonepe'DibiM 00pa30M; lVDI TOnCTbiX IIJIBT OUCHKI 
aait~eua, yqHTbiBIUI nonuoe IWipJDKeHHoe cocromme H npHHHMIUI ycnoaue DnllC'l'lfqHOCTH 
MB3eca, lVDI TOHKHX DJIHT npeHe6penleTCJI HOpM&JJbHbiMH HanpJDKCHWIMH B nepn~nsp­
HOM mmpasneHHH K IIJIBTC, a ycnOBHC DnacTII'IHOCTH npHIIJITO .B B~C HCKOTOpoit amipOKCB­

M8UHH ro1111oro ycnoBIDI, o6xa&m8l0w;ero lVDI 3THX DJIBT. H8HJI}"IIIIIUI HII>KHJIH OUeBK8 ue­
cyw;eit cnoco6HOCTH onpe~eneaa MCTO~OM HCJIHHeitHoro nporpaMMHpoBaHIDI. PllCC'DI'l'IIBIIe 
~ pa3HbiX OTHOWCHHit pa.ztBYca JIJIHTbi K ee TOJIIIJ;HHC 3H&liCBIIJI OOoHX OUCHOK cpaBHellbl 
peaym.TaftMH nonyqclim.IMH -~yrHMH asropaMH. 

r0 ratio of plate radius to thickness, 
r ratio of radial coordinate to plate thickness, 
z ratio of through thickness coordinate to plate thickness, 
p pressure, 
« ratio of radius of loaded circle to plate radius, 

a0 yield stress in simple tension, 
p* dimensionless pressure = «2r~p/a0 , 
a, ratio of radial stress to yield stress in simple tension, 
de ratio of circumferential stress to yield stress in simple tension, 
a. ratio ohransverse stress to yield stress in simple tension, 

Tn = T,. ratio of shear stress to yield stress in simple tension. 
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Q. transverse shear force, 
M. radial bending moment, 
M, circumferential bending moment, 

q, = Q,fao dimensionless shear force, 
m,= 4M,fa0 dimensionless radial bending moment, 

K. S. DINNO AND M. ROBINSON 

ms = 4Me/a0 dimensionless circumferential bending moment (N.B. thickness of plate = 
=unity), 

x vector of stress parameters, 
A,.111 , B.,,, C.," independent variables of stress vector, 

F, yield function. 
Other symbols are defined as they appear in the text. 

1. Introduction 

THE TIIEORETICAL limit behaviour of rigid plastic thin isotropic circular plates has been 
studied by several authors [1-4]. HoPKINS and PRAGER [I] evaluated the limit load for 
simply supported and fixed circular plates subjected to circular and annular loads for 
a Tresca yield condition by ignoring the effect of shear on yielding. HOPKINS and W ANG [2] 
also solved the same problem for circular loading, using the von Mises yield criterion, 
again neglecting the effect of shear force. The resulting differential equilibrium equation 
is nonlinear and is integrated numerically. DRUCKER. and HoPKINS [3] discussed the case 
of a circular plate with overhangs for uniform and concentrated central loads using the 
Tresca yield criterion, again ignoring shear effect. SAWCZUK and JAEGER [4] solved the 
problem of circular plates subjected to line loads and annular plates subjected to uniform 
load using a yield condition that ignores the interaction between shear and bending. 

The shear-bending interaction in circular plates was studied by BROTCHIE [5]. The 
Tresca yield criterion was used, but as a result of the assumed shear stress distribution 
across the plate thickness the analysis was only approximate. SHAPIR.O [6] proposed a para­
metric form for the von Mises yield criterion for an arbitrary thin shell and derived 
general relations in an integrated form. SAWCZUK and DusZEK [7] examined the effect 
of shear force on the load carrying capacity of plates by considering a simply supported 
circular plate under uniform circular loading. Two alternative yield conditions were used, 
a limited interaction yield surface between moment and shear force for a Tresca material 
and a linearised interaction surface for a von Mises material. The method presented, in 
spite of taking shear into account, ignored the effects of the direct transverse stress (like 
all the previous analyses). As such, it is not strictly applicable to thick plates. 

