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Some existence results in dynamical thermoelasticity 
Part I. Nonlinear case 

A. CH RZ~SZCZYK (KIELCE) 

THE PURPOSE of this paper is to show that classical energy methods can be used in the proof 
of existence solutions in nonlinear dynamical thermoelasticity. We show that a solution of the 
theory exists for sufficiently small times but is global in the space and belongs to Sobolev spaces 
of orders sufficiently large to be smooth and to satisfy the equations, boundary and initial condi
tions in the classical sense. Similar methods for nonlinear elastodynamics were used in [1 ]. 

W pracy zastosowano klasyczne 111etody energetyczne oraz twierdzenie Banacha o punkcie 
stalym do dowodu istnienia rozwi~zan dla nieliniowej dynamicznej termospr~zystoS<:i. Udo
wodniono istnienie rozwi~zan lokalnych w czasie, globalnych przestrzennie i nale~cych . do 
przestrzeni Sobolewa rz~d6w dostatecznie wysokich, aby r6wnania oraz warunki brzegowe 
i pocz~tkowe spelnione byly w klasycznym sensie. 

B pa6oTe npHMeHeHLI KJiaccaqecKHe :mepreTHtiecime MeTO~hi H: TeopeMa EaHaxa o Heno~BH:
>I<Hoii TOqKe ~JUI ~oKa3aTeJILCTBa cymeCTBOBaHH:ll pemeHHH B He.mfileHHOH ~aMH:tieCKOH 
TepMoynpyroCTH. IloJiytieHHLie pellieHHH HBJiffiOTCH JIOKaJibHbiMH BO BpeMeHH, rJio6aJILHbl..., 
MH a npoCTpaHcTae H npHH~Jie>KaT npocTpaHCTBaM Co6oJieaa ~oCTaTotmo BbiCOKHX nopn~
KoB, lJT06bi ypaaHeHHH, rpaHHtnlbie H HaqaJILHbie YCJIOBHH 6biJIH BbiiidJIHeHbi B KJiaCCH
qecKOM C.'\1biCJie, 

1. Introduction 

LET A HOMOGENEous thermoelastic body fJI be identified with the bounded domain of 
space it occupies in a fixed reference configuration x and let ]0, T[ denote the finite interval 
of time. Let x~(X, t) denote the position of the point X e fA at the time t E] 0, T [. If we 
use the standard notations (see [2], Chapt. XV) T~- the Piola stress tensor, ex- the 
mass density, b- the body force, 'YJ- the entropy, 8- the temperature, h"- the heat 
flux, s- the heat supply, 1p- the Helmholtz free energy (all the quantities are considered 
with respect to the reference configuration), then the equations of thermoelasticity can be 
written in the following form (see [2], form. VII. 2-6, XV. 2-10, XV. 3-15, XV. 3-18) 

(1.1) 

(1.2) 

(1.3) 

(!,-.X~ = Div T~+ exb, 

81j = -
1
- Divh~+s, 
e~ 

in fJI x ]0, T[, 

'P = 'P(Vx"' 8), 'YJ = -'Oetp(Vx"' 8), 

T" = exo\Tx~'P(Vx~, 8), h~ = hx(Vz~, 8, V8). 

To obtain Eqs. (1.1) and (1.2) in Cartesian coordinates we put for arbitrary a, p, p, 
q = I, 2, 3, 
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(I.4) 

where 

and 

A~ = a,aFprx VJ, 

BIX{J_I~h --uaa. )Cp, 
!!x 

In consequence the system (1.1 ), (1.2) takes the form 

(1.5) 

(1.6) 

XxP = A~~X)Cq,ap+A:&.a.+b,, P = I, 2, 3, 

boa = Ba.f16.a.p + Ba.e,a + B:fJ X)Cq,a.fJ + B~ixq,cx + s, 

A. 0-IRZI;SZCZYK 

where b = {b,},= 1 , 2 , 3 ; moreover the summation over repeated indices ex, p, q = 1, 2, 3 
is implied and the notations CfJ,a. = oxa.cp, CfJ,cxfJ = OxfJ oxa.cp are used. Let us note that the 
coefficients A:~, A~, b0 , B: depend on V x"' 6 only and ~P, Ba., u:_P depend additionally on 
ve. 

In the present paper we consider Eqs. (1.5) and (1.6) together with the initial condi
tions 

0 I 0 
(1.7) x.,(O) = X"' _i,(O) = z.,, 6(0) = 6 on !J6 

and the boundary conditions 

(1.8) 

Here and in the sequel the dependence of all functions on X E fJI is consequently omitted 
but the dependence on t E [0, T] is sometimes explicitly written, as for example in the 
conditions (I. 7) where t = 0. 

