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Growth of cylindrical voids in nonlinear viscous material 
at arbitrary void volume fractions: a simple model 

C. LICHT and P. SUQUET (MONTPELLIER) 

THis WORK is devoted to the growth of a cylindrical cavity in a finite shell of a nonlinear power 
Jaw viscous materiaL The solution, given in a closed form, is used to evaluate the influence 
of void volume fraction and of stress triaxiality. A significant effect of void volume fraction 
is observed. We propose an interpolation formula, relating explicitly the void growth-rate, the 
stress triaxiality ratio, the void volume fraction and the material rate sensitivity parametCT. 

W pracy zbadano wzrost pustki cylindrycznej w ograniczonej otoczce twor74cej nieScisJiwat 
matrycct lepkoplastycznat. Podano rozwiatzania analityczne. Pozwalajat one na obliczenie wplywu 
udzialu obj~to8ciowego pustek, pomijanego w pracach klasycznych z tego zakresu, jak r6wniei 
tr6josiowosci napr~zeft. Wreszcie zaproponowano prostat formu~ interpolacji, calkowicie jawn~~, 
IClCZJl~ pr~kosc wzrostu, tr6josiowosc napr~n, porowatosc i wra:iliwosc materialu na pr~dkoSl: 
deformacji. 

B pa6ore HCCJie,AoBaH poCT lUIJIHH,zq>H'IecJ<oii nycroThi B orpmmt~eHHoii o6onolll<c, o6pasy
romeii HeoJ<HM&eMyro BJISI<ODJI8CTINCCJ<Yl0 M81'pHizy. llpHBe~eHbl aH8JIHTifiJCCJ<Be pememm. 
llo3BOJIJIIOT oBH BhNHCJIB1'1> BJIBmme o6:be.Muoro yqacnm nyCTOT, npeue6peraeMoro B KJiac
CH'IeCJ<HX pa60Tax H3 3Toii o6naCTH, Kill< TO>I<e TpeXOCHOCTH uanpJ~>~<eHHil. Hlll<ouen, DPCA
JIO>I<CHa Dp0CT811 ~OpMyJia HHTepnomn.um, DOJIHOCTL10 JIBHaH, COCJniiDIIOIUWI CKOpOCTL pOC'I'a, 
1'pCXOCHOCTL HanpJI>I<e:HHif, DOpHCTOCTL H lJYBCTBHTCJII>HOCTL M&TepHaJia Ha CKopoCTb ~e<l>op
MainfH. 

1. Introduction 

DucTILE rupture mainly results from initiation, growth and coalescence of microscopic 

voids. Several theoretical analysis have considered the problem of a single cavity growing 

in a viscous or rigid-plastic incompressible matrix material. McCLINTOCK's [3] and RICE 

and TRACEY's [16] pioneering works put forth the exponential dependence of voids growth

rate on the triaxiality ratio of remote stresses in a rigid-plastic material. More recently 
BUDIANSKY, HUTCmNSON, SLUTSKY [2] (B.H.S.) established that this dependence is poly
nomial for a power law matrix material (for recent reviews on theoretical aspects of cavity 

growth the reader is referred to B.H.S. [2], McMEEKING [13] or GILORMINI, LICHT, SUQUET 
[7]). 

These pioneering studies were mainly devoted to an isolated cavity growing in a matrix 

extending to infinity. However, basing on theoretical arguments, B.H.S. [2], DuvA, HuT

CHINSON [5], Duv A [6] pointed out the importance on the void growth-rate of so-called 
"interactions"(l) at void volume fractions as small as one per cent. At the same time 

(1) In authors' opinion, "interactions" between cavities should be distingued from effects of "existing 
porosity" which is a diffuse mode of interactions, and which is responsible for effects pointed out in [5, 6} 
and in the present work. Strong interactions between two neighbouring cavities seem to be essential in the 
stage of coalescence [21]. 
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742 c. LICHT AND P. SUQUET 

