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A new solution of the Navier-Stokes equation for the motion 
of a fluid contained between two parallel plates 
rotating about the same axis(*) 

R. BERKER (ISTANBUL) 

THE EXISTENCE of an infinite set of nontrivial solutions has been proved for the problem of in
compressible viscous fluid contained between the two parallel infinite plates rotating with con
stant angular velocity around the fixed normal axis. Stability of the solutions has been investi
gated and the conditions enabling to point out the subset of the soluti()ns which are stable with 
regard to arbitrary disturbance. · 

Wykazano istnienie nieskonczonego zbioru nietrywialnych rozwillZ&l'l zadania o przeplywie 
niekisliwej cieczy lt~pkiej zawartej mic:dzy dwoma r6wnoleglymi nieskonczonymi plyta.mi, 
obracaj2lcymi sic: ze stalll prc;dko&ci2l klltOWil wok61 ustalonej prostopadlej osi. Rozpatrzono 
statecznosc rozwillZan oraz zbadano warunki pozwalajllce na wskazanie podzbioru rozwi~ 
statecznych wzglctdem dowolnych zaburzen. 

Haii.Qeao, trro cymeCTByeT 6eCl<oHetmoe MHo>KeCTao HeTpHBHam.HhiX peme:mdi sa.Qa1JH o Te~ 
'ICHHH BH3I<Oii HeC>KHMaeMOH >KHJU<OCTH CO.Qep>Kameii:C.R MbK,zcy .QBYM.R IDIOCl<OnapaJIJie.JILII&IMH 
6eCI<OHCtnlbiMH IDiaCTHHaMH Bpanuu<>IIUIMHC.R C UOCTOJIHBOii: yrJIOBOii CI<OpoCTLlO BOI<pyr 
cl>HI<cupoBaHHoii aopMaJILaoii ocu. Hccne.Qoaaaa ycroii:tmBOCTL pememrli H llait.QeHbi ycnoau 
U03BOJI.RIO~C B~e.JIHTL 1:13 UOJIY'ICHHOro I<Jlacca peme:mm YCTOiilJHBbiC I< Jll06biM B03Myme-
HH.RM. 

l.lntroduction 

LET Il1 andii2 be two infinite parallel plates rotating about a fixed normal axis D with the 
same constant angular velocity eo. A classical incompressible fluid fills the infinite domain 
limited by the plates Il1 and Il2 • These plates are solid walls. The fluid is assumed to be 
in steady motion. 

The problem of finding the motion of the fluid filling the domain described above has 
a trivial solution in which the fluid is rotating as a rigid body about the axis D with the 
angular velocity eo. It will be shown in the present paper that the problem admits an infinite 
number of other solutions which are exact solutions of the Navier-Stokes equation and 
which satisfy the boundary conditions. For each of these new solutions the velocity field, 
the· pressure field, and the stress exerted by the fluid on the platesll1 and Il2 will be given. 
The stability of the new solutions will be studied using the energy mtthod, and it will be 
proved that among the new solutions those satisfying the following condition are stable 
for arbitrary disturbances: 

(I. I) 
( 

R)112 
I :n;2 tanh 8 
h<T R31~ • 

(*)An abstract of this·paoer has been presented at the l31
h. Symposium on Advanced Problems and 

Methods in Fluid Mechanics organized at Olsztyn from 5 to 10 &ptcmber 1977 by the Department of 
Fluid Mechanics of the InsUtute ofFun<Iamental Technological Research of the Polish Academy of Sciences. 
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266 R. BERKER 

In this inequality his half of the distance between the two plates l11 and l12 , and I is the 
distance to the axis of rotation D of a point P which is uniquely determined for each new 
solution. (Pis the point situated at the same distance from the platesl11 andl12 and where 
the velocity of the ftuid is zero.} Moreover, in the inequality (1.1) R is the Reynolds num
ber defined by the equation 

wh2 

R=
v ' 

where vis the coefficient of kinematic viscosity of the ftuid. 
I owe my thanks to Mr. GlSktiirk O~oluk who made the calculations necessary for the 

drawing of Figs. 3, 4, 5, 6, 7 and 8. 