0 I 0 2 m 1 m-1 

Having x)C, X'" 8, we can define the new symbols x)C, ... , Xx' 8, ... , 8 , m ~ 4 
using the recursive formulas 

k k 
k+2 '\1 (k) (i) k-i \-, (k) (i) k-i (k) 
Xx, = 4 i A~(O)xxq,cxp+ ? . i A~(0)6,ot+b,(O), p = I, 2, 3, 

1=0 1=0 

(1.9) bo(O) '8' ~ i' ( ~) .3~(o~;; + .i' G) ~(o)t + i' (~) ~(o) x:~.~ 
1=0 1=0 1=0 

k k 

'\1 (k) (i) k-i+l (k) ~ (k) (i) k-i+l 
+ 4 i B:(O) Xxq,cx + s (0)- L..J i b0 (0) 8, 

1=0 1=1 

k=O, ... ,m-2. 
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(i) 

In the formulas (1.9) the symbol A~~(O) denotes the i-th time derivative of the function 
t ~ A~:(Vxx(t), 6(t)) taken at t = 0 and similar abbreviations are used for other symbols 
of this type. 

2 m I m-1 

The functions Xx• ... , Xx• 6, ... , 6 will play an important role in a formulation of 
our main theorem. Before we give this formulation we recall some notations concerning 
function spaces. 

2. Function spaces 

In general, we use the notations of the paper [I] but some modifications are necessary. 
If y is any real number, then the symbols H, = WY• 2 (at, R3

) and H, = WY· 2 (al, R1
) 

denote the Sobolev spaces of functions with values in R3 and R 1 , respectively. In both 
cases the corresponding norm will be denoted by II · 11,. As usual the spaces V = 
= WJ· 2 (al, R 3

) and V = WJ· 2 (al, R 1
) consist of functions vanishing on the boundary ofJI 

of at. In the paper we shall frequently use the abbreviations X, = H,nV, Y,= HynV. 
For the Banach spaces Z 1 , Z 2 the symbol .!l'(Z1, Z 2) will denote the space of bounded 

linear opaerators from Z 1 to Z 2 • Moreover, we set 

m-l 

.!l'1 = n .!l'(ZJ+l, ZJ), 
j=-1 

m-k 

m-2 

.!l'2 = n .!l'(ZJ+2• ZJ), 
i=-l 

!e" = n .!l'(Zl+"' Z1), k = 3, ... , m, m ~ 4, 
j=O 

where Z1 = Hi or Z1 = Hh j = -I, 0, ... , m. The spaces !e 1 , ... , !em are equipped with 
standard operator norms denoted by II · llzk. 

For T > 0, I ~ p ~ oo, k = 0, I, ... and for the Banach space Z we use the symbol 
W"·P([O, T], Z) to denote the Sobolev spaces of functions defined on [0, T] and with 
values in Z (see [3], Chapt. I, Sect. 1.3). If k = 0, we obtain the space LP([O, T], Z) of 
Z-valued functions strongly measurable and integrable over [0, T] with the p-th power 
for I ~ p < oo and essentially bounded on [0, T] if p = oo. The symbol C"([O, J1,Z) 
denotes the space of k-times continuously differentiable functions from [0, T] to Z. 

Finally, for an open subset~ of R" the symbol c:(~) will denote the set of all functions 
possessing continuous and bounded derivatives to the order k. 

3. Formulation of the main theorem 

Let m be any integer such that m ~ 4. Assume that the reference configuration of the 
thermoelastic body is a bounded domain at c R 3 with the boundary of class em. 

Suppose that (!);, i = 1, 2, 3 are open sets such that 

~~ s;; {FeR3x 3:detF > 0}, (we identify the set of 3x3 matrices with R3
x
3), 

(3.1) ~2 s;; ]0, + 00 [, 

~3s;;R3. 
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Let the coefficients of Eqs. (1.5) and (1.6) satisfy for any ex, {J, p, q = 1, 2, 3, FE (!) 1 , 

e E ()2, G E (!)3,; = {;p}p=1,2,3 'I= 0 and 'Y} = {?Jp}p=1,2,3 -:f 0 the following relations: 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

A:~(·, ·); A~(·, · ); ho( ·, · ); B~( ·, ·) E C;;'((!)1 x (!) 2 ), 

Ba.fl( ·, ·, ~ ); B~( ·, ·, . ); B~fJ( ·, ·, ·) E C;;'((!)J X (!)2 X (!)3), 

A~~(F, 0) = A~~(F, 8), 
B~f3 ( F, 0, G) = Bf3'1.( F, 0, G), 

(!x > 0, bo(F, 0) > 0, 

A~~(F, O)~p;q'YJa.'YJp > 0, 

B~P(F, 0, G)'Y}a.'YJfJ > 0. 

