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Geometrically nonlinear analysis of plastic toroidal shells
with an open profile(*)

J. SKRZYPEK and B. SKOCZEN (KRAKOW)

A THIN-WALLED, plastic toroidal shell with an open meridional cross-section, subject to simulta-
neous in-plane bending and external pressure, is considered. The theory of large deflections and
rotations but small strains is applied to describe a rotationally — symmetric deformation of the
whole shell (allowing for a change of the toroidal angle, k = d#/d®—1) and axially-symmetric
deflection of the flexible profile. Depending on prescribed meridional boundary conditions
(free edges, elastic support, pin-joined support), the effects of geometric softening or/and harden-
ing of the structure during postcritical deformation of the shell, as well as various collapse
mechanisms, were observed.

Rozwazono cienkoscienna, plastyczna powlok¢ toroidalng z otwartym przekrojem potudni
kowym, poddana jednoczesnemu dzialaniu zginania w plaszczyznie i ci$nienia zewngtrznego.
Zastosowano teori¢ duzych ugig¢ i obrotow lecz matych odksztalcen do opisu obrotowo-sy-
metrycznych deformacji powloki (z dopuszczeniem zmiany kata rownoleznikowego, k =
= d?/d®—1) oraz osiowo-symetrycznego ugiecia podatnego profilu. Zaleznie od przyjetych
warunkoéw brzegowych dla potudnika (swobodny brzeg, sprgzyste podparcie, nieprzesuwne
przegubowe podparcie), obserwowano efekty geometrycznego oslabienia badz umocnienia
konstrukcji w trakcie pokrytycznej deformacji powtoki, jak rowniez zbadano rézne mechanizmy
wyczerpania no$nosci.

PaccmoTpeHa TOHKOCTEHHasA, IIACTHYECKAA TOpoMAanbHast o6oJI0UKa, C OTKPBITHIM MEPHAMO-
HJIbHBIM CEUCHHEM, [TOJBEPTHYTAsl OJHOBPEMEHHOMY JIeiCTBHIO H3rnba B IJIOCKOCTH H BHEI-
Hero jaBiieHHA. IIpumeHeHa Teopus GonbUIMX NporuGOB M BpPALIEHWI, HO MalbIX Jedop-
MauMi IS ONMCAHMA BpallaTe/IbHO-CHMMETPHYHBIX nedopMauuit o0ONOYKH (C ZOMycKoM
H3MEHEHHUs yIJla napajuienu k = dd|d® —1), a TarkyKe 0CECHMMETPHUYHOro nporudba momarTiu-
Boro npodunsa. B 3aBHCHMOCTH OT NPHHATHIX TPAHHUYHBIX YCAOBHA JJIA MepuamaHa (cBoboa-
Hasl TPaHMIA, YIPYroe ONMpaHHE, HEeNepedBIVKHOE IUAPHHPHOE ONHpaHKMe) HabIIoaaHCh
ahheKThI reoMeTpHYECKOro OCIatIeHHs HIIK YIIPOUHEHHsT KOHCTPYKLMH B IIPOLECCe JOKPHTH-
yeckol OedopMaruy obOJIOUKH, KaK TOXKe HMCCIIeQoBaHbl pPasHble MEXAHH3Mbl HCUEpTIaHHA
HeCyLIeit CIIoCOOHOCTH.

1. Introduction

GEOMETRIC effects in the thin-walled toroidal shells with a closed meridional profile (curved
tubes), subject to bending or surface loadings, have been examined by many authors.
The geometrically nonlinear theory of elastic curved tubes has been formulated by E. REIs-
SNER and R. A. CLARK [1-4] and developed by J. T. BoyLE, J. SPENCE [5], M. HAMADA,
T. NAKATANI [6] and E. REISSNER [7, 8, 9]. On the other hand, toroidal shells subject
to external loads, additionally require the analysis of both symmetric and nonsymmetric
deformations of a profile.