MARINI, MUDRY, PINEAU [12] reached a similar conclusion basing on experimental 
results. Probably motivated by such arguments several numerical works have been devoted 
to the growth of a spherical cavity in a cylindrical block of finite radius and height (ANDERS
SON [1], STIGH [19] for simple tension, DuvA [6] for more general loadings). Growth of 
cylindrical cavities in a viscoplastic or rigid-plastic matrix material subjected to plane 
strains have also been studied {NEEDLEMAN (14), NEMAT-NASSER, TAYA [15), RICHARD 
[17], GUENNOUNI, FRAN<;OIS [8]). The present work is devoted to the growth of a cylindrical 
cavity into a finite cylinder of matrix material. Although the cylindrical geometry is less 
general than the spherical one, its simplicity allows to derive solutions almost in closed 
forms, and therefore to state almost explicitly the influence of several parameters such 
as void volume fraction, stress triaxiality ratio, rate sensitivity of the matrix material. 

Before proceeding in Sect. 2 to the detailed analysis, we recall a few notations and 
classical results of interest in such micromechanical approaches of cavities growth. Follow
ing techniques initiated by HILL (10] we consider a representative volume element Y con
taining traction-free voids denoted by V, and subjected to macroscopic stresses I or 
macroscopic strain-rates E. Throughout the following, upper case ·letters I, E refer to 
macroscopic quantities while lower case letters a, £ refer to local (also called microscopic) 
ones. Since voids are traction-free, macroscopic stresses are just the average of microscopic 
stresses 

1 I def l: =--y adx = (o) ( ( · ) average symbol), 
Y* 

where Y* denotes the portion of Y occupied by the matrix material. The void volume 
change is simply related to the local displacement rate u by 

(1.1) 

The first way to determine the voids growth-rate V/V is to compute the local displace
ment rate u and to perform the integration (1.1). A second approach is to note that, due to 
matrix incompressibility, the macroscopic dilatation is exclusively due to the volume 
change of voids: 

(1.2) 
. y v 

TrE=-=f-y v (t = ~ is the void volume fraction) . 

Therefore VfV can be derived from an approximation of the macroscopic constitutive 
law (or at least of the part relative to the macroscopic dilatation). This approach is used 
in [5, 6, 18] for dilutely voided materials and in [11] for arbitrary void volume fractions. 
The present work will use the first approach. 

e) When anisotropic damage is to be considered, an adequate theory basing on a tensorial relation 
generalizing (1.1) has been proposed by DRAGON [4]. 
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GROWTII OF CYLINDRICAL VOIDS IN NONLINEAR VISCOUS MATERIAL 743 

2. Thick-walled cylinder under axisymmetric loading 

2.1. Assumptions of the model 

The thick-walled cylinder under axial and radial tension provides a simple guide to 
estimate the cavity growth law as a function of several parameters such as void volume 
fraction, macroscopic stress triaxiality, rate sensitivity of the matrix. First assumption 
of the model: cavities are assumed to be cylinders, aligned in the axial direction and with 
a circular cross-section. This assumption is obviously a crude one, but can be accepted 
for elongated cavities resulting from a sheet ro11ing process. It enables us to carry most 
calculations in closed forms, and we hope that it contains most desirable qualitative informa
tion on the dependence of the growth law on the above listed parameters (let us only 
recall that, in the same spirit, McCLINTOCK's model [3] basing on thick cylinders in a rigid 
plastic material, announced the exponential influence of stress triaxiality on cavities growth, 
later on established by RICE and TRACEY [15]). The inner and outer radii, the height of the 
cylinder are respectively denoted by a, b, H. Second assumption of the model: the matrix 
is assumed to be a power law viscous and incompressible material 

D _ 2 · s-2 • d' · 
(]IJ- 3/U~eq Btl' IVU = 0, 

(2.1) 
. ( 2 • . )1/2 
Beq = Jc;jctJ ' (]ij = (]m~ij+(]fJ. 

Standard notations have been used for the mean stress l1m, the deviatoric stress l1fl, the 
equivalent strain rate seq· s is the rate sensitivity parameter of the material. Eq. (2.1), 
once inverted, takes the common form of a power law 

i ll = 2!. a:; 1 afJ, a,. = ( ~- afJ of, )"
2

, n = 1/(s-1). 

Third assumption of the model: attention is restricted to axisymmetric macroscopic stress 
states: 

I:u = I:22 = T , 1:33 = S other .I:lJ = 0. 