In this paper two separate analyses will be presented. The first is an analysis which, 
in principle, applies to plates of any thickness but which in the form given is particularly 
suited to thick plates. The second is a thin plate analysis which takes into account the 
effect of shear on yielding. Both analyses are lower bounds for a rigid plastic material 
and use a nonlinear optimisation method to arrive at the optimum stress fields and 
their associated limit loads. The results presented are compared with the thin plate -
without shear results by HoPKINS and W ANG [2] and with the thin plate with shear results 
by SAWCZUK and 0USZEK [7]. 
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LIMIT ANALYSIS OF TIIICK AND TIIIN CIRCULAR PLATES 153 

2. Thick plate analysis 

2.1. General 

The method of analysis adopted here is that proposed by DINNO and GILL in a pre­
vious paper [8] in which it was formulated as a general method for shells of revolution 
and was utilised in determining the lower bound limit pressure for a thick cylindrical 
vessel with thick torispherical ends .. This method considers a three-dimensional stress 
formulation in terms of stresses rather than stress resultants and uses a basic yield criterion 
of the material, assumed to be von Mises. The stress field takes full account of the trans­
verse and shear stresses. Some of the stresses are expressed in terms of an independent 
set of variables and the remaining stresses are found from equilibrium and boundary 
conditions. Using a nonlinear optim.isation process, namely the Sequential Unconstrained 
Minimisation Technique due to CARROLL [9J, the variables are chosen to maximise the 
lower bound load with the constraint that the material yield criterion must not be violated 
anywhere in the plate. 

For an element within the thickness of an axisynunetric plate loaded axisymmetrically, 
the only non-vanishing stresses are a, Uz, a8 and T,: = Tzr· The equations of equilibrium 
are 

(2.1) 

(2.2) 

The yield condition takes the form 

F1 ~ l, 

where F1 is the yield function. Using the von Mises yield criterion the above inequality 
becomes 

(2.3) 

Of the four stresses it turns out to be most convenient to postulate T,z and u, and to deter­
mine a: and a8 in terms of them. The stresses T,z and u, are expressed in terms of a finite 
set of parameters x (which includes the applied load intensity p) and are expanded as 
polynomials in the radial and the through thickness coordinates. 

2.2. Simply supported drcular plate 

The following expression for Trz is assumed to apply over the whole plate: 

ns ms 

(2.4) T,: =}.;}.; A,.mz"(l-z)r'"+C(r)z(l-z), 
n•l m•l 

where A.m is a group of variables which form part of the x vector in the optimisation 
and C(r) is a function to be determined later. This expression for T,z satisfies the boundary 
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conditions at z = 0 and at z = I. Substituting for T,1 in Eq. (2.2) and integrating, 

"' nu 
d =- ~ ~A r'"-t(m+l)(-1-- _z_)z"+l 

:r .L.J .L.J ,. n+ I n+2 
11•1 111•1 

(2.5) 

[ 
C(r)](z2 z

3
) - C'(r)+-,- 2 - 3 +D(r). 

Noting that at z = 0, d:r = - p(r) where p(r) is the distributed load on the plate (counted 
positive along the positive direction of z), we get D(r) = -p(r). Further, with a: = 0 
at z = I (free boundary) and by integrating and noting that Tr: = 0 at r = 0, C(r) can be 
determined. This finally leads to 

m nu r 

,, \, ·[ 6z(l- z)r'" ] 6z(l- z) J 
(2.6) T,: = .L.J L.J A,.,. r'"z"(l-z)- (n+l) (n+2) - · r p(r)rdr 

n•l m•1 0 

and 
11$ m.r 

a = . \1 ~A [-r'"-t(m+ I) (-1-- _z_)z"+I 
z L.J .L.J "'" n+ I n+2 

n=1 111=1 

(2.7) 

r'"- 1(m+l) 2] + (n+ I) (n+ 2) (3- 2z)z +[(3-2z)z2-l]p(r). 

For the radial stress a, a discontinuity is allowed within the thickness at z = a. Such 
a discontinuity is statically admissible as it affects only a, and a8 and its inclusion permits 
a better utilisation of the cross section to support radial and circumferential bending 
moments. 