A general theory of both geometrically and physically nonlinear toroidal shells with

(*) The paper was supported by the Grant C.P.B.P. 02.01-3.5 from Polish Academy of Sciences.
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a closed meridional cross-section was developed by: J. SKkrRzYPEK and P. G. HopGe [10]
J. SkrzyPek and M. Zyczkowski [11-14] (Hencky-Ilyushin or Nadai-Davis equations;
finite deflections — small or large strains theory), A. Muc and J. SkrzyPEK [I5, 16],
J. BIELsKI and J. Skrzypek [17] (Prandtl-Reuss equations; finite deflections — small
strains theory).

In the case of toroidal shells with an open meridional cross-section, the geometrically
nonlinear analysis of the flexibility of the profile is even more important than for shells with
a closed one. The main applications of such shells are connected with the design and
analysis of deformations of elastic expansion bellows of various shape (U, S, 2) loaded
with axial force and/or internal pressure, e.g.: N. C. DaAHL [18], Y. 1. BERLINER and
Y. L. VikuMmaN [19], C. R. CaLLADINE [20], G. E. FINDLEY, J. SPENCE [21], M. HAMADA,
S. TAKEzoNO [22-23]. Reissner’s .,small finite deflection™ theory [7] was applied to the
numerical analysis of corrugated diaphragms and U-shaped bellows by M. HamADA, Y.
SEGUCHI [24]. A general survey of theories used to analyse bellows was done by J. F. WILSON
[25]. Other questions arise when toroidal shells with open profiles are used as elements
of mine gallery linings. Shell arches with flexible profiles applied there are usually loaded
with external pressure and in-plane bending moment. The result is a change of both:
a unit toroidal angle and a shape of profile.

In the present paper we apply the general theory and the method of solution developed
in [10-14] to the problem of symmetric deformation of a plastic shell-arch with an open
profile. The influence of both geometric effects — of the whole shell-arch as well as of the
flexible profile — on the limit states and collapse modes of the shell is examined. Various
boundary conditions prescribed along circumferential edges of the shell are considered.

2. Statement of the problem

2.1. Assumptions

An incomplete, thin-walled toroidal shell of an originally semicircular meridional
cross-section is analysed. The concept of substitutive sandwich section is applied as an
approximation of uniform section of the wall. A core is assumed as perfectly rigid in
normal direction and perfectly flexible for bending (Fig. 1). A theory of finite displacements
and rotations but small strains is used. Deformation of the element of the shell is governed
by the classical Love-Kirchhoff hypothesis of straight and inextensible normals. The
deformation of an overall meridional (radial) cross-section obeys the Bernoulli hypothesis:
radial cross-sections of the shell remain plane and normal to the deformed axis of the torus.
Moreover, only rotationally symmetric deformation of the whole shell, as well as only
axially symmetric deformation of the meridional cross-section with respect to the initial
plane of symmetry of the shell, are allowed for. In other words, this means that the deforma-
tion of each radial cross-section of the shell is identical although the unit toroidal angle
changes. Nonsymmetric deformation modes, which may appear as a result of violence
of either rotational or axial symmetry, are not considered in this paper.

The shell is loaded with the uniform symmetric external surface loading and in-plane
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FiG. 1.

bending moment. Working layers of the wall are assumed as rigid/perfectly plastic; the
Hencky-Ilyushin deformation theory and the Huber-Mises-Hencky yield condition
are applied for the plane stress state in outer (+) and inner (—) layers.