Let the body forces, the heat sources and the initial functions satisfy the inclusions 

(3.6) 

(3.7) 

m-2 

bE n Ck([O, T], Hm-k-z), 
k=O . 

m-2 

s E n Ck([O, T], Hm-k-2), 
k:=O 

0 1 0 

Xx E H111 , Xx E Hm-1, 6 ·E H,;,, 

0 0 0 
(3.8) VxxE()1 , 6E(!)2 , V6·E(!)3 on f!l. 

Furthermore let us assume that the boundary functions Xxo, 60 are the traces on 
oP-4 x [0, T] of some functions Xxo, 60 satisfying the relations 

(3.9) 

(3.10) 

m 

Xxo E n Ck([O, T], Hm~k), 
k=O 

m-1 

60 E ·n Ck([O, T], Hm-k), 
k=O 

where T E [0, T] is sufficiently small. 
Finally let the following compatibility conditions be satisfied: 

(3.11) 
k (k) k 

Xx-Xxo(O) =X E v, k = 0, ... , m, 

(3.12) 
k (k) k 

6-80 (0) = () E V, k == 0, ... , m-1, 
k k 

where the functions xx, 0 are defined in the formulas (1.9). 
Now we are ready to formulate our main result. 
THEOREM 1. If the assumptions (3.1)-(3.12) are satisfied, then for T sufficiently small 

there exists a unique solution of the initial-boundary value problem (1.5)-(1.8) with the 
properties 

m m-t 
(3.13) Xx E n Ck([O, T], Hm-~c), 0 E n Ck([O, T], Hm-k), 

k=O k=O 

(111-1) 

() E ._::'u([J, T], H0)nL2 ([0, T], H1), 

(3.14) Vz"E(!)1 , 0E(!)2 , V0E(!)3 onf!Jx[O,T]. 
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REMARK. The assumption m ~ 4 implies that the solutions satisfying the properties 
(3.13) are sufficiently smooth to satisfy Eqs. (1.5)-(1.8) in the classical sense. 

In the next two sections we make some simplifications and sketch the strategy of the 
proof. 

4. Simplifications of the problem 

To avoid the difficulties connected with the conditions (3.14) we introduce two non-ne
gative functions CfJ1 E C00 (R10) and CfJ2 E C00 (R13) with compact supports contained in 
f!J 1 x f!J 2 and @1 x ~2 x @3 , respectively, such that cp 1 (F, 0) = 1 on &J1 and cp2 (F, 0, G)= 1 

0 0 0 0 0 

on f!JJ 2 for some open neighbourhoods 9 1 and &J 2 of (V x," 8) and (V x," 8, V8), repecti-
vely. Next we define the functions 

---rxf3 _- _ {cp1 (F, O)A~(F, 0) + (1- cp1 (F, O))ba13{Jpq for (F, 0) E (!)1 X (!)2, 
(4.1) Apq(F, 0) - .\: &' ( O d-

uapbpq 10r F, ) 'F (!)1 X (!)2, 

l

cp2(F, 0, G)BaP(F, 0, G)+(l-q;2(F, 0, G))bcxp 
(4.2) ii'·f1(F, 0, G)= for (F, 0, G) E (!)1 x(!)2 x(!)3; 

{JafJ for (F,O,G)¢(!)1 x(!}2x(!)3, 

- {r.p1 (F, O)bo(F, 0) + (1- cp1 (F, 0) )bmin for (F, 0) E (!)1 X (!}2, 
(4.3) bo(F, 0) = bmin for (F, 0) ¢ (!)1 X (!)2' 

