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Abstract. Standardization and modularization are common means of simplifi-
cation and economization of engineering structures. Extremely modular systems 
(EMS) are comprised of very few (ideally just one) types of modules and allow 
for creation of structurally sound free-form constructions. Truss-Z (TZ) is the 
EMS considered in this paper. It is a skeletal system for creating free-form pe-
destrian ramps and ramp networks among any number of terminals in space. TZ 
structures are composed of four variations of a single basic unit subjected to af-
fine transformations (mirror reflection, rotation and their combination). A fami-
ly of shapes including: isosceles quadrilaterals (concave and convex), regular 
and irregular kites and darts, isosceles triangles and trapezoids has been consid-
ered for the planar projection of Truss-Z modules (TZMs). It has been shown 
that isosceles triangles and trapezoids suit best TZ. The universality of TZM has 
been assessed by measurement of the regularity of distribution reachable points 
by given TZ built with several such TZMs. It has been shown that the vertex 
angle (θ) of 32.5° gives the most regularly distributed, thus universal TZ.     

Keywords: Truss-Z, Extremely Modular System, Isosceles Quadrilateral,  
Regularity. 

1 Introduction 

Standardization and modularization are common means of simplification and econo-
mization of engineering structures. Extremely Modular Systems are comprised of very 
few (ideally just one) types of modules and allow for creation of structurally sound 
free-form constructions. 

 
1.1 What is an Extremely Modular System? 

The concept of Extremely Modular System (EMS for short) has been introduced in 
[1]. In a nutshell, the purpose of EMS is to create free-form modular objects in given 
environments without obstacle violations, and self-collisions. EMS jointly meets the 
following three criteria: 

1. EMS allows for creation of structurally sound free-form structures. 
2. The number of module types in EMS is minimal. 
3. EMS is not derived from a regular tessellation of space. 
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The fundamental property of EMS for design is that the EMS modules can be as-
sembled in more than one way. The concepts of two EMSs: Truss-Z (TZ) and Pipe-Z 
(PZ) have been presented in References [2] and [3], respectively. Any two Pipe-Z 
modules can be connected at practically any relative twist angle, and any two Truss-Z 
modules in a single-branch structure can be connected in four distinct configurations. 

PZ is more fundamental, as it forms single-branch mathematical knots with a par-
ametric module subjected to relative twist. Since no direction is distinguished in PZ, it 
is considered as a “fully 3D” system. PZ has been proposed as a deployable construc-
tion system e.g.: for space habitats and emergency connectors [4]. TZ is a skeletal 
system for creating free-form pedestrian ramps and ramp networks among any num-
ber of terminals in space, as shown in Fig. 1.1. 
 

 
Fig. 1. On the left: a visualization of retrofitting of an existing overpass with Truss-Z ramp for 
improved comfort and accessibility. On the right: the geometrical parameters of TZM. The 
“main frames”, diagonal members and center-line vector c are shown in cyan, red and black, 
respectively. 

Since human movement along vertical (Z) direction is different than in the horizontal 
(XY) plane, TZ is considered as a “2.5D” system. TZ structures are composed of four 
variations of a single basic unit subjected to the following affine transformations: 
mirror reflection, rotation and their combination. This gives effectively four “varia-
tions” of the basic module R (which stands for “right”, as according to the right-hand-
rule it turns left and goes up), R2 (rotated R), L (which stands for “left”, i.e. it is the 
mirror reflection of R) and L2 (rotated L). As a result, there are 4n possible assemblies 
of n TZMs. Figure 2 shows all essentially unique TZ structures of length 3, that is that 
is configurations unique up to the left–right and entrance–exit structural symmetries, 
as well as to their superposition (rotation). Thus, out of total 43 = 64, there are 16 such 
essentially unique configurations. For detailed explanation see [5]. 
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Fig. 2. 16 essentially unique configurations of three TZMs. The color convention is: R, R2, L 
and L2 are shown in green, cyan, red and magenta, respectively.  