For a~ z ~ 0, a, is postulated as 
f6 VS VI 

(2.8) tt, = J; J; Bpz11(r0 -r)11 + J; B0.,(ro-r)11
• 

q•lv•1 v•.l 

For 1.0 ~ z >a 
qc VC VC 

(2.9) a,= J; J; C911 zf(r0 -r)"+ J; Cou(ro-r)". 
q•1v•1 v•l 

These distributions for a, satisfy the boundary conditions at the simply supportecl edge. 
At such an edge (r = r 0 ) it is assumed that a, = 0 and that the vertical external forces 
are supported by the shear reaction stress Trz(r = r0), (see Fig. 1). From equilibrium it 
follows that for a ~ z ~ 0 

(2.10) 

111 m• 

11, = 2 2 A..,r•+• [nz"-1 -(n+l)z" 
n•l 111•1 

6(1-2z) ] 
(n+ I) (n+2) 

, ql tJ$ 

-6(1 -2z) J p(r)rdr+ 2 2 B1111 z11
[ -vr(r0 -r)"- 1 + (r0 -r)"] 

0 q=1 v•1 

+ i; B0,[-vr(r0 -r)'-1 +(i'0 -r)'] 
val 
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Thk~.-r---~~~~~~--~ 

= 1untt 
z 

Plate notation 

Thin plate element 

Clamped .support Simple support 

Nature of .stresses at supports 

FIG. l. Notation, elements and support conditions. 

and for 1.0 ~ z > a 
u m.r 

~ . '\1 111+1 [ ..11-1 ( 1) 6(1-2z) ] 
(2.11) a6 = LJ LJ A • .,.r n"' - n+ z"- (n+ I) (n+ 2) 

n•l m-1 

r qc tiC 

-6(1-2z) J p(r)rdr+ l, 2 Cqozt[-vr(r0 -r)~'- 1 +(r0 -r)"] 
0 t•l tl•l 

tiC 

+ 2 Co.,[-vr(r0 -r)•- 1 +(r0 -r), . 
., .. 

2.3. Clamped circular plate 

The stresses -r,:r and a:r follow the same boundary conditions as those for the simply 
supported case. Hence the expressions (2.6) and (2.7) for -r,:r and a:r are valid for the pres­
ent case. The clamped end is assumed to provide a bending constraint but the inplane 
resultant force is assumed to be zero. (The nature of the stresses at the support are shown 
in Fig. 1). As in the case of the simply supported plate a discontinuity in a, is allowed at 
z = a. a, is postulated as follows, which satisfies 

IJ t 

(2.12) J a,dz+ J a,dz = 0 at r = r0 ; 

0 IJ 
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for a~ z ~ 0 
qs vs vs qs 

(2.13) (J, = 2 2 Bq,z4r" + 2 Bo"r" + 2 Bqoz4 +Boo. 
q==l """I e~=l q=l 

Consequently, from equilibrium 

"' m• 

(2.14) _ '\1 \-,A m+1 [----1 ( 1)z"- 6 (l-2z) ] 
(J6 - L.J £.J ,.,.r ru. + n+ (n+ 1) (n+2) 

n•l ••I 
r ql t11 t1S 

-6(1-2z) J p(r)rdr+ 2 2 Bp(v+ 1)z'~r"+ 2 B0.,(v+ 1)r" 
0 q~l v•l v=l 

for 1.0 ~ z >a 
qc t1C VC qc 

(2.15) (J, = 2 2 C4,z4r"+ 2 C0 ,r"+ 2 C,0 z4 +C00 • 

q=l t1=1 t1•1 q•l 

Substituting in the boundary condition (2.12) defines one of the C variables in terms of 
the others and the B variables. If, in particular, C00 is chosen to be eliminated, its value is 
given by 

(2.16) Coo=- l~a {.f 2 B .. ::: rH 2 Bo,arg+ I; B•o ::: 
q=l e~•l v•l q=l 

~ ~ [ 1-af+l] ~ {, [ 1-af+l ]} 
+B00 a+ L.J L.J Cp q+ 1 r~+ L.J Co.,(1-a)r8+ L.J C4o q+ 1 . 

q•l v•l v•l q•l 

Finally, 

r qc t1C VC 

-6(1-2z) J p(r)rdr+ 2 2 C..,(v+1)z4r"+ 2 C0.,(v+1)r11 

0 q-=1 v•l e~•l 

qc 

+ 2 C4ozf+Coo· 
qa:l 

2.4. COIDputatloll 

As stated earlier the Sequential Unconstrained Minimisation Technique due to CARROLL 

[9] was used for the optimisation. The variables in the . x vector were optimised in order 
to determine the highest value of the lower bound limit load subject to the yield constraint 
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(2.3) applied at pre-chosen points in the domains of the plate. For the purpose of a typical 
computation the load p(r) was taken as uniform = p. Figures 2 and 3 show results for the 
simply supported and the clamped plates, respectively. 