where bmin = min {b(F, O):(F, 0) E support of q;d and we put the coefficients A~(F, 0), 
Bcx(F, (), G), o:fl(F, 0, G) and B;(F, 0) equal to cp 1 (F, O)A~(F, 0), q;2(F, 0, G)~(F, 0, G), 
cp2 (F, 0, G)B~P(F, 0, G) and q;1 (F, O)B~(F, 0), respectively, for (F, 0, G) E (!) 1 x (!)2 x (!) 3 
and equal to zero for (F, 0, G)¢ (!) 1 x (!) 2 x (!) 3 . Now, if {x*, 0*} is a solution of the prob
lem (1.5)-(1.8) with these new coefficients and without the condition (3.14), then, by the 
relations (3.8) and by continuity, for sufficiently small T we obtain the inclusions 
(V x*, 0*) E 9 1 and (V x*, 0*, VO*) E 9 2 • This implies that {x*, 0*} is also a solution of 
the original problem with the conditions (3.14). Thus it is sufficient to solve the problem 
(1.5)-(1.8) with the new coefficients and without the conditions (3.14). 

To obtain the more compact form of the problem (1.5)-(1.8) (1), we write these equa
tions as follows: 

x+At(X, 0)x+A2(X, 0) = f(x, 0), (4.4) 

(4.5) b(x, 0)0 + B1 (X, 0)0 + B2(X, O)x + B3(X, O)x = g(x, 0), 

where 

'/ X ; () = 8-So /• = X- A.%0' 

and 

Al(x, O)'x = { -A~'~(Vx+Vxxo, 0+6o)xq,rxfJ}p=1,2,3, 

A2(X, 0)0 = { -~(Vx+Vx"o' 0+So)8,rx}p=t,2,3' 

e) with the new coefficients 

4 Arch. M.:ch . Stos . nr 6.'87 
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f(x, 0) = -xxo-At(X, O)'i"o-A2(x, O)So+ b, 

b(x, 0) = ho(Vx+ Vx"o' O+Oo), 

B1(X, 0)0 = -.BocP(Vx+Vx"o' 0+0o, VO+VOo)O,cxp 

-Bcx(Vx+Vx"o' O+Oo, VO+VSo)B,cx, 

B2(X, O)z = -:B;P(Vx+V"i"o' O+So, VO+VOo)xq,ocfh 

B3(x, O)x = -B:<Vx+VX"o' O+So)xq,cx, 

g(x, O) = -b(x, O)ao-Bt(x, 0)6o-B2(x, O)x"o-BJ(x, O)x"o+s. 

The functions x, 0 satisfy the homogeneous boundary conditions 

(4.6) X = 0, 0 = 0 on o£4 X [0, T] 

and modified initial conditions 
0 0 

x(O) = Xx- X"o(O) = x, 
I • 1 

(4.7) x(O) = X"- X"o(O) = X' 
0 - 0 

0(0) = 8-80 (0) = 0, on fJ6. 

The conditions (1.9) take now the form 

k 

A. CHRZ~~ZCZYK 

k+2 '\1 (k) (i) k-i (i) k-i (k) 
(4.8) X = - L.J i [At(X, 0)(0) X +A2(X, 0)(0) 0 ]+ f(x, 0)(0), 

i=O 

k k 
k+ 1 ~ (k)(i) k+ 1-i ~ (k) (/) k-1 

(4.9) h(x, O)(O) o = - ? i h(x, O)(O) o -~ i B1 (x, O)(O) o 
I= 1 1=0 

k 
~ (k) (i) k-i (i) k + 1-i (k) -4 i [B2(X, 0)(0) X +BJ(X, 0)(0) X ]+ g(x, 0)(0), 

1=0 

where 

<i) J at - - l 
A1(x, O)(O)'P = \- otJ [A:~(Vx(t)+Vx"o(t), O(t)+8o(t))](O)'f'q,cxpJP=t,l,J 

and similar notations are used for other operators. 

5. The basic idea of the proof 

From Sect. 4 it follows that it is sufficient to prove the existence of a solution for the 
problem (4.4)-(4.7). To this end, following [I] we introduce the set Z(M, T) of pairs of 

functions {x 'o) which satisfy the conditions 

m 

X En Wk·oo([O, T], Hm-k), 

(5.1) 
k=O 

m-2 (m-1) 

0 En Wk.oo([O, T], Hm-k), 0 E L 00 ([0, T], H0)nL2 ([0, T], H 1), 
k=O 
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(k) k 

;((0) = x, k = 0, 1, ... , m-1, 
(5.2) (k) k 

0(0)=0, k=0,1, ... ,m-2, 

'; (k) m-2 (k) (m-1) T (m-= 1) 

(5.3) esssup(l llx (t) il ~-k+ _2; IIO(t)ll;,-k+ll 0 (t}ll~)+ f II 0 (t)llidt ~ M 2
• 

te[O, TJ k = 0 k = 0 . 0 

-
where M is a constant independent of (i, 0). For given {x, 0} E Z(M, T) let us consider 
the linear problem 