Z. Statement of the problem. Theorem giving all solutions 

Letl11 andl12 be two infinite parallel plates rotating about a fixed normal axis D with 
the same constant angular velocity w. A classical viscous incompressible ftuid fills the 
infinite domain limited by the platesl11 andl12 • These plates are solid walls. The fluid is 
assumed to be in steady motion. 

Let Oxyz be a fixed system of axes chosen such that the axis Oz coincides with the 
axis of rotation D, and such that the equations of the planes l11 and l11 be z = hand 
z = -h, respectively. 

z 
w 

D 

A1 
-----------+~---------n1 

0 X 

Az -----------+-----------n2 

FIG. 1. 

The problem of finding the motion of the fluid has a trivial solution in which the ftuid 
is rotating as a rigid body about the axis Oz with the angular velocity w. In this trivial 
solution the streamlines are evidently concentric circles contained in the planes li parallel 
to the plane Oxy, the center of the circles being, for each plane ll, the intersection I of this 
plane and the axis Oz. Therefore, the locus of the p)int I wh~n th~ plane 0 shifts from 0 1 

to l11 is the segment A2 A1 of the axis Oz. 
Now we ask the following question: is it p):;;il>le to finj S)lati•)li of tlD pto)bm in 
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z 

X 

FJG.2. 

which the streamlines are again, in each plane il parallel to the plane Oxy, concentric 
circles, the locus of the point I, center of the circles, being no more a segment of the axis Oz, 
but a curve F? The answer to this question is affirmative, and all the solutions which sa
tisfy the condition of the question are given in the following theorem. 

THEOREM. Consider the steady motion of a viscous incompressible ftuid in which the 
streamlines are in each plane Il parallel to the plane Oxy concentric circles. All motions, 
other than the trivial motion mentioned above, having these streamlines and which are 
solutions of the Navier-Stokes equation and of the equation of continuity, which furher
mnre meet the boundary condition on the rotating plates il1 and ill, are given below. 

Let P be an arbitrary point of the plane Oxy. For each position of the point Pother 
than 0 one has a new solution. Let the axes Oxy be chosen such that the coordinates of 
the point P are (/, 0), I > 0. The components with respect to the axes Oxyz of the velocity 
field of the new solutions are given by the equations 

(2.1) u = -w[y-g(z)], v = w[x-f(z)], w = 0, 

the function f(z) and g(z) appearing in these equations being given by the equations 

/~z) = 1
-1(h) [cf>(z)-cf>(h)]- X~) fx(z)- x(h)], 

g~z) = x~h) [cf>(z)-cf>(h)]+ 1 -~(h) fx(z)- x(h)]. 

(2.2) 
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268 R. BER.KD 

The functions tf>(z), x(z) and the constant L1 which appear in Eqs. (2.2) are given by the 
equations 

(2.3) 
tf>(z) = coshmz · cosmz, x(z) = sinhmz · sinmz, 

L1 = [l-t/J(h)]2 + [x(h)]2 = (coshmh-cosmh)2, 

the parameter m being given by 

(
m )112 

m=-
2v ' 

where vis the coefficient of kinematic viscosity of the fluid. The pressure field of the new 
solutions is given by the equation 

2 

(2.4) ~ +D = ~ [(x-x1)
2 +(y-y1)

2]+C, 

where e is the density of the fluid, D is the potential of the body force, C is an arbitrary 
constant, and x1 and y 1 are given by the equation 

(2.5) ~ = 1 1-t/J(h) 
I L1 

The equations of the curve ·r locus of the points I are 

x =f(z), y = g(z). 

The proof of this theorem will be given in Sects. 3 and 4. 
Consider a motion which satisfies the condition mentioned in the first sentence oi the 

statement of the theorem. This motion belongs to the family of pseudo-plane motions of 
the first kind(~). A pseudo-plane motion of the first kind is a motion in which the compo
nents of the velocity are of the following form: 

U=U(x,y,z,t), v=v(x,y,z,t), w=O. 

As a result of the equation of continuity, a motion of this family admits a stream function 
1p(x, y, z-, t) such that the components of the velocity are given with the aid of 1p by the 
following equations: 

u = 'I';' " = -1p~ ' w = 0. 