2.2. Notation

D, p

0,9

k = dB|dO—1
ki, k,

2

~>T,

R(p, Rs = (-&q), ﬁ'a)/&
R. = R|/H

R = Rocos®

U, U; = (Uu U:)I’H
e,,f 5 83:

ep, €3

#gy %o = (%0, %) H
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No=20,T

Mo = 20, HT

L S=38INo

Pns Pp = (PquJ)H/No

initial and current slope with respect to the symmetry plane,
initial and current angular circumferential coordinates,

change of unit toroidal angle,

coefficients of elastic constraints,

specific deflection of meridional cross-section,

thickness of the substitutive sandwich section,

thickness of the working layers,

radii of curvature in original configuration,

radius of the center of the undeformed semicircular profile,
distance betwen a middle surface point and the axis of the shell,
radial and axial components of displacement of the middle surface point,
meridional and circumferential strains of the working layers points,
elongations of the middle surface,

increments of the middle surface curvatures,

tensile yield-point stress of the working layers,

meridional stress in the working layers,

circumferential stress in the working layers,

maximal value of the direct stress per unit length,

maximal value of uniaxial bending moment per unit length,
resultant shearing force,

true, normal and tangential components of pressure applied to the
surface,

shell
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Cp = 9,'01;(/1\2(0 couple applied to the shell surface,
NIP’ Ny = ("Nqu, ’Nﬁ)/}}{o
My, My = (Mg, My)|M, generalized stresses referred to the undeformed element of the shell.

3. Fundamental equations

The basic system of equations governing the deformation of the rigid perfectly/plastic
toroidal shell, with an arbitrary sufficiently smooth and convex generating curve was
derived in [11, 14]. We adopt these formulae for the case of small 1/R; terms (thin shells)
and small principal elongations e; (small strains), when compared to 1. Thus we write
the basic equations in the dimensionless form:

geometric relations

= arct ii——n(p—U':/Ri
¢ = A8 s+ U.,/R,’
E,§=€¢iﬂ¢, Eg:eﬂi”ﬂ’
3.1 e, = —(U;/R)sinp+ (U;/R,)cosp+cos(p—D)—1,

es = (U, JR)(1+k)+k,

_ (I+k)cosp—cos®P

%= =D/R, % - :

equations of equilibrium
(RN,) + (1 +k)R,Nysinp+¢'RS = —RR,p,,
3.2) (RS)' —(14+k)R,Nycosp—@'RN, = — RR,p,,
(RM,)' + (1 +k)R,Mysingp+ RR,S = —RR,¢,,
physical equations for plane stress state

et = p* (202 —a}),
3.3) o 2tk ok

ey = p*(2oF — o),
34 (07) —oj 05 +(03)* = 1,
where the dimensionless generalized stresses, N; and M, and the functions which paramet-
rize the HMH yield condition (3.4) are defined as:

5.5 Ny = (07 +03)/2, Ny = (03 +05)/2,
5 My = (=at+op)2,  My=(~0f+05)/2,
(3.6) ot = /Y 3)sin(w*+7/3), oF = (2/)3)sin(w?).

Considering three kinematic quantities, ¢, U,, U,, and three static ones, o*, ™, S, as
the basic unknown functions, the following system of six coupled nonlinear ordinary
differential equations was derived in [11]:

U, = R, (sin@—sing)+ (R,/R)(F* + F~)sing,

3.7 ¢ = 1—(R,/R)(F* —F"),
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(3.7) U;= R,(cosp—cos®P)—(R,/R)(F*+F~)cosg;

o ot = —[1/cos(w* +7/3)] {(R'/R)sin(w* + =/3)
+(R,[R)(1 +K)singsinw® +(1/3/2)[(¢" = R,) S+ R,(p,— )]},
(3.8) " = —[l/cos(w™ +7/3)]{(R/R)sin(w™ +x/3)
+ (R,/R)(1 +k)singsino™ + () 3/2)[(¢" + R,) S+ R,(p,+¢,)]}
S = (¢' [y 3)[sin(w* +7/3) +sin(w™ +7/3)]
—(1/R)[R'S—(R,cosp/y 3)(1 +k)(sinw* +sinw™)]— R, p,

where
(3.9 F*={U(l+k)+ Rk £ [(1+k)cosp—cosP]}[cosw*/(cosw* — '/gsinw*)].

For the sake of generality, all types of surface loadings — normal and tangential compo-
nents of pressure p,, p, as well as couple ¢, — are retained here.

