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Drum shell under concentrated forces tangential to its edge 
and middle surface with various boundary conditions 

T. KACPERSKI and R. K. MOLDACH (WARSZAWA) 

THE PAPER deals with the analysis of a semi-infinite drum shell loaded by concentrated forces 
tangential to the free edge and the middle surface of a shell. Moreover, the forces act edgewise 
in the same direction. The formulae, based on the Donneli-Vlasov equations, are derived 
for three types of boundary conditions. Numerical computation for the case of loading by the 
couple of forces acting at two opposite points of the boundary is made for the simply supported 
edge. The components of the displacements as well as internal moments and forces are given. 

Przeprowadzono anali~ p6lnieskonczonej powloki cylindrycznej obci<rzonej silami skupionymi 
stycznymi do jej brzegu swobodnego oraz do powierzchni srodkowej. Sily dzialaj~ ponadto 
stycznie do brzegu w tym samym kierunku. Wzory oparte na r6wnaniach Donnella-Wlasowa 
wyprowadzono dla trzech typ6w warunk6w brzegowych. Obliczenia numeryczne przeprowadzono 
dla przypadku brzegu swobodnie podpartego. Podano skladowe przemieszczen, moment6w 
i sil wewn~trznych wywolanych w powloce. 

IIpoaHarrH3HpoaaHa nony6ecKoHe~aH ~HrrHH~pHqeCKaH o6oRoqKa, Harpy>KeHHaH cocpe~o­
ToqeHHbiMH CHRaMH, KaCaTeRbHbiMH K ee CB060~0MY Kparo H K ~eHTpaRbHOH IIOBCpXHOCTH. 
KpoMe Toro, CHRhi ~eifCTByroT KacaTeRLHO K Kparo B ToM >Ke HanpaaReHHH. Ha oCHoae ypaa­
HeHHif .[(oHHe~H-BRaCoBa BbiBe~eHhl cpopMyRhl ~RH rpaHH~IX yCROBHH Tpex THIIOB. qHC­
ROBbie pacqeTbl npOH3Be~CHbl ~RH CRyqaH CB060~HO onepToro KpaH. IlpHBe,AeHhl COCTaBRH-• 
lOI.QHe nepeMei.QeHHif, MOMCHTOB H BHYTpCHHHX CHR, B03HHKalOI.QHX B OOORO'lKe 

1. Introduction 

THE SOLUTION of the propulsion transmission with the aid of a cylindrical sleeve loaded 
by concentrated forces, found in many civil engineering constructions, is directly related to 
basic questions which must be answered. The most important of them are: what defor­
mations take place, what is important from the point of view of proper bearing localization, 
and what is the stress concentration. These questions can be answered with sufficient accu­
racy for most of technical applications, using the DoNNELL-VLASOV [1, 2] shell theory or the 
theory improved by Lukasiewicz [3]. Another problem is what boundary conditions should 
be assumed to represent the actual supports. This was the essential reason for analysing 
three types of boundary conditions in the present paper. Similar problems are analysed 
in [4]; however, full results and formulae for this technically important case have not 
been given. The solutions for a semi-infinite circular cylindrical shell loaded by concentrated 
forces normal to its edge and tangential to the middle surface for two boundary conditions, 
the free edge and supported by means of an articulated joint, are given in the papers [5, 6]. 
The Donnell-Vlasov equations were used to solve the problem. For the case described 
in [5], experimental research, the results of which confirm numerical computations was 
carried out. The derivation of formulae for internal forces and moments as well as dis-
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placements of a semi-infinite drum shell loaded by concentrated forces is the main pur­
pose of the paper. The concentrated forces are tangential to the free edge and middle 
surface of the shell and act in the same direction. The Donnell-Vlasov equations con­
stitute the basis for the analysis being presented. 

:z. Theoretical solution 

Consider a thin-walled circular cylindrical shell under the action of concentrated 
forces tangential to its edge and the middle surface. The three types of boundary conditions 
will be analysed: free edge (Fig. Ia), simply-supported edge (Fig. lb), and the sliding 
support (Fig. lc). The set of two Donnell-Vlasov differential equations of the fourth order 

a) Free edge 

(2.1) 

b) Simple support 

FIG. 1. 