1.0 

08 

a6 

0.4 

o.z 

0 

Thin plate limit analysis (Hopkins and Wang) 
X ----~-------

~ 
X 

l 
0 ~ S? ~ 

X 

0 

X 

~Pure shear line(ignores a,) 

0 0 

FIG. 2. 

0 0 

o Thick plate results 
x Thin plate with shear results 

Simply supported plate 
CX=1.0 

Thin plate limit analtjsis (Hopkins and Wang) 
tor------------------------~~~~~~~~~~~~~-~--­

0.8 

0.6 

0.4 

0.2 

l x 6 B f§ 

0 

0 

Pure shear line 

X 
0 

FIG. 3. 

X 
0 

X x 

0 0 

o Thick plate results 
x Thin plaie with shear results 

Clamped plate 
CX=1.0 

In each figure the dimensionless limit load (as a ratio of the calculated limit load to 
the thin plate -without shear limit load based on a von Mises yield criterion) is plotted 
against r 0 , the radius to thickness ratio of the plate. 

For the parameters investigated here the number of variables were: ns = 6, ms = 6, 
qs = 4, fJS = 7, qc = 4 and vc = 7. The number of constraint points across the thick­
ness was 12 (6 for zone a~ z ~ 0 and 6 for zone 1.0 ~ z ~a) and the total number Of 
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constrained points for the plate was 120. The optimum value of a for the cases considered 
lay between 0.45 and 0.55. 

At the end of the optimisation process the yield function was calculated at a larger 
number of points (usually 400) in order to survey the extent of yield violation. Yield 
violation was no more than about 3% for all values of r 0 • A suitable reduction factor 
was imposed on p to produce a safe value of p for which no yield violation occurred. 

3. Thin plate with shear analysis 

3.1. General 

The lower bound analysis is formulated in terms of stress resultants. The analysis 
is made for a simply supp<>rted and clamped circular plate of unit thickness and radius 
r 0 • For simplicity the loading is assumed to be a uniform pressure p acting over a central 
area of radius ru0 (see Fig. 1) where 0 < ex~ 1. 

For an axisymmetric stress state the non-vanishing dimensionless stress resultants are 
mr, m, and qr. These must satisfy the following thin-plate equations of equilibrium 

d p*s 
(3.1) ds (sqr) = cx2ro, 

(3.2) 
dmr 4 s~ +mr-me = rosqr, 

where s = rfr0 and p* is the dimensionless pressure given by p* = «r~pfa0 • 

3.2. Formulatloa of stress resultants 

Integration of Eq. (3.1) gives 

(3.3) q = _!_p* j_ 
r 2 ro, where 

Equation (3.2) gives 

p = .!.._ if s < ex and cz2 

(3.4) m, = s d:;;r + mr- 2psp*. 

ifs~ (X. 
s 

The bending moment mr is approximated by parabolas in a series of zones. The dimen­
sionless pressure p* is taken as the first component of the x vector, the rest of which de­
scribes mr. 

Let the ith zone be defined between s = s, and s = sl+l and let mr = x21 at s = s, 
and X21+2 at S = S1+1· Thus in this zone mr may be written as 

(S-S,+l) (S-S,) 
(3.5) mr = X2 , S . S . +X2t+l(S-S,) (S-Sl+l)+X1,+2 S S . 

1- 1+1 1+1- I 

From Eq. (3.4) 

(2S-S1+1) 1 2S-S1· 
(3.6) m,= X1, S . S +X11+t[3S -2S(S,+S,+1)+S,Sl+1]+X1.l+2 S -S, . 

• - 1+1 l+l • 
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If the number of zones of equal length used in the range 0 ~ S ~ IX is n1 and in the 
range IX ~ S ~ l is n1 , then for a simply supported plate with m, = 0 at S = I , the variable 
x1,.~+1,.,+2 = o. 