 
Besides modularity, the second main quality of EMSs is universality. It can be ex-

pressed as the capability of “reaching any desired point of given space”. Depending 
on the module parameters, a corresponding system can explore given space more or 
less efficiently.  
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2 Why the Truss-Z module is trapezoidal in the XY plane? 

The Truss-Z module (TZM) is a frame-truss hybrid.  The geometry of TZM is deter-
mined by the parameters: planar angle θ, width r, ”slenderness“ s, vertical displace-
ment δZ, and height h, as shown in Figure 1.2. 

The purpose of TZ is to create a path in 3D space which is structurally sound. To a 
certain degree, creation of a TZ structure can be considered as tiling of such a path 
with TZMs. The original concept of TZ was meant as a ramp system for human use, 
thus the properties of TZM in horizontal and vertical planes are considered separately. 

2.1 Tiling of TZMs in the horizontal plane 

In the horizontal plane constructing of TZ is analogous to a path-tiling. Since any 
quadrilateral tessellates [6], it is straightforward to create a relatively straight path 
with it, as shown in Figure 2. 

 
Fig. 3. Straight paths with the most general cases of irregular quadrilaterals, that is with four 
different angles and side lengths. A convex and concave quadrilateral are shown on the top and 
the bottom respectively. The basic tile and its rotation by π are shown in green and blue, respec-
tively. Yellow highlights the straight path of constant width. 

It is important to note, that tiling requires nodes connect with nodes only. This means 
that a node of one tile cannot lie on an edge of another tile. For a brief discussion on 
regular (Platonic) tessellations occurring in Nature and used in engineering see [7].  

However, with such quadrilaterals, it is not possible to make a “controlled turn”, 
that is a turn with defined incremental angles.  

Lemma 1: In order to perform this type of a path-tiling, a quadrilateral tile must meet 
two criteria:  

1. two of its sides must have equal lengths (must be congruent), and  
2. they must not be parallel.  
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Congruent sides are called legs. Depending on the location of the legs, there are 
four types of such quadrilaterals: concave and convex isosceles quadrilateral (IQc & 
IQx for short), irregular kite and dart (IK & ID for short), as illustrated in Figure 3. 

 
Fig. 4. From the left: two types of Isosceles quadrilaterals: concave (IQc) and convex (IQx), 
irregular kite (IK) and dart (ID). Congruent sides (legs) are highlighted in red.  

Figure 4 below shows examples of straight and circular paths composed of the 
quadrilaterals shown in Figure 3.  

 

 
Fig. 5. Sub-figures 1a and 1b show straight and circular paths composed of concave and convex 
IQs, respectively. Sub-figures 2a and 2b show paths composed of irregular kites and darts, 
respectively. The widths of the paths vary for the straight and circular configurations. Legs are 
highlighted in red; otherwise, the color convention as in Figure 2.  

IQ has the following properties: 

1. IQ is a quadrilateral with one pair of opposite sides (legs) of equal length (r). 
2. The angle between the legs is denoted as θ, θ: [0, π). 
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3. Three degenerated cases of IQs: 
i. If two pairs of opposite sides are congruent, IQ converges to a par-

allelogram. Obviously, if in addition all legs have the same length 
such IQ becomes a rhombus. 

ii. If θ = 0, IQ converges to a rectangle. Obviously, if additionally, all 
sides are congruent, such an IQ becomes a square. 

iii. If length of one of the sides other than leg is 0, IQ degenerates to an 
isosceles triangle (which is not a quadrilateral anymore). 

4. The special case of IQ: if legs are symmetrical, IQ becomes an isosceles 
trapezoid.  

 
According to Lemma 1, neither parallelogram (and its special case, rhombus) or 

rectangle (and square) cannot serve as horizontal projections of a TZM. Kite and dart 
are acceptable TZM projections, however the more practical are: isosceles triangle 
and trapezoid, as illustrated in Figure 5. 

