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On the . regularity, uniqueness and continuous dependence for 
generalized solutions of some coupled problems in nonlinear theory 
of thermoelastic shells 

A. CHRZ~SZCZYK (KIELCE) 

THE REGULARITY, uniqueness and continuous dependence results in Sobolev spaces for general 
ized solutions of two-dimensional nonlinear equations describing thermoelastic vibrations 
of shells coupled with three-dimensional nonlinear heat-conduction equation are formulated. 
The shell under consideration is partially clamped and partially supported, and there is no 
heat exchange with the surroundings. The nonhomogeneous initial conditions are imposed. 

W pracy sformulowano twierdzenia o regularnosci, jednoznacznosci i ci(lglej zalemosci od 
danych dla uog6lnionych rozwi(lzan dwuwymiarowych nieliniowych r6wnan powlok, sprz~
i:onych z tr6jwymiarowym, nieliniowym r6wnaniem przewodnictwa cieplnego. Rozwai:ana 
powloka jest sztywnie utwierdzona na cz~sci brzegu i swobodnie podparta na jego pozostalej 
cz~sci. Zaloi:ono brak wymiany ciepla z otoczeniem. · 

B pa6oTe c<PopMynHpoaaHhi TeopeMhi peryJUipHoCTH, e~CTBeHHoCTH H HarrpephiBHoii aa
BHCHMOCTH OT ,r(aHHbiX ,r(JIH o6o6~eHHhiX pemeHHH ,r(ByMepHhiX, HeJIHHeHHhiX ypaBHeHHH 
o6onoqei<, corrpH>KeHHhiX c TpeXMepHhiM, HeJIHHeiiHhiM ypaBHeHHeM TermorrpoBo):(HOCTH. Pac
<:MaTpHBaeMaH o6onoql{a qaCT~o 3a~eMJieHa H qaCTH~o mapHHpHo orrepTa no I<paHM. Tipe):(
nono>KeHo oTcyTCTBHe BHemHero Termoo6MeHa. 

1. Introduction 

THE EXISTENCE of solutions for the two-dimensional nonlinear problem of vibrations 
of shells coupled with three-dimensional nonlinear heat-conduction equation was considered 
in [I]. In the present paper we deal with further mathematical questions concerning the 
same problem, i.e. with the regularity, uniqueness and continuous dependence on the data. 

The equations under consideration are of the form (see [1], our modiffications of the 
notations of [1] allow for using the summation convention with i, j = 1, 2) 

(1.1) 

h 
.2 

ehw-IL1w+DLPw-kiia~-(ai~w.i),i+bL1 f x 30dx3 = ql 
h 

-2 

(1.2) ehii~-arj . j =p;, i= 1,2 in .Qx]O,T[, 

(1.3) c0 0·-AqL1 3 0+bTo(iii-x3 L1w) = q2 in Qx]O, T[, 
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where 
h 

2 

ulj=ulJ-~t1b J Odx3, O'lJ=alJklek, 
h 

-2 

A. CHRz~zczYK 

Q - the open domain in R2 of variables x 1 , x 2 ,]0, T[ - the open interval in R1 of variable 

t, ] - ~ , + ~ [ - the open interval in R 1 of variable x 3 and Q = Q x ] - ~ , + ~ l· 
Furthermore cp,, := ocpfox, cp,IJ := o2cpjoxtox1 , ~ := ocpfot, p := o2cpjot2, L1cp := cp, 11 +cp, 22 , 
L1 3 cp = cp, 11 +cp, 22 +cp, 33 • The constants in (1.1)-(1.3) have the following meaning; 
e3- mass density, h- thickness of the shell, I= eh3 /12, D = Eh3 /12(1-Y2

), y

Poisson's ratio, E- Young modulus, b = Erx.T/(1-Y), rx.T- coefficient of thermal expan
sion, T0 - initial temperature, k 11 , k 22 - curvatures of the middle surface, k 12 = k 21 = 
= 0, c0 - specific heat at constant stress, Aq - thermal conductivity; 

awt = Ehf(l-Y2
); auJJ = YEhf(1-Y2

), i =I= j; 

alJlJ = Eh/(1 +Y), i =I= j; au"' = 0 for other i,j, k, I= 1, 2 
(1.4) 

(in (1.4) there is no summation over repeated indices). 
The following functions are assumed to be given: 

q1 = q1(x1,x2,t) normal load, 

p1 = p,(x1 , x 2 , t), i = 1, 2 load in the x,-direction, 

q2 = q2(x1, x2, x3, t) heat sources function. 

The functions sought for are 

deflection of the shell, 

u, = ut(x1 , x 2 , t), i = 1, 2 displacements in the xi-direction, 

() = O(x1, x2, x3, t) temperature difference. 