Once more this assumption allows to carry calculations in a closed form, and does not 
pretend to be universal. However, it is of special interest in the important problem of 
striction of axisymmetric specimen under simple tension. The triaxiality of macroscopic 
stresses is measured through the triaxiality ratio 

(2.2) ~~. = (++ S~T) sgn(S-T). 

2.2. Details of the solution 

Although the resolution is straightforward, we give here a few details for reader's 
convenience. Similar arguments can be found in BUDIANSKY et a/. [2], TRACEY [20]. 

Equations of the problem consist of (2.1) and equilibrium equations 

diva = 0, a ~ r ~ b, 
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744 C. LICHT AND P. SUQUET 

n,, = n,6 = n,z = 0 for r = a, 

n, = T, n,6 = U,z = 0 for r = b; 

2n 

(2.3) n~2 J J l1zzrdrd() = S(resp. -S) for z = H (resp. z = 0), 
0 IU>;r~b 

2n 

~2f i = (), r, z=O and H. 
0 

Equations (2.3) do not constitute a sufficient set of boundary conditions and we have 
to prescribe kinematical end conditions. For this purpose we assume that generalized plane 
strains prevail in the cylinder: 

Uz = E33 z, 

where E33 is the axial macroscopic strain rate. Simple symmetry arguments show that the 
remaining components of the displacement rate u are such that u, is a function of r only. 
while u6 vanishes identically. 

Incompressibility of the matrix restricts the number of candidates u, 
. E33r A 
u,= --2-+r· 

The equivalant strain Eeq is 

. ( . 2 4A2 )t/2 
Eeq = E33 + 3r4 ' 

and we deduce the following relations from the constitutive law (2.1) 

~ _n D 4 's-2 A 
n,- dee= up:,- l1oe = -3 P,Eeq rz' 

n,+ (186 D 0'~,+ ~ 's-2E' 
l1zz- 2 = (]zz-

2 
= P,Beq 33 • 

Equilibrium equations and boundary conditions are used to relate A, E33 , T and S: 

b b 

f an f (]68- n,, 
T = n,(b)- a,( a) = 

0
;' dr = --,-- dr, 

a a 

S - T = '"'
33 

_ l:t.!.._+l:22 I n,+aee) 
-" 2 =\l1zz- 2 . 

After straightforward algebraic computations we obtain 

(2.4) 

w s-2 

(2.5) S- T = fWJf/E331s-lE33 J {1 + t 2)-2-dt/t 2 , 

wf 
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where f = a2 fb 2 is the void volume fraction, and w is defined as: 

2A 
(JJ = ~=---::--y3 E33a2 • 

The cavity volume V is na2 H and its logarithmic rate is 

V a H ur(a) · A 
- = 2 - +- = 2--+E33 = -. 
V a H a a2 

Therefore an alternate expression for w evidencing the cavity growth rate is 

(2.6) 
1 v 

w = y3 E33v' 

745 

w is related to the macroscopic stress triaxiality ratio (2.2) by the following relation deduced 
from Eqs. (2.4), (2.5): 

w s-2 

(2•7) 
T 

J (1 + t 2)-2-dt 
mt 

- ------=--
"' s-2 dt y3 wf J (l + t 2)_2_ -z 

OJ t 

S-T 

2.3. Coatact with otber results 

Contact is made with B.H.S. [2] result when f tends to 0 in (2.7). We obtain 

(2.8) 
T 1 feu s-2 

-s- T = y'3 o (1 + t2) 2 dt. 

If in addition we take s = 1 in (2.8) we obtain McCLINTOCK's result [3] 

(2.9) E:V =J!'3 sh(y'3 (S~TJ 
If we do not neglect the existing void volume fraction (f "I= 0), we can still eliminate w 

from Eqs. (2.4) and (2.5) in the case of a rigid-plastic matrix material (s = 1). Mter alge

braic computations we obtain Gurson's criterion for axisymmetric loadings [9] 

(2.10) E;q +~ch ( 1/3 1:««) -1-/2 = 0, 
"2 2 ft 

where p is the yield stress of the matrix material, Eeq = IS- Tl, E«« = 2T. 