'Fhe motion reduces to a plane motion if 1p does not depend on z. 
We suppose that the body force acting on the fluid depends on a potential D. Then the 

Navier-Stokes equation gives the following equations(l): 

(}!_+D)' = -tn" + D(1p, 1p;) +vV'2tp', e X T1t D(x,y) 1 

(.!!_+D)' = 1p~- D(1p, 'I'~) -vV'21p~, 
l! y D(x,y) 

(2.6) 

where 

(1) For these motions see [3], pp. 71-80 and pp. 134-140. These motions were introduced for the first 
time in [3]. See also [4], pp. 84-89 and pp. 161-163. 

(2) See [4], p. 162. 
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V' 2'1' = tp';a + 'P~~ + 'P~~ • 
The Navier-Stokes equation gives furthermore the equation 

(: +!{ = 0. 

This equation shows that the quantity p/(!+D does not depend on z, just as in the case of 
plane motion. 

As it is well known, it is possible to eliminate the pressure p and the potential D of the 
body force from the Navier-Stokes equation. In order to do this elimination, it is sufficient 
to take the curl of the two sides of the Navier-Stokes equation. The equation thus obtained, 
which contains the velocity field as the only unknown, expresses the condition necessary 
and sufficient for a vector field v(x, y, z, t) to be the velocity field of the motion of a viscous 
incompressible fluid(l). The equation mentioned can be called the compatibility equation(4

). 

In the case of a pseudo-plane motion of the first kind, the compatibility equation gives 
the following three scalar equations :(5) 

vV'2"'" + [ D(tp, tp~) ]' -t11"' = 0 
Tn D(x, y) z TJCzt , 

(2.7) "V'2tp" + [ D(tp, tp;) ]' - "' = 0 
,: D(x, y) z 'P,zt ' 

vV'2(V2•11'+ D(tp, V
2
tp) -V2•n' = 0 

TJ D(x, y). T' , 
where 

3. The velocity field 

Consider the steady motion of a viscous incompressible fluid such that in each plane li 
·parallel to the fixed plane Oxy the stream lines are concentric circles having a point I of 
the plane Il as center. Let 

x = /(z), y = g(z) 

be the equations of the curve F which is the locus of the point I when the plane ll shifts 
remaining parallel to the plane Oxy. The previous motion is evidently a pseudo-plane 
motion of the first kind. It is easy to see that the stream function tp of this motion must be 
of the form 

(3.1) tp = H(q, z), 

( 3) The statement of this sentence is correct only if the domain V occupied by the fluid is simply con
nected. H the domain V is not simply connected, it is necessary to add to the equation mentioned in the 
statement supplementary conditions in order that the pressure field deduced from v has a unique value at 
each point of the domain V. 

{
4

) See [4], p. 3. 
(

5
) See [3], p. 72 and p. 135, [4}, p. 85 and p. 162. 
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270 R. BERJCER 

where q is defined by the equation 

q = [x-f(z)]2+ [y-g(z)]2
, 

and where His a function of q and z which must be a solution of Eqs. (2.7). 
I have proved elsewhere(6) that all solutions of Eqs (2. 7), which are of the form (3.1), 

are given by the equation 

(3.2) 'P = K.{[x-f(z)]2 +[y-g(z)]2}, 

~here K is an arbitrary constant, and where the functions f(z) and g(z) must be solutions 
of the following differential system: 

(3.3) vf"' -2Kg' = 0, vg"' +2Kf' = 0. 

From Eq. (3.2) we deduce, for the components of the velocity, the equations 

u = 2K[y-g(z)], v = -2K[x-f(z)]. 

These two equations show that the totality of the particles of fluid contained in any plane 11 
parallel to the plane Oxy move as if the plane 11 were a rigid plate rotating with the constant 
angular velocity - 2K about a fixed point I of this plane; if the equation of the plane 11 
is z = C, the coordinates of the point I are x; = f(C), Y1 = g(C), z1 = C. 

Consider for a while not the problem of the present paper but the problem of the 
motion of a fluid filling all the space and whose stream function is of the form (3.2). For 
this case, I have determined in [5] all the solutions of the differential system (3.3). The 
motion so obtained has been called in [5] a vortex with a curvilinear axis. The curve r, 
which is the locus of the fixed points of the fluid, is in this motion a skew curve wrapped 
round a surface of a revolution which looks like a hyperboloid of revolution of one sheet. 