DL1L1w-L1k4> = 0, 

1 
Eh L1L14>+L1k w = 0, 

c) 5lidable support 

describes such a shell with sufficient accuracy for engineering purposes. Here D - bending 
rigidity, D = Eh3 /(12(1-v2)), E- Young's modulus, , -Poisson ratio, 4>- stress 
function, w- radial shell displacement, L1 - Laplace operator which, for a circular 
cylindrical shell, reads L1 = o2 fox 2 +o 2 /R 2 orp2 L1k- operator, L1k = o2 /Rox 2

• 
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FIG. 2. 

For the remaining notations see Fig. 2. 
The shell deflection w and the stress function <P for the loading considered may be 

represented in form of the series 

~k-=-w = L e R sinmp, 
n=l 

(2.2) 
00 k-=-

(/> = ~ Ae R sinmp. 
n=l 

Substituting the relations (2.2) into the set (2.1), one obtains the set of two algebraic 
equations with the unknown quantities A and k 

(2.3) 
D(k2

- n2
)

2
- ARk2 = 0, 

A(k2
- n2

)
2 + EhRk2 = 0. 

Furthermore, after A has been eliminated, one gets the following form of the characteristic 
equation: 

(2.4) 

whose solution reads 

(2.5) 

where 

"
2 

= ~ y'3(1-v2
), 

(j = 2n2 /"2' 
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(2.6) e = v1 +~2 , 

i = y-=1. 

T. KA.CPERSKI AND R. K. MOI..DACH 

The signs appearing in similar brackets in Eq. (2.5) should be the same. 
After the quantity k has been eliminated from Eqs. (2.3), the formula defining A takes 

the form 

(2.7) 

In Eq. (2.7) the plus sign corresponds to the odd roots and the minus sign to the even 
ones (cf. Eqs. (2.9)). The deflection w and the stress function fJ> may be expressed in the 
form 

(2.8) 

00 8 X 

w = ~}; A1 /
1
R sinmp, 

n=l j=l 

00 8 X 

fJ> = ~ ~ ).A1 /
1
R sinncp. 

n=lj=l 

It is convenient to represent the roots k1 in the form 

(2.9) 

where 

(2.10) 

k 1 = ; (b+ia), k 5 = ; ( -b+ia), 

k 2 =; (b-ia), k 6 =; (-b-ia), 

k 3 = ; (d+ie), k 7 = ; ( -d+ie), 

k4 = ; (d-ie), k 8 = ; (-d-ie), 

a= 1- l/~- ~, 

h= 1-JI'e+~, 

e = - (1+ ve-~), 

d= -(1+JI'e+~). 

Since the semi-infinite circular shell is considered and due to the character of the exponential 
function, the constants A 5 ... 8 relating to the roots ks ... 8 , whose real parts are positive, 
are assumed to be equal to zero. Displacements and stresses cannot increase exponential 
by with increasing x. 

The components of internal forces and moments as well as displacements are marked 
in Fig. 3. Knowledge of the deflection w enables the remaining displacement components u 
and v to be computed from the following relations: 

(2.11) 
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FIG. 3. 

Furthermore, the internal moments and shearing forces read 

Mxx = ( 0
2
w v 0

2
w ) 

-D ox2 - + R2 --aqJ2 , 

Mw = ( 0
2
w 0

2
w) 

-D R2oq;2 +v~ ' 

(2.12) Mxrp= 
D o2w 

- (l-v)R oxocp ' 

Qxx = ( O'w I O'w ) 
-D 7ix3- + R2 oxocp2 ' 

Qrprp= ( o3w 1 o3 w) -D +---
Rox2 oq; R 3 ocp3 . · 

The membrane forces are defined by means of the stress function <P 

1 [j2<]J 
Nxx = - Ji2 oq;2 , 

(2.13) 

Assuming 

(2.14) 

43 
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and taking advantage of Eqs. (2.11), one gets the following relations between the constants 
B1 , C1 and A1 : 

(2.15) 
n2

- (2 +v)kJ 
CJ = (kJ-n2)2 nAJ. 