3.3. Yield c:ondldon 

For a thin plate theory it is necessary to make the kinematic assumption that plane 
normals to the plate middle surface remain plane (though not necessarily normal). It 
then becomes possible to obtain a yield condition in terms of m, m8 and q,. Defining 
Q,. = m!+mi-m,m8 and Q11 = 3q!, it can be shown that for the exact thin plate yield 
condition Y0 =I (with associated limit load P0), Y0 is a function of Q,. and Q11 only [6]. 
If we define Y1 = Q,. + Q11 and use Y1 = I as an approximation to Y0 , and if P 1 is the 
associated limit load, it can be shown [IO] that 0.955 P0 ~ P1 ~ P0 • A very good approx­
imation for Y0 , accurate to I/2%, was suggested by Ivanov (see [IO]) and is given by 

0.25Q.Q,. 
Qq't"Q,.- Q

11
+0.48Q,.. = I. 

Y1 is used during the optimisation and the Ivanov yield condition is used afterwards for 
a final check on the stress field. If required a reduction factor is imposed so that the Ivanov 
yield condition is nowhere violated. 

3.4. Computadon 

The principle of computation used here is exactly that used for the thick plate ana­
lysis. The yield function is constrained at, say, ne points in each zone. At the end of the 

p'* 
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A 

Simply supported plate 
x r0 = 50 
0 =10 
+ = 5 
D - 2 
1::, = 1 

Straight lines are "pure shear" lines 

FIG. 4. 

http://rcin.org.pl
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optimisation process the approximate yield surface Y1 and the almost exact Ivanov yield 
function were evaluated at a large number of points (about twenty for each zone) and 
a suitable reduction factor for p imposed. This is 1/JfYmax where Ymax is the largest value 
of the Ivanov yield function (since this is quadratic in the stress resultants). 

The results for this analysis are presented in the form of four graphs. The first two 
are for fully loaded plates ( rt = 1) for both the simply supported and clamped cases. 
These are shown in Figs. 2 and 3 which enable direct comparison to be made with the 
thick plate results. The second two are for the dimensionless pressure p* against a for 

0.2 0.4 0.6 

FIG. 5. 

0.8 

Clamped plate 

x ro- so 
0 ... 10 
+ ,.. s 
0 = 2 
Cl = 1 

1.0 ex 

both simply supported (Fig. 4) and clamped (Fig. 5) cases. These are for values of r0 

(ratio of plate radius to thickness) of 1, 2, 5, 10, 50 and for rt from 0.025 to 1.0. 
The number of zones used in each of the regions 0 ~ S ~ rt and rt ~ S ~ 1 was 10. 

This was found to be optimum and very little difference was detected in the value of p* 
when the number of zones was increased from 10 to 30. The number of constraint points 
ne in each zone was 5. This was found to be adequate and led to minimal yield violation 
elsewhere. 

4. Discussion 

Considering the lower range of r0 , say r0 less than 2, the thick plate analysis is more 
relevant than the thin plate with shear analysis since it takes account of the through thick­
ness stress a% which has a significant value at this range of r 0 • Notwithstanding this, it is 
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still worthwhile to examine the shear effect at this range of r0 for the thin plate formulation. 
When r 0 is very small, failure may be visualised to occur by pure shear at the edge with 
bending moments being very small. For such a situation we have 

2nrt.rou0 qmax = nprt.2rJ. 

With qmax being limited to 1 /yJ for a von Mises material the pure shear failure line is 
given by 

(4.1) p* = 2t:uo/VJ · 

This line is indicated on Figs. 2 and 3 where it is seen to pass through the origin and 
represent, as is to be expected, an upper estimate of the collapse load. The pure shear line 
is also plotted in Figs. 4 and 5. 

Of course, it can easily be seen that this thin plate "pure shear" line represents an 
upper bound on the more accurate thick plate result, considering Tr: alone. In order to 
obtain the qr required by the thin shell analysis, one would have to have Trz = maximum 
value from top to bottom of the shell, whereas it must vanish on both surfaces. If OTr:foz 
is large near the surfaces, this induces rapid changes in ur as can be seen from Eq. (2.1), 
and hence ur contributes to the yield function. 