4. Boundary value problem

Although the basic equations (3.7) and (3.8) are generally nonlinear, they are, however,
linear with respect to first derivatives of unknowns. To solve them, we need six boundary
conditions. In the considered case of axially symmetric deformation of the meridional
cross-section with respect to the symmetry plane of the shell, the numerical integration
of Egs. (3.7) and (3.8) can be performed throughout the domain 0 € @ < (#/2). Thus
the necessary condition of symmetry, at the end @ = 0, takes the form

(4.1) #(0) = $(0) = U (0) = 0.

Three other boundary conditions have to be prescribed at the end @ = /2, depending
on the problem considered. In the present paper we shall discuss three variants of the shell
corresponding to various boundary conditions (Fig. 2), that is
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a) shell with free edges (no constraints imposed);

b) shell elastically supported (elastic constraints imposed upon axial displacement
U.(x/2) and angle of slope ¢(7/2));

¢) pin-joined shell (no displacements U,(z/2), U,(z/2) allowed for at the edges).

So the appropriate boundary conditions at the end @ = 7/2 must hold:

(4.2); No(/2) = M,(w[2) = S(a[2) = 0;

Ny(7/2) = ky U.(wr/2)cos[p(/2)],

(4.2), S(7/2) = ky Ux(/2)sin[g(w/2)],
My(z/2) = ka[p(/2) —=[2];
(4.2); Ur(m[2) = U.(n/2) = M(=[2) = 0.

The semi-inverse shooting method enables us to change the two-point boundary-
value problem to an initial-value one. Three missing initial conditions, for example at the
end @ =0, that is U,(0), N,(0), M,(0) (and finally w*(0), w~(0)), can be determined by
using the standard iterative technique, provided that the corresponding conditions (4.2)
are satisfied. In a general case, if asymmetric deformation of the initially symmetric toroidal
shell is allowed for, the conditions of symmetry at @ = 0, the condition (4.1), must be
replaced by the appropriate conditions at the end @ = —=/2 (analogous to the conditions
(4.2)). The Runge-Kutta IV method of numerical integration is used. The Newton pro-
cedure for functions of many variables provides the exact solution.

5. Surface of limit states

Equations (3.7) and (3.8) define six unknown functions ¢, U,, U,, o*, @™, § in terms
of surface loading components, p,(®), p,(®), ¢,(P) and curvature parameter k. In the
present paper we limit a number of independent loading parameters to two by assuming:
Po(P) = c,(P)=0, 0<D< a2,

& {pne, 0 < &< nj4,
p"()*O, 74 < @ < af2.

.1

Thus, in the simplest case, if p, and k are considered as independent control parameters,
Egs. (3.7) and (3.8) with Egs. (3.5)-(3.6) and (4.1)-(4.2) taken into account, determine the
unknown functions: ¢ = @(®, p, , k), U, = U (D@, p,,, k), U, = U.(P, pn,, k), N, =
= Ny(P, pn,, k), M, = M(P, p, ,k), S = S(@, p,,, k). Two other generalized stresses
Ny, My can be computed from Egs. (3.5) and (3.6). The “deformation process”, understood
here as a sequence of independent solutions obtained on the basis of the Hencky-Ilyushin
deformation theory for quasi-statically changing loading parameters, becomes definite
after a trajectory f(p, ,k) = 0 has been prescribed. More general cases of the control
of the deformation process are discussed in [16].