(5.4) 

(5.5) 

x+At(X, O)x+A2(x, 0)0 = f(i, ff), 
bCX, o)O+BtCX, ii)o+n2cz, ii)x+B3<x, o)x = g(z, o), 

with the boundary and initial conditions (4.6), (4.7). 
We shall prove that for every pair {x, 0} E Z (M, T) there exists a unique solution 

{X, 0} of the problem (5.4), (5.5), (4.6), (4.7) and that for M sufficiently large and T 
sufficiently small the operator f7: {x, 0} -+ {X, 0} defines a contractive mapping of 
Z (M, T) into itself. The contraction mapping principle will imply that f7 has a unique 
fixed point which is a solution of Eqs. ( 4.4)-( 4. 7). 

6. Some results concerning the linear problem (5.4), (5.5), (4.6), (4.7) 

To implement the program outlined above we shall need some results concerning the 
linear problem (5.4), (5.5), (4.6), (4.7). The present section contains the formulation of 
these results. 

LEMMA 1. Let fx, 0} EZ(M, T) and k = 0, 1, ... , m-2. The conditions x E Xk, 
A 1 (x' ii)x E Hk(resp. 0 E yk' Bl rx' 0)0 E Hk imply X E xk+ 2 (resp. 0 E yk+ 2). Furthermore 
there exist continuous functions /i-h "ieh Ii, c0 , i = 1, 2, defined on [0, + oo [ x [0, + oo [ 

with values in] 0, + oo [such that for sufficiently small c E ]0, ~ [ , T E ]0, + oo [and 

for arbitrary {i, 0} EZ(M, T) we have 

(6.1) 

(6.2) 

llxllk+2 ~ ;ut(llxllm-~" IIOIIm-•)(llxllk+ IIA1.(X, O)xllk) for all x EXk+2' 

<AtCi, O)x, x>+ut(llxllm-•' IIOIIm-•)llxll~ ~ ItCIIxllm-6' IIOIIm-e)llxlli 

(Bt(i, 0)(), 0)+x2(11xllm-•' IIOIIm-e)IIO II ~ ~ I2(11illm-e, IIOIIm-e)IIOIIi 

for all X E xl and 0 E yl' 

(6.3) 

Sketch of the proof of Lemma 1 
Let us introduce the expressions Q1 (F*, 0*, ~' 'YJ) = A~~(F*, O*)~a.~fJ'YJp'YJq, Q2 (F*, 0*, 

G*, YJ) = jja.P(F*, 0*, G*)YJa.'YJp for arbitrary F* E R9
, ()* E Rt, ~, 'YJ, G* E R3 and let us 

define the functions 

... 
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it(IIXIIm-n /lOT/m-e) = min {Ql (F*, 0*, ~, 17): 1~1 = 1171 = I, 

IF*/ 2 +/0*/ 2 ~ ctllxlr;_f,+c~,,o,,;,_t}, 

X2(11XIIm-e' 1/0llm-e) = min {Q2(F*, 0*, G*, 17): 1171 = 1 

IF*/ 2 + 10*1 2 + IG*I 2 ~ Cf/lxll!-e+ (Ci + C~)/IOI/;_£ }, 
where C1 , C2, C3 are constants from the Sobolev inequalities 

m~/Vtp(X)I ~ Ctii'Pilm-e' ma~lq;(X)I ~ C2119"11m-• 
Xe~ Xe~ 

Xe~ 

It is not difficult to prove that the functions ii, i = I, 2 depend continuously on 
their arguments and that the following inequalities hold: 

(6.4) 
Ql(Vx, 0, ~, 17) ~ lt(llxllm-o 11BIIm-e)l~l 2 1171 2 , 

Q2(Vx, 0, Vfi, 17) ~ X2(11xllm-e' 110llm-e)l1712, 

for arbitrary {x, 0} e Z(M, T), ~, 17 e R3 • 

The inequalities (6.4) are the starting points in the proof of the Garding type inequali
ties (6.2) and the elliptic regularity results (6.1). The detailed proofs can be obtained for 
example by modification of corresponding proofs of the book [4]. 