Consider now the problem of the present paper. We must search, among the motions 
given by Eq. (3.2) which satisfy Eqs (3.3), those which meet the boundary condition of 
adherence on the rotating plates il1 and il2. In order to satisfy this condition, the angular 
velocity - 2K of the planes il must first of all, be equal to the angular velocity of the 
plates ill and ill' that is to say we must have 

-2K =eo. 
Then Eq. (3.2) takes the form 

(3.4) 

and the components of the velocity become 

u = -co[y-g(z)], v = co[x-f(z)], w = 0. 

These are Eqs. (2.1). 
In order to satisfy the boundary condition, in addition to the previous condition, 

we must have the following one: the curve r, which is the locus of the fixed points, must 
pass through the points A1 (0, 0, h) and A2(0, 0, -h) which are the fixed points of the 
plates il1 and il1 , respectively. This condition gives the equations 

(3.5) f(h) = g(h) = 0, f( -h) ::: g( -h) = o. 
(

6
) See [5]. See also [4], pp. 8.7-88 where the main results of [5] are given without th~ proofs. 
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In order to integrate the differential system (3.3), we put 

(3.6) F(z) = f(z)+ig(z). 

From Eqs (3.3) one deduces 

(3.1) F"'- iw F' = 0. 
V 

Suppose that w > 0 and put(7) 

- ( (J) )lJl 
m- 2V . 

The differential equation (3. 7) takes the form 

F"' -2im2F' = 0. 

The general solution of this differential equation is given by 

(3.8) 

where C1 , C2 , C3 are arbitrary constants. The conditions {3.5) give, for the function F(z), 
the conditions 

(3.9) F(h) = 0, F( -h)= 0. 

Let P be the intersection of the curve rand the plane Oxy, that is to say the point of 
this plane where the velocity of the fluid is zero. We will choose the fixed axes Ox and Oy 
such that the coordinates of the point P with respect to these axes are Xr = I, Yr = 0 
(I ~ 0). Then the condition that the curve r passes through the point P gives, for f(z) 
and g(z), 

and therefore for F(z), 

(3.10) 

/(0) = I, g(O) = 0, 

F(O) =I. 

It is easy to determine the const1nts Cl, C1 , C3 app~aring in Eq. (3.8) so that the conditions 
(3.9) and (3.10) are satisfied. One obtains 

C3 = C1 , C1 = -2C2 coshm(I +i)h, 

cl = ;.1 [1-c/>(h)+ix(h)], 

where the functions cl> and X and the constant t1 are given by Eqs. (2.3). From these values 
of C1 , C1 , C3 , one d;!duces the expression of F(z), and by utilizing Eq. (3.6) the following 
expressions for f(z) and g(z) are obtained: 

f(z) = /[I -;(h)] [c/>(z)-c/>(h)]- lx~h) [x(z)- x(h)], 
I (3.11) 

g(z) = lx~h) [cf>(z)- cf>(h)]+ /[I -:(h)] [x(z)- x(h)]. 

(') H w < 0, the changes to b~ made in the solution are trivial and will b~ indicated in the note follow-
ing. 
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272 R.BERKER 

These equations are, for I :1: 0, Eqs. (2.2) given in the statement of the theorem(8). 

We have obtained for the velocity field of the fluid an infinite number of solutions. 
Indeed, the velocity field depends on the position of the point Pin the plane Oxy. The 
point P can be chosen arbitrarily in this plane. For each position of Pin the plane Oxy, 
different from 0, we have a solution which is different from the trivial solution mentioned 
in the statement of the theorem. If the point P is taken in 0, I = 0 and Eqs. (3.11) give 

f(z) = 0, g(z) = 0. 

y 

0 X 

Flo. 3. 

FIG.4. 

lj 

FIG. S. 

( 
w )l/2 

{
8

) Equations (2.2) are thus obtained by supposing that w > 0. H eo < 0, one must put m= -
2
, , 

and it is easy to see that Eqs. (2.2)1 and (2.3) remain as they are, but the right-hand side of Eq. (2.2)., must 
be multiplied by -1. This means that the curve given in Figs. 3, 4 and S must be replaced by the curves 
which are symmetric of the previous ones with respect to. the axis Ox. The curves given in Figs. 6, 7 and 
8 remain as they are. 

http://rcin.org.pl
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Then the curve r reduces to the segment A 1 A 2 of the axis Oz, and the motion of the fluid 
is a rigid rotation about the axis Oz, that is to say the motion reduces to the trivial solution. 