Secondly, for small r0 the a: contribution becomes dominant. For, since pfu0 = p* fa. 2r6 
must remain finite as r0 -+ 0, it follows that p* as a function of r0 is of the power 2 in the 
neighbourhood of r0 = 0. Therefore, a graph of p* against r0 has a zero slope at the 
origin for the thick plate analysis. This differs strikingly from the "thin plate with 
shear" results. 

Comparing the behaviour of the simply supported and clamped plates, it is seen from 
Figs. 2 and 3 that both the thick plate and thin plate with shear collapse pressures rise 
more slowly towards the Hopkins and Wang thin plate without shear values for the clamped 
plates than for the simply supported plates. This is to be expected since taking the shear 
stress Tr: into account uses up a considerable portion of the allowable limiting value of 
the yield function, particularly at the clamped end, and thus reduces the section's capac­
ity for supporting the radial stresses ur. This argument which applies to the thin plate 
with shear case as well as to the thick plate case means a reduction in the ability of 
the plate to support a clamping moment relative to the no-shear case. The simply supported 
plate for which the radial stresses at the end, and hence the clamping moment, are zero 
is naturally less affected by allowing for shear. 

Although the method for the thick plate analysis is perfectly general and can, in princip­
le, be used for any plate radius to thickness ratio, it is observed from Figs. 2 and 3 
that the thick plate results are nearly all lower than the thin plate with shear results. The 
difference at high r 0 is mostly due to the fact that in order to obtain a stress distribution 
where the whole of the plate is nearly at yield, very high order polynomials would have 
to be used (or an alternative formulation of the stresses). This in turn would require a far 
larger number of constraint points and create problems with computer storage. In spite of 
this difficulty, dimensionless pressures of 0.9 have been achieved at high r 0 which is con­
sidered fairly satisfactory. 

As for the thin plate with shear results, it is seen from Figs. 2 and 3 that these tend 
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towards the thin shell without shear lines for increasing values of r 0 • The agreement 
between the two at values of r 0 > 25 has been found to be almost exact. 

The plots of p* against IX for the thin plate with shear case are shown in Figs. 4 and 5. 
For comparison purposes the no-shear curves due to Hopkins and Wang have been super­
imposed. The pure shear lines have also been plotted for most values of r 0 • From these 
plots it is seen that if r0 is not very small, a straight line along the pure shear curve up 
to the no-shear curve and then a continuation along the no-shear curve appears to be 
a· good upper bound approximation to the true behaviour of both simply supported and 
clamped plates. 

Comparing the results obtained here with those by SA wczuK and DuszEK [7], one 
must be careful to note the differences between the yield conditions employed in the various 
analyses. Sawczuk and Duszek used a separated shear and bending action based on .the 
Tresca yield criterion. They also used linearised approximations to an interaction surface 
based on the von Mises yield criterion. As such, quantitative compa. ison of results is 
rather difficult. In particular, the pure shear case for ex = I and r0 = 0.5 according to 
the present analysis gives p* = 0.577 which, in Sawczuk and Duszek's notation, corre­
sponds to SfmM0 of 1.155. The corresponding values obtained by Sawczuk and Duszek, 
as shown in Fig. 6 of their paper, are about 1.5 and 1.95 depending on the yield condition 
employed. Notwithstanding this, the qualitative similarity between Fig. 2 in their paper 
which shows a plot of Sf2nM0 against ex for a simply·supported plate and Fig. 4 in this 
paper is evident. Once again, however, as Sawczuk and Duszek remark in their paper 
their results do not strictly apply to thick plates as a result of ignoring the influence of a:. 

5. Conclusions 

Two lower bound analyses for the calculation of the limit transverse load on simply 
supported and clamped circular plates have been presented: a thick plate analysis which 
takes full account of all stresses including the through thickness direct stress, and a thin 
plate with shear analysis which ignores the through thickness direct stress. The thick 
plate method of analysis, although perfectly general and in principle applicable to plates 
of any thickness, is found to be more useful in the lower range of r0 (i.e. r0 < 4) than in 
the higher range of r 0 for which range further investigation of the stress formulation is 
needed. The thin plate-with shear results which are particularly applicable in the middle 
and higher ranges of r 0 have been found to converge to the thin plate without shear results 
by Hopkins and Wang at large values of r 0 • From the analyses presented it is seen that 
the load carrying capacity of plates having a small radius to thickness ratio is drastically 
smaller than estimates based on ignoring shear and direct transverse stresses. 
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