To prove the inequality (6.3) let us introduce the symbol 6 = 0+60 and remark that 
the inequality 

6(t) = 8(t)-0-(0)+0(0) ~ -Tmaxje(t)1+6(0) ~ -TC1(M+C2)+e(O), 
te[O,T] 

which holds for some positive constants cl' c2 implies the existence of T such that G(t) 
is positive for all t E [0, T] and all 7J such that {:X, 7J} e Z(M, T). Therefore the coefficient 
b(x, 0) is positive for these {x, 0} and the function 

co(IIX!Im-e' IIO!Im-e) = min{b(F*, O*):/F*I 2 + 10*1 2 ~ Cfii:X//;,~t+ Cii/Oll;,~e} 

can be used to satisfy the inequality (6.3). This completes the sketch of proof of Lemma I. 
In the formulation of the theorem describing the properties of a solution of the problem 

(5.4), (5.5), (4.6), (4.7) we shall use the notations 

(6.5) 
x = {X,(/Ixllm-t' I (OIIm-t) h= 1. 2, ;. = {i,(II:XIIm-:, 1/0llm-e) }I= 1, 2, 

1-l = {Ui(IIXIIm-M llfi//m-e)},=1,2' Co= Co(l/xllm-o 1/0llm-e), 
(6.6) L 0 = IIA1 (x, 0)(0)11~2 + 1/b(x, ii)(O)IIm-o 

(6.7) 
m-1 (k) __ 

L = esssup{IIAt (X, O)(t)l/~2 + 2 II At (X, O)(t)ll~k+t + l/A2(X, 8)(t)/l.z>t 
te[O,T] k= 1 

m-1 (k) m-2 (k) 

+ 2 IIA2C~, o)(t)ll~k + !IB1 <x, o)(t)/1~2 + l, 1/Bt <x, O)(t)ll~k+l 
k= 1 k= l 

_ m-2 (k) _ _ 

+ IIB2 (x, O)(t)l/~2 + 2 IIB2(X, O)(t)!!~k+l + IIB30:, O)(t) / 1.~,~ 
k=l 
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(6.7) 
[cont.] 

m-1 (k) - (m-1) - ;m-2 (k) -

+ ~ IIB3(x, O)(t)ll~,_+ll b (x, O)(t)llo+ ~ llh(x, O)llm-k-t-e} 
k=l k=O 

T (m-1) _ (m-1) _ 

+ (.f (II B1 (x, O)(t)IIJe<Hnr,n0+ II B1 (x, O)(t)IIJe<Hm-1, a-1> 
0 

(m-1) _ )1/2 
+II B2 (i, O)(t)IIJe<Hm,Ho>) dt , 

~ k m{,2 
(k) JT (m-1) 

(6.8) N = L.J llxll~-k+max L.J llb(t)ll~-2-k+ II b (t)ll~dt 
k=O te[O, T] k=O 0 

m (k) T (m+l) m-1 k m-2 (k) 

+max ~ IIXxo(t)ll~-k+ J II Xxo(t)ll~dt+}; 11011~-k+ max }; II s (t)ll~-2-k 
te[O,T]k=O 0 k=O te[O,T]k=O 

T (m-1) m-1 (k) T (m) 

+ J II s (t)ll:.tdt+ max ~ ll6o(t)ll~-k+ j ll6o(t)ll:.tdt. 
0 te[O, T] /<=0 o 

The introduction of the symbol L (see Eq. (6.7)) is justified by the following lemma. 
LEMMA 2. If {x, 0} e Z(M, T), then the corresponding operators Ai(X, 0), i = 1, 2, 

Bi(X,O), i = 1, 2, 3 and the function b(X, 0) have the properties 

m-1 

At (X, 0) E n Wk,oo([O, T], .!l'k+t), 
k=1 

(6.9) m-2 

B1(i, 0), B2 (i, 0) En Wk·oo([O, T], .!l'k+ 1), 
k=l 

(m-1) _ 

B1 (X, 0) E L 2 ([0, T], .!l' (Hm-t, H_t)) n L 2 ([0, T], .!l'(Hm, Ho) ), 
(m-1) _ 

B2 (x, 0) E L 2 ([0, T], .P(Hm, Ho)), 

m-1 

A2(X, 0), B3(i, 0) En Wk·oo([O, T], .!l'k), 
k=1 

m-1 

b(X, li) En Wk·oo([O, T], Hm-t-k) 
k=O 

and the estimate 

(m-1) (JT (m= 
1> )1/l 

L ~ Ktesssupll X (t)llt +K2 II 0 (t)llidt +K3 
te[O, T] 0 

(6.10) 

holds, where K1 , K2 are positive constants and K3 is a positive function continuously de-
(i) !!} 

pending on the variables ll:XIIm-l-s, IIOIIm-l-e, i = 0, 1, ... , m-2 with sufficiently small 
1 

e E ]0, T [. 
In the proof of this lemma one is to use the definition of the spaces .!l' -k, k = 1, .... , m, 

the chain rule and the properties of the Sobolev spaces mentioned e.g. in Sect. 5 of the 
paper [1]. 
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Now, using the notations (6.5)-(6.8) we formulate the following well-posedness re
sult for the problem (5.4), (5.5), (4.6), (4.7). 