Let Q be the bounded domain with the cone property (see [10], p. 314), and let o!J denote · 
its boundary. Let us assume, that the shell under consideration is partially clamped and 
partially supported, i.e., 

W=O 

ow 
oc.Q X ]0, T[, wn=a=O on . n (1.5) 

u, = 0, i = 1,2 

and 

w=O 

(1.6) Mn = 0 on Os .Q X ]0, T[, 

u, = 0, = 1, 2, 
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where n = (n 1 , n2 ) is the unit outward normal to o!J, 

M11 = -D {L1w+ (1-v)(2n 1 n2 w, 12 -n~ w, 11 -ni w. 22)}, 

ocQ- the clamped and os!J- the supported part of o!J. ocQ or o5 !J may be empty 
but oc!Juo5 !J = o!J. In both the cases no heat exchange with the surroundings, is assumed, 
i.e., 
(1.7) () = 0 on oQ X ] 0, T[. 

Finally impose the initial conditions (space variables x1 are omitted for the sake of brevity) 

w(O) = w0
, ut(O) = uP 

w(O) = w1
' Ut(O) = ul i = 1' 2, 0(0) = 0°, 

(1.8) 

where the right-hand sides are given functions. 

2. Assumptions 

Let us consider the following two types of domains 

(2.1) ()Q is of class C 3 , 

(2.2) o!Jconsistsoffinitenumberofclosedstraight-linesegmentsFk, k = I,2, ... ,N. 

We assume that in the case (2.1), ocQ = 4> ( = nulJ set) or osQ = 4> ( = null set) 
what means that the shell is either entirely supported, or entirely clamped, and in the 
case (2.2) the changes in the type of the boundary conditions (1.5), (1.6) are allowed only 
at the corner points {Pk} = FknFk-t, k = I, 2, ... , N, F 0 = FN. Let wk be the inner 
angle at the corner point P k. We assume that 

0 < wk < I80° for corner points Pk clamped along both sides; 

(2.3) 0 < wk < w for the corner points in which the type of boundary conditions 
changes, where w ~ I26°, 726699; 

for corner points supported along both sides. 

Let the function spaces wm·P(D), Hm(D), H~(D), LP(O, T; X), D = Q or Q be defined 
as in [2], Chapt. I, and let 

V(!J) = {v E H 2 (!J): v = V,n = 0 on ofl 
and v = 0 on os!J in the trace sense}. 

We suppose 

q1 E L 2 (0, T; H-1 (!J}), 

PtE L 2 (0, T; L2 (!J)), 

q2 E L 00 (0, T; L 2 (Q)), 

q1 EL2(0, T;H- 1 (!J)), 

Pi E L 2(0, T; L2 (!J) ), i = I' 2, 

q2 E L2(0, T; L2 (Q) ), 

(2.4) w0 E H 3(!J), w0 satisfies Eqs. (1.5), (1.6) in the trace sense, 

w1 E V(!J), 

u? E H 2 (!J)nHJ(!J), l 
1 1 n i =I, 2, 

ui E H 0 (;::,"), 

()0 E H2(Q). 

7* 
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100 A. CHRZ~SZCZYK 

3. Results 

The hypotheses (2.1)-(2.4) imply the following regularity result: 
THEOREM 1. There exist functions w, u1 , u2 , () having the properties 

wE L2 {0, T; H 3 (.Q)nV(.Q))nC([O, T], V(.Q)), 

wE L 00 {0, T; V(.Q))nC([O. T], HJ(.Q)), 

»' E L 00 {0, T; HM.Q)), 

(3.1) 
UtE L2 (0, T; H 2 (.Q)nHJ(.Q))nC([O, T], HJ(.Q)),) 
u1 E L00 {0, T; HA(Q) )nC([O, T], L2 (.Q)), i = 1' 2, 
iit E L 00 {0, T; L2 (.Q)), 

() E L 00 (0, T; H 2 (Q)nHJ(Q) )nC{[O, T], Hci(Q) ), 

iJ E L 00 (0, T; L 2 (Q) )nL2 (0, T; HJ(.Q)), 

such that w, u1 , u2 , () satisfy the Eq. (1.1) in the distributional sense, the Eqs. (1.2), (1.3) 
almost everywhere on .Q X ]0, rr and Q X ]0, T[, respectively, the boundary conditions (1.5) 
in the classical sense, the boundary conditions (1.6) in the trace sense, and the initial conditions 
almost everywhere on [J and Q, respectively. 