The curve r which is the locus of the points of the fluid which are fixed has as equations 

x = f(z), y = g(z). 

z 

0 

A2 
F1o.6. 

z 
A1 

0 

Az 
FIG. 7. 

z 

0 

Az 

Fro. 8. 

X 

p X 
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274 R BERK.ER 

The projection of this curve on the plane Oxy has been drawn in Figs. 3, 4 and 5 for differ
ent values (R = 20, 44, 123, respectively) of the Reynolds number R defined by the 
equation 

(3.12) 
wh2 

R=--. , 
This Reynolds number is linked to the parameter m by the equation 

(3.13) R = 2m2h2
• 

The projection of the curve r on the plane Oxz for the same values of R has been drawn 
in Figs. 6, 7 and 8. 

4. The pressure field 

Let us calculate the pressure field of the motion, the velocity field of which is given by 
Eqs. (2.1), (2.2) and (2.3). If we replace in Eqs. (2.6) the stream function 1p by its value 
given by Eq. (3.4), we obtain: 

( : + .!:{ = w2 x +w(vg" -wf), 

(: +-'{ = w2y-w(vf" +wg). 

Now if we replace in these equations f and g by their values given by Eqs. (2.2) and (2.3), 
we find 

(: +!{ = w2x+w2{l-;(h) -I], 
(..!!_+D)' = w2y+w2J x(h) • 
e y J 

From these equations we deduce 

(4.1) 

where x1 and y 1 are given by Eqs. (2.5), and where C is an arbitrary constant(s) 
Equation (4.1) shows how pfe+D varies. This quantity, which depends only on x 

and y and not on z, is minimum for x = x1 and y = y1 • Let M1 be a point having x1 , y1 , 

and Zo as coordinates, where z0 is arbitrary ( -h ~ z0 ~ h). Let M be a point having 
x, y, and z0 as coordinates; then Eq. (4.1) shows that we have 

(: +.!t = (: +DL + ~·MM~. 
(

9
) The solutions obtained in the present paper and given by Eqs. (2.1)-(2.5) are entirely different 

from the solution _ given by ABBO'IT and WALTER.S [2] (see also [1]), where the fluid fills the domain 
between two parallel plates rotating about two parallel and distinct axes. None of the solutioJIS of the 
present paper can be obtained as a particular case or Iioiiting case of the solution of Abbott and Waiters. 
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5. Stress applied by .the fluid on the rotating plates 

We will now determine the stress t 1 applied by the fluid to a point M(x, y, h) of the 
plate (1°)(11)ll1 • Let t 1,0 t11 , t1z be the components of t 1 with respect to the axes Oxyz. 
One has 

t1x = - ~.t(u~+w~), 11 y -= - ,u(v~+w;), 
tlz = p-2ftW~. 

In these equations ,u is the coefficient of viscosity of the fluid. By replacing in these equa
tions u, v, w by their values given by Eqs {2.1), we obtain 

(5.1) t1x = -,uwg'(h), t1y = ,uwf'(h), t1z = p. 

If we suppose that there is no body force, or if the body force is the gravity, and if the 
plate Il1 is horizontal, the third equationin the set (5.1) and Eq. (4.1) give 

(!W2 
(5.2) 11z = -

2
- [(x-x1) 2 +(y-y1)

2]+D, 

where D is an arbitrary constant. 
The normal stress t1z is minimum at the point M 1 (x1 , y 1 , h) of the plate Il1 , and its 

value at an arbitrary point M of this plate is given by the equation 

(!W2 -
{tlz)M = (tlz)M1 + -

2
- MM~ • 

When the Reynolds number R tends to + oo, that is to say, according to Eq. (3.13), 
when mh tends to + oo, the equations (2.3) and (2.5) show that 

lim x 1 = I, lim y 1 = 0. 
R~+oo R~+oo 

Therefore, when R tends to + oo, the point M1 approaches the point P 1(/, 0, h) of the 
plate Il1 • This approach is very fast: for R > 60 one finds that the percentage errors 

I x,; /I· I ~, I 
are smaller than 5%0 and Eq. (5.2) can be replaced with a very good approximation by the 
equation 

(!W2 
t1z = -

2
-[(x-1)2 +y2]+D. 