3. Exact growth rate of cavities 

3.1. Absolute and relative growth rates 

In order to study the variations of the dilatation rate V/V with significant parameters 
such as stress triaxiality or porosity, we have to normalize it by a physically relevant 

strain rate of the problem. It is readily seen from homogeneity considerations that the 
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746 C. LICHT AND P. SUQUET 

macroscopic stress-strain rate law is a power law with the same exponents s and n as the 
microscopic one, and that 

(3.1) 
v 
v 

1 

fls-1 

_3_2 ( T ) IS-T/s-l (S-T)F f,s, S-T . 

Therefore, a first choice for the normalizing strain rate is the equivalent strain rate which 
would take place in the unvoided material under the same stress conditions: 

2-s 
(3.2) 8eq=--IS-Tis-I (S-T). 

fls-1 

However Eqs. (2.6), (2. 7) suggest that an alternative choice is to normalize V/V by the 
macroscopic axial strain rate E33 • It should be noted that, while Ceq does not depend 
on the void volume fraction and on f and stress triaxiality, E33 is a function of these para
meters(3). Therefore Vfieq Vis the absolute dilatation rate, while V/E33 Vis the relative 
dilatation rate on which the relative effects of elongation and dilatation of the cavity may 
be seen. 

3.2. Discussion of the results 

Absolute and relative dilatation rates are plotted in solid lines on Figs. 1 to 4. Seven 
void volume fractions were considered: 

h = 0.012, / 2 = 0.048, / 3 = 0.11, / 4 = 0.19, fs = 0.30, /6 = 0.44, 

/7 = 0.59. 

These porosities could seem fairly high. However, one should keep in mind that in the 
two-dimensional situation considered here, porosity varies with the square of the ratio 
between inner and outer radii of the cylindrical cell, while in the three-dimensional setting 
of spherical cavities it varies with the cube of this ratio. For instance, when the ratio diam
eter of cavities/distance between cavities is equal to 0.1, the void volume fraction amounts 
to 10- 2 and 10- 3, respectively, in the two-dimensional or three-dimensional settings. 

The dashed line reports the dilatation rate obtained by B.H.S. [2] in an infinite medium. 
Observation of the absolute void growth rate V/8V clearly demonstrates its power law 

dependence on the stress ratio T/(S- T). For nonlinear materials (s =I= 2) a strong influence 
of the void volume fraction can also be observed: when s = 1.1 and T/S- T = 3.33, a void 
volume fraction of 10-1 induces a dilatation rate 103 times greater than the value predicted 
for an infinite medium. However this ratio falls to 3 when s = 1.3, and is close to 1 for 
a Newtonian material (s = 2). The dependence of the dilatation rate on the void volume 
fraction is strongly enhanced by the material nonlinearity. 

Observation of the relative void growth rate V/ E33 V shows that it increases with the 
stress triaxiality ratio (and is asymptotically a linear function of T/(S- T) when this 
parameter approaches 0 and oo, as will be shown in the next section), but is a decreasing 

(3) Note that E33 and J.Q are equal when I= 0, but are different in the general case. 
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function of void volume fraction. This latter result indicates a preponderance in the void 
growth of the axial elongation over the transverse dilatation. Sensitivity to void volume 
fraction is again enhanced by a strong material nonlinearity. 

V/teq.V 
10

3
.----------------------------------------, 

10 

1 

X 

V/~eqv 
104 ~----------------------------------~~-, 

s=1.333 

10 

b 

X 

(FIG. la, b) 
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FJG. 1. Variations of the absolute growth rate with the stress ratio x = T/(S- T); 
-- exact, ----- interpolation formula (4.5), -. - infinite medium ([2]). 

Influence of material nonlinearity a) s = 1.5, b) s = 1.33, c) s = 1.2, d) s = 1.1. Influence of void volume 
fraction f. 

A-/= 0.012, • -/= 0.048, 0-/= 0.11, e -/= 0.19, 0-f= 0.30, * -/= 0.44, 
J) -/= 0.59. 

[748] 
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4. Interpolated growth rates 

4.1. Asymptotic expressions of the voids growth-rates 

In order to quantify more precisely the variations of the voids growth-rates with the 
void volume fraction f and with the rate sensitivity parameter s, we derive asymptotic 
expressions for V/ieq v and vr£33 v for T/(S- T) approaching 0 and + 00. 