For the purpose of this paper, it will be convenient to use two geometric parameters
which describe: deformation of the whole shell, k, and change of the profile shape, 4 =
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= U,(0)—U,(%/2). In the extended three-dimensional space, a surface of limit states
L = L(pa,, Kk, 4) can be built as a point pattern corresponding to all possible solutions
of state equations (3.7) and (3.8) with the appropriate boundary conditions (4.1) and
(4.2). To this end we choose p,, and k as control variables, whereas 4 is to be considered
as a functional depending on the state functions in the current configuration:

(5.2) 4 = Flp(®), U(®D), U(D), o* (D), 0™ (D), S(P); Pa,s k-

Next, we determine, for instance, sections of the surface L, g; = g; (p.,,4) at constant
curvature parameters (k; = const). It is inconvenient, however, to use p, as a direct
control variable (time parameter). A time parameter should change monotonously, whereas
P, does not. Thus we can choose as a time parameter either one of the unknown components
of the vector of initial values, for example U,(0) or ¢(w/2), or, if none behaves monot-
onously, we can change control variables during the process. It is also possible to perform
integration for increments of both control variables at the tangent direction to the
analyzed section of the surface g;.

6. Discontinuities. Decohesive carrying capacity

The problem of admissible and inadmissible discontinuities for rigid/plastic toroidal
shells has been discussed in details in [14]. The assumption of the rotational symmetry
implies the continuity of all quantities in the circumferential direction. However, certain
discontinuities may be expected in the meridional direction.

Following the Bernoulli hypothesis, the circumferential displacement U, must be
continuous. Discontinuity of the meridional displacement U, and slope ¢ may, in principle,
be only considered. We should remember, however, that this kind of discontinuities is
regarded as inadmissible and their formation terminates the process (decohesive carrying
capacity). A classification of inadmissible kinematic discontinuities, regarded as termina-
tions of the deformation process of rigid-plastic toroidal shells, was proposed by J.
SkrzYPEK and M. Zvczkowskl [14].

On the other hand, from the point of view of a continuous rigid/plastic medium, some
discontinuities in static quantities are admissible. The generalized stresses N,,, M, and shear
force S have to be continuous but N;, M, may suffer from discontinuity. As a consequence
the circumferential stresses o as well as the parameters w* may be discontinuous. One
can expect discontinuity either in one sheet only or in both sheets (we call them partial or
complete discontinuities, respectively). It follows from Eqs. (3.1) that at the point of a
static discontinuity the following relations must hold:

@)+ (@) = /3

(@) + (@) = =3,

where the superscripts I and II denote left or right-hand side values of these quantities.

One can easily prove that at this point, in one or both sheets, &, and &, must equal 0.
Similar classification may be introduced with respect to the discontinuities of kinematic

quantities, regarded as inadmissible [10]. Partial kinematic discontinuity is characterized
by the infinite increase of the proper meridional strain ¢} or ¢; . It follows from kinematic

(6.1) and/or

24 Arch. Mech. Stos. 5—6/88
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considerations that at the point of partial discontinuity the jumps of displacement U]
and slope ¢] must occur, with U,] = ¢] or U] = —¢], respectively. However, due to the
similarity of deviators, one of the following formulae must hold:

€5
(62) % =C% =g

The above can happen only at these points of the stress ellipse, where w* = /6 or w* =
= —5n/6 and where, simultaneously, the denominator in Eq. (6.2) vanishes but g} 3 0.

If there exists a complete (double) kinematic discontinuity, then the jumps U,] and ¢] may
be prescribed independently, whereas both w* and w~ have to be continuous.

7. Results
We discuss the open toroidal shell with initially semicircular meridional cross-section
and the following geometric characteristics
R,=350, K. =1000.
The uniformly distributed pressure is applied throughout the interval:
0< @< /4

Two surfaces of limit states for two types of boundary conditions (4.2); and (4.2), have
been built. For the shell with elastically supported edges, the coefficients of elastic con-
straints equal

(7.1) ki =0.5, k,=009.
The values of both k; belong to the interval <0.1}.
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The surfaces of limit states are plotted in Figs. 3 and 4. The deformation of the mer-
idional profile with the corresponding strain distributions for chosen points along the lines
of k = —0.01 for both surfaces are presented in Figs. 5 and 6.

‘ pm'103
-235
-2144
-2.04
193
-1.5
A
-1.04 2
-05+ .28
21.37
4.
0
-01
-02
-03
o

-05 t t —
2 & 2 A = =
'\k\ 0 -20 -30 0 -50 -60 A
Fic. 4.