THEOREM 2. If the assumptions of Theorem 1 are satisfied and {1, 0} is an arbitrary 
element of the space Z(M, T) then for any positive T less than some T and for sufficiently 
large M the problem (5.4), (5.5), (4.6), (4.7) has a unique solution {x, 0} with the properties 

m m-2 

(6.11) 
X En Ck([O, T], Hm-k), 0 En Ck([O, T], Hm-k), 

k=O k=O 

(m-1) 

0 E C0([0, T], H 0)nL2 (0, T], H 1). 

Furthermore the following estimate holds: 

m (k) m-2 (k) (m-1) 

(6.12) esssup(211x(t)ll;._k+ 2 iiO(t)il;-k+ll 0 (t)116) 
te[O, T] k=O k=O 

T (m-1) 

+ f II 0 (t)!lidt ~ (C1N+C2LN)(1 +(I+ TC3)exp(TC3)), 
0 

where 

ci = Ci(co, "',.,,A, L0
) for i = 1' 2, CJ = C3(Co, "' p, )., L0

, L) 

and the functions cl' 62, c~ depend continuously on their arguments. 
The proof of Theorem 2 will be given in the second part of the present paper (see [5]). 
Now we are ready to implement the idea sketched in Sect. 5. 

7. Proof of the Theorem 1 

In the first step, we prove that the operator ff: {x, if} ~ {x, 0} defined in Sect. 5 
and existing due to Theorem 2, maps Z(M, T) into Z(M, T) for sufficiently small T and 
sufficiently large M. To this end, let us note that _by virtue of the interpolation inequality 
(see [3], Chapt. I, Sect. 2.5) we have for some positive constants C;, i = 1, 2, 3 and 
k = 0, 1, ... , m- 2, 

(k) (k) - (k) (k) (k) (k) 

(7.1) /l<p(t)-<p(O)Iim-k-1-s ~ Ctl!<p(t)-<p(O) i 1~:k-tll9"(t)-cp(O)II~-k-2 

where fP = x or fP = 0 and e E ]0, ~- [is the number from Lemma 2. 

If we choose M 0 > 0 such that (2) 

(7.2) 

(1) The symbols c,, K, i = 1, 2, 3 are introdu;ed in Theorem 2 and Lemma 2. 
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and T0 e] 0, T] such that (3) 

[C1N+C2 NK3](t) ~ 2[C1 N+C2NK3](0), 

(7.3) [l+C2 N(K1 +K2)](t) ~ 2[1+CzN(K1 +Kz)](O) for te [0, T0 } 

[l+(l+ToC3)exp(T0 C3)](t) ~ 3, 

then by using the estimates (6.10), (6.12) and (7.2), (7.3) we obtain 

m (k) m-2 (k) (m-1) T (m-1) 

(7.4) esssup(211x(t)11!-k+ 2110(t)11!-k+ll 0 (1)11~)+ J II 0 (t)llidt 
te[O, T] k=O k=O 0 

~ 3(Mo+C2N(K1 +K2)Mo) ~ M5, 

i.e. f/ maps Z(M0 , T) into itself for T E] 0, T0 ] . 

To prove th~t f/ is contractive if T is sufficiently small, we assume that T e ]0, T0 ] 

and {x, 0}, {x, 0} e Z(M0 , T) are given. Let us put 

-- -
VJ = x-x, 

(7.5) {x, o) = §"( {x, if}), 

VJ = x-x, 

~ = 0-0, 
{x, o} = 9'( {z, on, 

4> = 0-0. 
If we introduce the new abbreviate symbols by putting 

A(x, 0) {z, 0} = At(X, O)x+A2(x, 0)0, 
A 1\ V V A AV A AV A A.:. 