Let us now consider the tangential stress tu at the point M(x, y. h), whose components 
are t1x and 117 • The first two equations in the set (5.1) show that t1x and t1z do not depend 
on x and y, and are constant when the position of M various on the plane Il1 • Define ex 
and t0 by the equations 

_ ( R)112 
ex- 2 ' 

Wft/ 
to =-h-. 

eo> It is easy to see that the stress tz applied by the fluid to the point of the plate I1 z which is symmetric 
of the point M with respect to the plane Oxy is symmetric of t 1 with respect to the same plane. 

( 11) It is possible to measure the stress applied on the rotating plate by utilizing the orthogonal rheo
meter of MAXWELL and CIJARTOFP (see (8]). 
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If we utilize the values of the functions/(z) and g{z)given by Eqs. (2.2), the first two equa· 
tions in the set (5.1) give. the following equations: 

tu sinhcx-sincx 
-=«-~---
to coshcx-coscx' 

(5.3) 
t11 sinh «+sincx 

- = -(X --,eo----
to cosh«-coscx · 

These equations show that the ratios t1x/t0 and t11 /t0 are functions of the Reynolds num
ber R only. 

Let the tangential stress tu be drawn in the plane Oxy with its origin at the point O· 
The locus of the end point of t11 when the Reynolds number R varies is the curve repre
sented in Fig. 9, in which the projection of r on the plane Oxy given in Fig. 5 is also 

FIG. 9. 

drawn(12). When the Reynolds number R tends to + oo, the direction of the tangential 
stress tu approaches very rapidly the direction making the angle -n/4 with the axis Ox, 
that is to say, with the straight line OP. If we call 01 the angle of tu with the axis Ox, 
it is easy to deduce from Eqs. (5.3) that for R > 60, one has 01 = -n/4 with a percentage 
error which is smaller than 1 %· 

( 12) Figure 9 has b~n obtained by supposing that ro > 0. If ro < 0, it is easy to see that the curve of 
Fig. 9 representing the locus of the end point of the tangential stress t11 must be replaced by the curve which 
is symmetric of the previous one with respect to Ox. 
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Let tu = (tfJI+tf7) 1/1 be the intensity of the tangential stress. Again Eqs. (5.3) show 
that for R > 60, one has 

(R)t/2 
tu= to 2 ' 

with a percentage error which is smaller than 3%o. 

6. Stability of the motioas obtained 

In the linear stability _method the disturbances are assumed to be infinitesimal and the 
equations are linearized. In the method of energy there are no such approximations: 
the disturbances are not supposed to be infinitesimal, they are arbitrary, and the method 
is mathematically rigorous. We will now study, using the method of energy (1 3), the sta
bility of the motions obtained in the present paper. 

Consider a viscous incompressible fluid filling a bounded domain V( t) of space. Suppose 
that for the motion of this fluid there are two solutions v and + of the Navier-Stokes equa
tion, having the same velocity distribution on the boundary S(t) of the domain V(t). Put 

u = v- v, K = ~ J u2dv. 

If v is the basic motion and v the perturbed motion, then u is the disturbance and K is 
the kinetic energy of the disturbance. 

The rate of change of K is given by the following equation which is the Reynolds-Orr 
energy equation: 

(6.1) dK f dt = - [v(Vu): (Vu)+u · D · u]dv, 
y 

where D is the rate of the deformation tensor of the flow v. 
From Eq. (6.1) it is possible to deduce the following theorem of stability:(14

) 

THEOREM OF STABILITY. Let v be a solution of the Navier-Stokes equation for the motion 
in the bounded domain V(t). Let d be the diameter of this domain. Let -c be a lower bound 
for the characteristic values of the rate of the deformation tensor D of the flow v in the time 
interval (0, t). If one has 

(6.2) 

for all t, then for any disturbance u one has 

lim K = 0, 

and the motion vis stable(15). 

( 13) See SER.RIN [9], pp. 253-256 and [10], pp. 2-3. 
(14

) This theorem is due to SEIUliN [9], p. 254 and [10], p. 4. See GEOR.OESCU [6], pp. S2-S3 and 
JOSEPH [7], vol. 1, p. 15 and p. 24. 