In the case of a shell with free edges (4.2),, a strong effect of geometrical softening e,
can be noticed. The smaller value of &, the clearer phenomenon of softening, which is due
to the unconstrained flattening of the meridian (Table 1). For large values of A, when
advanced deformation of the profile takes place, a slight effect of hardening &, occurs as
a result of concavity of the deformed meridian around the point @ = 0.

Table 1.
max i A)_pm'n
. p(d) e TPt .
k} Pmax Pmin A =( 60 Es Pom En Pome
001 00018 0.00142 0.0015 21.4% 47%
0.4 0.00103 0.001 0.00103 2.9%, 3.4%

In the case of a shell with elastically supported edges (4.2),, another collapse mechanism
takes place. The concavity of the central, loaded part of the meridian is significant. After
initial geometrical softening, one can observe an essential geometrical hardening, due to
the response of the elastic constraints (Table 2). We notice a significant increase of the
meridional strain ¢, in the most curved parts of the meridian, Fig. 6. According to the
previous considerations (Sect. 6) one could even expect the onset of decohesive carrying
capacity. In fact, tracing the strain redistribution for more advanced deformation of the
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Table 2.
'max — Pmin A)~ min
k; Pmax Pmin P & = 'p' = ii Ep = p( *)— ‘?'
A = 60 pmzx pmﬂl
0.01 0.00212 0.00189 0.0023 11.1% 19.6%;
0.4 0.00128 0.00116 0.00159 9.4% 33.69

meridional cross-section, we observe a progressive decrease of local maximum of g,
Thus, finally the decohesive carrying capacity is avoided. This effect may be connected
with the Hencky-Ilyushin deformation theory used in the present analysis. The accumula-
tion of strains, which is of great importance for local effects, here is not taken into account.
The application of an incremental theory of plasticity would probably lead to the
phenomenon of termination of the continuous process by the decohesion [14, 17].
A rapid movement of the neutral layer towards the edges of the shell can be observed
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in both cases discussed above. It leads to circumferential compression (o3 < 0) through
the whole meridional cross-section.

The third case of boundary conditions (4.2); has to be discussed separately. The shell
with a pin-joined boundary represents an over-rigid structure. For £ = 0.001, the process
of plastic deformation of the cross-section can’t be developed because of onset of the
local, inadmissible kinematic discontinuity. The formation of three plastic hinges, aimost
simultaneously in the interior or exterior sheets (depending on the positive or negative
meridional curvature) around the point @ = 0 and in the neighbourhood of @ = n/3
and @ = —m/3 terminates the process, Fig. 7. This effect of an inadmissible kinematic
discontinuity can be identified as a plastic decohesion d.c.c.,, according to the classifica-
tion proposed in [16]. Taking into account elastic strains (which are not considered in this
paper) one can expect also other types of d.c.c. On the other hand, the analysis of non-
symmetric deformation modes may essentially change these results, particularly in the case
of a shell elastically supported or pin-joined.
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8. Conclusions

1. Applying the geometrically nonlinear theory of a rotationally-symmetric plastic
toroidal shell, one can build a surface of limit states for any type of meridional boundary
conditions.

2. The relaxing of elastic meridional constraints (lower values of k,, k,) results in
lowering of the whole surface of limit states (lower values of the normal pressure) as well
as in the vanishing of the effect of geometrical hardening.

3. On the contrary, in the case of an over-rigid shell the effect of plastic decohesion
(due to inadmissible kinematic’discontinuity) terminates the process of deformation of the
whole structure. The corresponding value of pressure is about two times higher than the
maximal pressure for both cases (4.2); and (4.2),.

4. In order to increase the maximal value of pressure p.., as well as to increase the
effect of geometric hardening ¢,, one can apply hard springs as a model of elastic support
(higher values of k,, k), keeping in mind, however, that the phenomenon of decohesion
will terminate the process of deformation.
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