V/£ 33 v 
50 ~---------------------------------------, 

10 

D ? 3 4 s 
X 

v;f.33 v 
SOr-------------------------------~----~~ 

10 

0 1 2 3 4 5 
X 

(FIG. 2a, b) 
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FIG. 2. Variations of the relative growth rate with the stress ratio x = T/(S- T); 
-- exact, ----- interpolation formula (4.6), -.- infinite medium. 

Influence of material nonlinearity a) s = 1.5, b) s = 1.33, c) s = 1.2, d) s = 1.1. Influence of void volume 
fraction . 

.&-/=0.012, •-/=0.048, D-/=0.11, e-/=0.19, 0-/=0.30, ie-/=0.44, 
J)-/= 0.59. 

[750] 
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--- -- ------------------ ---- ------ ---

These expressions are obtained from (2.4), (2.5) by means of the following simple expan
sionse): 

p-2 2 
(1 + t 2)_2_ = 1 + L=_ t2 +0(t2) in the neighborhood oft= 0, 

2 

P-
2 

( 2 ) (I +t2)_2_ = ltlp-2 1 + p2~2 + ... in the neighborhood of t = oo . 

We obtain for low values of x = T/(S- T) 

(4.1) v ( 1 ) 
1 

-.- = sgn(S-T)3 
1

_
1 

s- 1 x+O(x), 
8cqV 

(4.2) 
v -----:--- = 3x, 

k33v 

and for high values of x = T/(S- T) 

(4.3) 
V - - - s-1 -• s 1 ( ) 1 

ieq V ,....., sgn(T)(3) 2(s-t) lxl s-1 1-fs-1 s-t ' 

(4.4) V s-1 (!-Js-2) 
£33 V ,...., 3 s-3 1-fs-1 X, 

where we recall that s = (n + 1)/n. 
These asymptotic expressions suggest a few brief comments. Concerning the absolute 

. . ( 1 ) 1/(s-1) 
void growth-rate V/8 eq V we observe that it is governed for small values of x by 

1 
_ f . 

When s varies from 2 to 1.1 this coefficient is raised to its tenth power. This opera
tion has a spectacular effect as soon as the void volume fraction f is not equal to 0. 
When xis large the absolute void growth-rate varies as jxj 1f<s-n in agreement with B.H.S. 
[2] results for a spherical cavity in an infinite medium. 

Concerning the relative void growth-rate we observe that, as soon as the void volume 
fraction f does not vanish, V/ E33 V has asymptotically a linear growth with x, for low or 
high values of x. The two slopes for low and high values of x are different, except in the 
Newtonian case (s = 2) for which V/E33 Vis identically equal to 3x. However, when the 
effect of void volume fraction is neglected (f = 0) v;£33 v, which reduces to V/Ceq v, 
is a power law function of lxl with exponent 1/(s-1). Therefore the (relative) void growth
rate behaves differently in the two cases f = 0 and f =1= 0. 

4.2. Interpolation of the void growth-rates for arbitrary stress triaxiality ratios 

Interpolation formulas fitting the asymptotic expressions (4.1)-(4.4), can be proposed 
for the absolute and relative void growth-rates: 

(
4

) We use the fact that small (or large) values of T/(S- T) corresponds to small (or large) value6 
of w in (2. 7). 
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(4.5) 
v 

(4.6) 
v 1 

i33v- T 
s'(BL -Bs)+(s' -2) (BLAL-; BnAn)+s'Bn(l +Anx2)f-• 

where we have used the following notations 

s' = _s_, AL = 32/ s' , 
s-1 

1 ( 1 )s'-1 

BL=y I-f ' 

3(s-l) ( 1-fs-J) 
AH = (s-3) J2 I-fs-1 ' 

f ( 3 )s'/2 ( s-1 )_
1 

B H = S' AH 1 - Js - 1 s- 1 • 

Other interpolation formulas can obviously be proposed, but (4.5), (4.6) are not fortuitous . 
They derive from a single interpolation of the macroscopic stress potential. Additional 
information on the underlying theory can be found in [11]. 