The continuous dependence and uniqueness results follow from the estimate, formulated 
m 

T 2 L - - - o -1 -o - 1 ()- O • 1 2 d - - - o -1 - o - 1 ()-O • 1 2 HEOREM . et qi> Pt, w , w , Ut, u1 , , z = , an qi, Pi> w , w , u1 , u1 , , z = , , 

respectively, be the data satisfying conditions (2.4). Let w, u1 , 0 and w, uio 0, respectively, 
"be the corresponding solutions of the problem (1.1)-(1.8). The following inequality holds true 

2 2 

(3.2) li~(t)-~(t)llfi,<m+ l, ll~~(t)-~i(t)il12<.0>+ilw(t)-w(t)11~2<m+ .2: ilui(t) 
i = l i=l 

T 

-u~(t)ll~·<m+ II O(t)-O(t)l/k.<.o>+ f IIO(t)-O(t)II~·<Q> ~ c{llw1-w11/fi,<Q> 
0 

2 2 

+I l/u 1 -U11/i2<.0>+ llw0 -W0 1/~2<.0>+ .2; 1/u?-u?llif,<.o>+ II0°-0°IIL2<Q> 
i=l i=l 

T 2 

+ J ( llq1 (t)- ql (t)llk-l(.Q) + _l, lliJi(t)-Pt(t)lli2<.0> + ill/z(t) -qz(t)IIL<Q> 1 dt} 
0 i=l 

with a positive constant C. 

4. Sketch of proofs 

The proof of the inequality (3.2) is similar to the proof of the Theorem 5.2 of the paper 
[3] and therefore we can restrict our considerations to the regularity problem. · 

As in [3] we can show the existence of the generalized solution of the problem (1.1)-(1.8) 
with the properties 
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w, wE £ <X> (0, T; V(.Q) ), wE £ <X> (0, T; HJ(.Q)), 

(4.1) u1, ui E L<X>(O, T; HJ(Q)), u1 E L <X> (O, T; L2 (Q)), i = 1, 2, 

(), 0 E L<X> (0, T; L 2 (Q) )r.L2 (0, T; HJ(Q) ). 

Thus the functions w, u1 , u2 , () satisfy in the distributional sense the following system 
of equations 

h 
2 

DLFw = -ehw+IL1w+kiiaG+(aGw. 1) •. 1-b J x30dx3+q1 = Q., 
h 

-T 

h 
2 

(4.2) -aiJktuk, u = (aiJu( ~ w,, w,,-k .. w)) . -ehur·..: c5yb ( J Odx3 ),J +Pi= Pt. 
, j h 

--,: 

-A L1 3() = -co0-bTo(eii-x3L1w)+qz = Q;. 

Let 1 < r < 2. The inequalities 

r 2r 2-r 

J laiJn wt l'dx ~ ( J \aiJ\2dx)2 ( J !w. 1\-2=.7 dx)_
2
_ 

u Q Q 

= llaiJ \Ib<u>\\ w. i ll'~ ~ const llalJ !! .b<n>llwii .H2<Q) 
L 2-r (Q) 

imply 

and 

(aijw,i) ,j EL<X> (O, T; w-1, (.Q)). 

1 1 
The embedding H 1 H(.Q) c wl.q(.Q), 0 < e < 1, r + q = 1 (see [10] pp. 327-328, 

where n;(.Q) = H~ (.Q) = H 1 +s(.Q), p = 2, s = 1 + e, is the so-called interpolation space 
and H~(.Q) = wr.q(.Q), t = 1) yields w-l.r(.Q) c H- 1 -e(.Q) and, consequently, 

(aiJ w, 1), 1 E L OCJ. (O, T; H-t-e(.Q) ). 

It is easy to see that for the other terms of the sum Q1 similar inclusions hold and 

(4.3) 

Because (L1 2)- 1 maps H- 2 (Q) onto H 2 (.Q) and n- 1 (.Q) onto H 3 (Q) (see [5] in the smooth 
boundary case and [4] in the case of polygonal domain), then by interpolation (see [5, 10]) 
it maps H- 1 -s(.Q) onto H 3 - 6 (.Q). Thus, we have 

(4.4) wE L 2 (0, T; H 3 -e(.Q) ). 

But w, i E L 2 (0, T; H 2 -s(.Q)) c L 2 (0, T; L <X> (.Q)) (see (7] § 4.1, Ch. I) implies 

ail w, 1 E L 2 (0, T; L2 (.Q)) 
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102 A. CHRZ~ZCZYK 

and 

(O'i)w.,). 1 E L2 (0, T; n- 1(D)). 

Using again the properties of (LP)- 1 we arrive at the inclusion 

(4.5) wE L 2 (0, T; H 3 (Q) ). 

It is easily verified that (4.5) yields (w,k w,,). 1 E L2(0, T; L2(Q)) and 

(4.6) P, E L 2 (0, T; L 2 (Q) ). 

Using the results of [9] and the method of continuity we may show as in [8], § 9, Chapt. 
III that (4.6) implies 

(4.7) 

Similarly it may easily be proved that Q2 E L00 (0, T; L 2 (Q)). Using the results of [6], 
[9] we conclude that 

(4.8) 

The assertions (3.1) follow then from (4.1), (4.5), (4.7), (4.8) and the Lemma 1.2, § 1.2 
Chapt. I of [7]. 

The remaining part of the Theorem 1 is a consequence of (3.1) and of the inclusions 
H 2+V(Q) c CY(Q), y = 0,1, H 2(Q) c C0 (Q). 
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