Substituting the relations (2.8) into Eqs. (2.12) and (2.13), 
formulae defining the internal moments and forces: 

one obtains the following 

00 4 

Mxx = D ~ .2; A kj ~ (k2 2) . - Ji2 L...; 1 e J -vn smmp, 
n= 1 }= 1 

00 4 

Mrptp= D .2; 2 A kj ~ ( k2 2) . - R 2 1e v 1 -n smmp, 
n,;1 }=1 

00 4 

M'= Xtp D 2 ~ k1 _2_ - Ji2 (1-v) · n ~ A1e R k1cosmp, 
n=1 J= 1 

00 4 

Qxx = D 2 2 A kj ~ k (k2 2) . - Ji3 1e 1 1 -n smncp, 
n=1 J= 1 

00 4 

(2.16) Qtptp= D l., '\"1 kJ_!_ 2 2 - Ji3 n L.; A1e R (k1 -n )cosncp, 
n=1 }=1 

00 4 

Nxx = 1 )--, 2 kj~ - Ji2 k-1 n2 A.A1e R sinncp, 
n=' }=i 

; 00 4 

N = 1 2 2 kj_!_ 2 rptp - ]i2 A.A1 e R k1 sinncp, 
n=1 .1=1 

00 4 

Nxtp = I 2 2 kJ~ - R 2 n A.A1e R k1cosncp. 
n=1 }=1 

At the edge of a shell one has to define four boundary conditions which, for every number 
n, will enable the computation of the constants A~. .. 4 • Hence, for each of three (Figs. Ia, 
b, c) boundary conditions, four relations should be chosen from the following equations: 

[Nx•+ ;• Lo ~ P6(tp), 

[Qxx+ ~":~~Lo ~ 0, 
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(2.17) 
[Mxxlx=O = 0, 

[Nxxlx=O = 0, 

[w]x=O = 0, 

[ ~; L. = o. 

where ()(cp) is the Dirac delta function. 

45 

Substitution of the formulae (2.16) into Eqs. (2.17) yields the conditions for n ~ 1 

(2.18) 

4 

2 -A1k1((-1)12ix2 + 1-P) = m:~
2 

, 

j=l 

4 

2 A1k1 ( -kJ+n2 (2-P)) = 0, 
i=l 

4 

2 A1(kj -Pn
2

) = 0, 
j=l 

4 

2 (-1)1A1 = 0, 
j=l 

4 

2 A1 = 0, 
j=l 

4 

L kjAj = 0, 
i=l 

where m is a number of the uniformly spaced points at the circumference, each one loaded 
by the force P. For each boundary condition Eqs. (2.18) should be chosen according to 
Table I. 

Table 1 

Equation 1 (2.18). 1 (2.18), 1 (2.18), 1 (2.18). 1 (2.18), I (2.18)6 
I 

free edge ~ ~~~ 1'-----~1 YES 

simply-supported ~ ~ ~ ~ I 

sliding support I~ ~~~~ 
In Eqs. (2.8), (2.14), (2.16) and (2.18), n takes the values of subsequent multiples of m 

(for instance, if m = 2, then n = 2, 4, 6, ... ). 
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After the set of Eqs. (2.18) has been · solved, the internal moments and forces are com­
puted with the aid of the formulae (2.16), the deflection w from Eq. (2.8) and the remai­
ning displacements u, v from Eqs. (2.14). 

However, this is not the complete solution because it does not include the case n = 0. 
It has been assumed that in this case, this means for edge loaded by the uniform shearing 
unit force p 0 = mP f2nR, the only non vanishing quantities are the displacement u, which 
is expressed by the unit torsional deflection (), and the internal force Nxtp· In the present 
case these take the form 

(2.19) 
mP 

Nxq~ = 2nR" 

Applying the described technique, one obtains. the solution in terms of complex quantities 
as a sum of series whose real and imaginary parts are equal to each other. 

3. Numerical solution 

The computations of displacements, internal forces and moments were made in the 
case of a simply supported shell loaded by two forces (see Fig. 1b). It was assumed Rfh = 

= 10 and v = 0.3. The results are presented in nondimensional units and coordinates 
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FIG. 4. 
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FIG. 7. 