B(x, O){x, 0} = Bt(X, O)O+B2(X, O)x+BJ(X, O)x, 

then the relations (7.5) will imply the equalities 

'P+A(x, o) {tp , 4>} = (ACX, o)-A(x, B)){f, o}- <r<-x, 0}-trx, o)), 

(7.6) b(X,, 0)~ +B(X, 0) {VJ, 4>} = (B(x, 0)-B(X,, O)){x, o=} 

- (g(z, o)-g(X, o))+ (hex, o)-b(X, o))o, 
VJ(O) = tjl(O) = 0, l/>(0) = 0. 

Forming the duality products of Eq. (7.6)1 with 21jl and Eq. (7.6), with 24> and in
tegrating over [0, t], we obtain respectively 

t 

(7.7) II~II~+(At(x, 7J)VJ, tp) = f {(At (X, O)tp, VJ)-2(A2(i, O)lf>, ip) }d(] 
0 

[t 

+ 2 j {({A{%, 0)-A(x, 0) ){.i, 0}, tp) -<f(x, (}}-f(i, 0), ip) }d<r, 
0 

and 

t I 

(7.8) ll(b(z, 0))112l/>ll~+2f (Bt(i,7J)lf>,lf>)d(] = j (b(X,O)<J>,l/J)d(] 
0 0 

(l) We use th! CJntmuity propertie3 of the functions C1, K1 and the inequality (7.1). 
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(7.8) t • 

+ 2 J { -(B2(X, O)tp, 4J) -(B3(i, O)ip, 4J) +( (b(X, 0)- b(i, 0) )0, 4J) }da [cont.] 

0 

t 

+2f {((B{l, (})-B(i,O)){x, 0},4J)-(gfX,O)-g(x, 0),4J)}da. 
0 

If we use the estimates 

t t t 

J (B2(X, O)tp,4J)da ~ C1(M) f II'PII1ll¢111da ~ ~(M) f ( 2~ II'PIII+ ~1 ll¢11r)aa, 
0 0 0 1 

t t 

(7~9) .f < (B<x, ih-Bcx, o)){x, o}, 4J>da ~ c3(M) .f <ll'Pl11 + ~~~~~~)(llxllm 
0 0 

with arbitrary positive numbers <51 , <52 and some positive constants t;(M), i = 1, 2, 3, 4, 
and if we remark that similar estimates are true for other expressions in the right hand sides 
of Eqs. (7.7) and (7.8}, we arrive at the inequality 

t ..,._ - t t 

(7.10) II.PII~+II'PIIi+ll4JII~+ J llc/>llida ~ C~/11 J llc/>llida+C2 J (II.Pli6+11'PIIT 
0 0 0 

- t t 

. + llc/>ll~)da+ c~c52 f ll¢llida+ C4 j'" (11$115 + 111JJIIi + 114>115)da, 
0 0 

with the constants C1, i = 1, 2, 3, 4. 
Putting C1 <5 1 ~ 1 and using Gronwall's inequality, we get 

t - t 

(7.11) II.PIIi+II'PIIi+II4JII5 ~ C4ec21 J (11~115+1l~llr+ll¢115)da+ C;lJ2-eclr J ll¢11ida 
0 0 

- T 

~ TC4ec2resssup(ll~ll~+ll~lli+ll¢116)+ C;lJ2 ec2r J llfllida. 
te[O,T] o 

Using again the inequality (7.10}, we obtain 

t 

(7.12) II.PII~ +II 'Pili+ 114Jll~+ J 114J!Iida~ 2TC4(TC2ec2T + l)esssup(ll~ll6 +II 'Pili+ 11¢115) 
0 te[O,T] 

T 

+ C3 /12 ( C2 Tec2T + 1) f ll¢11i dt. 
0 
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Now it is clear that the operator f/ is contractive if the condition 

max{2TC4(TC2 eC2T + 1), c3~2(C2 TeClT + 1)} ~ IX < 1 

is satisfied and if the space Z(M, T) is equipped with the metric 

T 

= (esssup(!lx(t)-~(t)Jl~+llx(t)-x(t)llf+IIB(t)-O(t)IJ~)+ f JJO(t)-O(t)llidtr'
2

• 
te[O,T] 0 

Completness of Z(M, T) with respect to this metric follows from* weak precompactness 
of bounded sets and sequential * weak lower semicontinuity of the norm in the space 
LP ( [0, T], Z) where 1 ~ p ~ oo and Z is Sobolev space. 

By the contraction mapping principle the operator f/ has a unique fixed point 
{x, 8} E Z(M, T) which is a desired solution of the problem (4.4)-(4.7). 

Using Theorem 2 to obtain appropriate regularity of the solution, we complete the 
proof of Theorem 1. 
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