4.3. Discussion of the results 

The results obtained with the interpolation formulas are represented on Fiqs. 1 to 4 
by dashed lines. In order to estimate properly the deviations between exact and interpolated 
results, readers' attention is called on the different scales of these figures, necessary to 
display the whole set of results. The choice of a logarithmic scale may hide a significant 
discrepancy: this is the case if Figs. 1 and 3 where the solid line and the dashed lines can 
hardly be distinguished while the deviation can reach 30% for s = 1.1. However, a detailed 
examination of the numerical results reveals the following general trends: 

a. When s = 1.2 (n = 5), s = 1.33 (n = 3) the deviation of the interpolated formula 
from the exact result on both growth-rates is always lower than 10%, and the error is 
maximal at the lowest porosity f = 1.1 · I0- 2 and for a stress ratio x in the range [1, 2]. 

b. When s = 1.1 (n = 10), the deviation can reach 40% for f = 1.1 · 10-2 and x 
larger than 1. The deviation decreases when/increases, and is smaller than 15% as soon asf 
is greater than 0.11 . 

c. Surprisingly when s = 1.5, and when f = 1.1 · I0- 2, the deviation can reach 17% 
but decreases rapidly when/increases. It is smaller than 10% whenfis larger than 4.8 · I0- 2 • 

d. When s = 2 the interpolated formulas are exact. 
These observations suggest the following comments: 
a. The interpolated formulas have an exact asymptotic behavior for small x or large x. 

We observe that the meaning of "large x" depends on the rate sensitivity s of the matrix 
material, and on the void volume fraction f. In most commonly encountered situations x 
is "large" when it is greater than 2. Consequently it is not surprising that greater deviations 
occur in a middle range of stress ratios x between 1 and 2. 

b. The interpolation formulas assume in an essential manner that the void volume 
fraction f is not negligible. This assumption is used in the asymptotic expansions where f 
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is assumed to be of the same order as w. Therefore the interpolation becomes inaccurate 
when f is very small. Dilutely voided materials have been studied, in a more complex 
geometry, by DuvA, HUTCffiNSON [5] and we believe that their arguments should apply 
to the present situation, although we have not performed the complete analysis. Our 
interest in this paper was clearly to study the effect of a significant void volume fraction. 

V/ieq.V 
10~~--------------------------------------~ 

1 

a 
0.1 ....... .....,L __ _._ __ ....._--.~L---'---......._ __ ..._____... __ ......~... __ ......_--.~L-~ 

0 0.1 0.2 0.3 0.4 0.5 0.6 
c 

Vlleq,v 
w7~---------------------------------------, 

10 

1 ~_.--~--~~L-~--~--"'-----'--~--......_~L-~ 
0 0.1 0.2 0.3 0.4 0.5 0.6 

r 
(FIG. 3a, b) 
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r 

FIG. 3. Variations of the absolute growth rate with the void volume fraction f 
-- exact, ----- interpolation formula (4.5). 

Influence of material nonlinearity. Influence of the stress ratio x = T/ (S- T). a) x = 0.2, b) x = 1, 
C) X = 3, d) X = 5. 

0- s = 1.5, !:::. - s = 1.33, • - s = 1.2, J)- s = 1.1. 

[754) 
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5. Conclusion 

A simple model of cylindrical cavities growing in a nonlinear viscous matrix material 
has been studied. Examination of the exact void growth-rates clearly demonstrates the 
very strong influence of the existing void volume fraction. The growth-rate is enhanced 
by stress triaxiality and by material nonlinearity. 

18* 

v!£33v 
0.65 ,.:...:...---------------------, 
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-
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~~ ---
~ ', ------..__ ---
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- I I I I I 1 I ass~~---~~----L---~~---~~~-L---~_.---~ 
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(FIG. 4a, b) 
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FIG. 4. Variations of the relative growth rate with the void volume fraction f 
-- exact, ----- interpolation formula (4.6). 

Influence of material nonlinearity. Influence of the stress ratio x = T/(S-T), a) x = 0.2, b) x = I, 
C) X = 3, d) X = 5~ 

0- s = 1.5, D. - s = 1.33, • - s = 1.2, (I-s = 1.1. 

[7561 
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An interpolation formula given in a closed form provides a reasonable approximation 
of the exact growth-rate, and its reliability allows to use it in macroscopic damage laws. 
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