 
Fig. 6. Straight and circular paths composed of various cases of IQs. Sub-figures 1 & 2 show: 
kite and dart paths, respectively. Sub-figures 3 & 4 show paths composed of isosceles triangles 
and trapezoids, respectively. The values of angle θ are shown for each IQ. In all cases the path 
width is the same for straight and circular configuration. 

Interestingly, IQ cannot become any other type of trapezoid than specifically the isos-
celes trapezoid. The angle θ can have any value from the interval [0, π). However, 
restricting it to 2π/k, where k is an integer greater than 2, allows for creating closed 
loops where the first and last modules are aligned, as shown in Figure 5. Depending 
on the particular design, such condition may or may not be required.  
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Lemma 2: the symmetry of such tile maximizes the effective width of straight and 
circular paths. Thus, isosceles triangle and trapezoid are the most suitable for the hor-
izontal projections of TZM. 

2.2 Branching 

Ability of creating branching structures without necessity of additional special ele-
ments is also a desired feature for TZ. Since all quadrilaterals tessellate, in general 
sense, they can also branch. However, branching is understood here as ability of con-
necting multiple paths rather than ability of creating homogenous spreading structure. 
This is an arbitrary decision based on real-life case studies [8,9,10,11]. The reason for 
such approach is that the objective of TZ is to link two (or more) given terminals 
without violating obstacles. The number of terminals is usually not high, and the main 
challenge is the obstacle avoidance. Figures 6 & 7 show examples of branching in 
path-tiling with various IQs.  

 
Fig. 7. Examples of branching. Sub-figures 1,2,3, and 4 show configurations of: IQc, ID, IQx, 
and IK, respectively. Thick yellow dashing indicates the connection between the branches. It is 
also desirable that he width of such connection is similar to the width of the path through the 
tiling. 

http://rcin.org.pl



8 

 
Fig. 8. Examples of branching continued. Sub-figures 1,2, and 3 show configurations of: kite, 
isosceles triangle and trapezoid.  

3 The measurement of universality of a single-branch TZ 

A measurement of TZ universality can be based on statistical evaluation of spatial 
distribution of points which are reachable by a structure assembled with a candidate 
TZM. In this method (presented independently in [12] and [13]), clustering, random-
ness and regularity form a continuum, described in terms of regularity R.  

 𝐑 =
2 ∑ min{𝑢𝑖𝑗}𝑛

𝑖≠𝑗

√𝑛𝐴 
 (1) 

where n is the number of points, uij is the distance between ith point and jth point, A is 
the area. 
 
If all points are superimposed, R = 0 which corresponds to extreme clustering. At 
random dispersion R = 1. Uniform distribution on square grid gives R = 2, and for 
triangular lattice arrangement R = 2.149. For detailed explanation see [14].  

Figure 8 shows examples of TZs composed of 10 TZMs with different angles θ 
from 20° to 45°. Since the projection of TZ on XY plane is considered, there are  
210 = 1024 such configurations. In this case the value of parameter r is irrelevant be-
cause the areas are relative to the maximal length of a straight TZ. Also slenderness s 
is not relevant as TZs are represented here by the midpoints between nodes 5 and 6 of 
each TZM (see Figure 1.2), i.e. here isosceles triangles and trapezoids are equivalent. 
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Fig. 9. Distribution on XY plane of all possible TZ paths constructed with 10 modules. 

Many points in the Figure 9 are overlapping or very clustered. In order to improve 
clarity, Figure 10 shows these points “binned”. 

 
Fig. 10. The “heat map” of the points shown in Figure 9. 

As Figure 9 and 10 indicate, the maximal regularity is reached at θ = 32.5° 

4 Conclusions 

This paper presents the first attempt for systematical approach to establishing the 
“objectively” optimal parameters of Truss-Z module, which theretofore have been 
based on the designer’s intuition of the author.  
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