(15) It is possible to improve the inequality (6.2) by replacing the number 3 in the right-hand side 
of this inequality by greater numbers, see SEIUUN [10], pp. 4-S and VELTE [11], p. 14. 

9 Arch. M~. Stos. nr 2l7fJ 
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The previous theorem is stated for a domain V(t) which is bounded. In the problem 
of the present paper the fluid fills the infinite domain vl which is limited by two parallel 
planes ll1 and l12 • In order to be able to apply the theorem of stability to the solutions 
given in the present paper, it is necessary to extend this theorem to the infinite domain V1 • 

We will at first extend Eq. (6.1) to the infinite domain V1 • If we repeat the proof of 
this equation after having replaced the bounded domain V(t) by the infinite domain V1 , 

we see that it is necessary to impose to the disturbance u and to the field Pu =p-p where p 
and p are the pressure fields associated respectively with the velocity fields v and v, the 
following conditions concerning their asymptotic behaviour as the distance r to the axis 
Oz tends to + oo : 

u = O(r-k), Vu = O(r-"), p = O(r-"1), 

with k > 1, k 1 > 0. If these conditions are satisfied, Eq. (6.1) is valid for the infinite do
main vl. 

Then it is possible to extend the theorem of stability to the domain(1 6
) V1 • One obtains 

the following result: the theorem of stability is valid for the infinite domain Vb the ine
quality (6.2) being replaced by the inequality 

(6.3) 

where 2h is the distance between the planes l11 and l12 • 

Now we will apply this last result to the new solutions given in the present paper. At 
first we must determine the number c. It is easy to see that the characteristic values of the 
rate of the deformation tensor D of the flow given by Eqs. (2.1), (2.2) and (2.3) are 

Therefore c is an upper bound of~ (f'2 +g'2) 112• From Eqs. (2.2) and (2.3) one deduces 

2m2i2 
/'

2 +g'2 = -LI- (cosh2mz-cos2mz). 

For -h ~ z ~ hwe have 

0 ~ cosh2mz-cos2mz ~ cosh2mh-cos2mh. 

By utilizing the value of Ll given by the third equation in the set (2.3), we find that for 
- h ~ z ~ h one has 

(/'2 + '2)lf2 ~ mJ2lf2 ( coshmh + cosmh }1J2. 
g coshmh- cosmh 

From this result.one deduces that we can take 

_ 
12

_
112 

coshmh+cosmh 
( )

1J2 
c-mw . 

coshmh ~ cosmh 

(1 6) See SERRIN [10], p. 6. 
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The inequality (6.3) then gives 

[ 
(R)tf2 (R)tf2]-tt2 

I n2 -3f2 cosh 2 -cos 2 
(6.4) h<T·R (R)tt2 (R)tt2 . 

cosh 2 +cos 2 
In this inequality R is the Reynolds number defined by Eq. (3.12). 

Those solutions of the set given by Eqs. (2.1), (2.2), (2.3), (2.4), and (2.5) for which the 
inequality (6.4) is satisfied are stable for arbitrary disturbances. Call c/J(R) the function 
which constitutes the right-hand side of the inequality (6.4); the graph of the function c/J(R) 

L/h 

FIG. 10. 

is given in Fig. 10. If, for a solution belonging to the mentioned set of solutions, the point 
having 1/h and R as coordinates is situated in the streaked domain, this solution is stable. 

It is possible to obtain for the stability condition an inequality which gives a smaller 
region of stability, but which is simpler than the inequality (6.4). Indeed, we have for all E 

coshE-cosE coshE-1 t h2 E 
--::--::---~ ~ = an -. 
coshE+cosE coshE+ 1 2 

If we utilize this inequality, we can obtain a lower bound for the right-hand of the inequality 
(6.4). By utilizing this result, we see that if the inequality 

(6.5) 
( 

R )112 
I n2 tanh 8 
h<T· R312 

9* 
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is satisfied, then the inequality (6.4) is also satisfied. Therefore, those solutions given by 
Eqs. (2.1), (2.2), (2.3), (2.4), and (2.5) for which the inequality (6.5) is satisfied are stable. 
Call t/11 (R) the function which constitutes the right-hand side of the inequality (6.5); 
the graph of the function t/11 (R) is given in Fig. 10. 
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