FIG. 8. 
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what makes it possible for them to be used for an arbitrary shell of such a proportion and 
material. For other shells it is necessary to make separate computations. The detailed 
analysis of accuracy and convergence is presented in Sect. 4. 

Figures 4-14 present the displacements u, v, w and the internal moments and forces 

Mxx' Mqxp, MxqH Qxx' Qqxp, Nxx' N'P'P' Nxrp· They were made for higher harmonics and for 
q; E (0, n/2). In the remaining quadrants the functions are symmetric or anti-symmetric, 
according to the character of the functions cos2cp or sin2cp appearing in Eqs. (2.8), (2.14), 
and (2.16). In order to complete the results, one should add to Nxrp and v the harmonic 
n = 0 using the formulae (2.19). In order to obtain the moment stresses aM and membrane 
stresses aN, one should use the following formulae: 

(3.1) 

where Mxx or M rprp are substituted for M, and Nxx' N~ or Nxrp+Mxrp/R for N. 

-~ 4. Analysis of convergence 

It is a well-known fact that in the case of thin-walled shells under concentrated load, 
the solutions obtained by summation of the infinite series are slowly convergent. With the 
aim of evaluating a minimum number of terms of the series, the convergence analysis 
was made. The values of the displacements, internal moments and forces were computed 
for different numbers of terms of the series. Besides, for each of these components only 

· one chosen value q; was taken into account. The angle q; was fitted in such a way that the 
corresponding generator included a point in which the function value was minimum or 

4 

N= 100, 50, 24 

2 

0 01 0.2 0.3 0.4 0.5 X 
R 

FIG. 15. 
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10 3_}]__ v 
PR 2 

X 
0.1 0.2 0.3 0.4 0.5 R 

0 

N=4 
- 1 

-2 cp= a• 

-3 

-4 

FIG. 16. 

10 2 
-p-Mxx 

X 
0.1 o.z 0.3 0.4 0.5 R 

a 

-1 

-2 

FIG. 17. 

maximum. Figures 15-25 show the results of this analysis. As it is easy to observe, for 
xfR greater than 0.5 the limitation of summation up toN= 10 gives satisfactory results. 
Since the number of forces is two, this means that in this case only five elements of the 
series are considered. The same situation takes places for xfR less than 0.5 in the case 
of the displacements v and w, internal moments Mxx and Mqxp and the force Q:;u. The 
evidence of good convergence gives also the displacement u and the moment Mxrp. The 
remaining quantities QqJqH Nxx' NVXP, Nx~' especially for xfR less than 0.1, are slowly conver­
gent. This is easy to explain only in the case of Nxrp, which for the chosen angle q; = 0° 
and for xfR = 0.0 takes an infinite value. Because of this, in Figs. 11, 13, and 14no lines 
are plotted near xfR = 0.0. The dashed line used in Figs. 6, 7, 8 and 12 appears since 
the computed values for xfR = 0.0 were not exact zero but 104-106 times less than the 
greater ones. 
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FIG. 18. 

0.1 0.2 0.3 0.4 0.5 

FIG. 19. 

5. Conclusions 

The maximum deflection w appears for xfR ~ 0.5 and it declines when x increases. 
It reaches the zero value for the first time for xfR ~ 3 and then ·oscillates about this value. 
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R 
10--pQxx 

Flo. 20. 

FIG. 21. 

55 

0.5 X 
R 

Assuming R = 100 [mm] and using dimensional quantities, one concludes that moment 
and membrane stresses are, in general, of the same order of magnitude. 

It was found that if the number of forces m = 2, Rfh = 10 and xfR > 0.5, for every 
component of displacements, internal moments and forces, the sufficient accuracy is 
obtained by taking into account only the first five nonvanishing terms of the series. When 
0.1 < xfR < 0.5, this number should vary from 5 up to 25, but even for x/R = 0.0 five 
is still the sufficient number of terms for the components v, w, Mxx' Mq;q;' 12xx· Only in the 
case of QfPfP' Nw, Nxq; and for xfR less than 0.1, the summation of the series exceeded the 
possibilities of a quad word minicomputer used in computations. 
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FIG. 23. 
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