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Wave propagation in laminated plates of inextensible transversely 
isotropic elastic material 

W. A. GREEN and E. R. BAYLIS (NOTIINGHAM) 

THE PROPAGATOR method of GILBERT and BAcKus [1] is employed to obtain dispersion equations 
in a multi-ply laminated plate of finite depth but otherwise infinite extent. Each of the laminae 
is formed from the same transversely isotropic material, with the axis of transverse isotropy 
lying in the plane of the lamina and the material being inextensible in the direction of this axis. 
The material is intended to model a composite formed of an elastic matrix reinforced by a family 
of parallel fibres. The plate is constructed by arranging the laminae so that the directions of 
inextensibility in adjacent layers are mutually orthogonal, and attention is restricted to waves 
travelling along one of these directions. Results are obtained for two different symmetric arrange­
ments of the laminae. For one of these configurations the dispersion equation is independent 
of the number of laminae which make up the plate, for the other configuration this is not the 
case. Numerical results are obtained using measured moduli for a specific fibre reinforced 
composite. 

Zastosowano metod~ ,propagator6w" GILBERTA i BACKUSA [1] do wyprowadzenia r6wnan dysper­
syjnych wielowarstwowej plyty laminowanej o skonczonej grubosci i nieograniczonych wymiarach 
poprzecznych. Wszystkie warstwy wykonane s~ z tego samego materialu poprzecznie izotro­
powego, osie izotropii le4 w plaszczyznach warstw, a material jest nierozci~gliwy w kierunku 
tych osi. Material ten rna modelowac kompozyt zloi:ony ze spr~i:ystej matrycy wzmocnionej 
rodzin~ nierozci~gliwych wl6kien. Plyta jest tak skonstruowana, i:e w s~siaduj~cych ze sob~ 
warstwach kierunki nierozci~gliwosci s~ wzajemnie ortogonalne, a rozwai:a si~ propagacj~ fa) 
w tych wlasnie kierunkach. Otrzymano wyniki dla dw6ch r6i:nych symetrycznych konfiguracji 
warstw. Dla jednej z nich r6wnanie dyspersyjne jest niezalei:ne od liczby warstw tworzctcych 
plyt~, dla drugiej konfiguracji sytuacja jest odmienna. Wykonano obliczenia numeryczne dla 
pewnego konkretnego przypadku kompozytu zbrojonego wl6knami. 

llpHMeHeH MeTO,ll; ,nponaraTopoB" rHJlbliEPTA H EAI<YCA [1] ,ll;JIH BbiBO,ll;a ,ll;HCnepCHOHHbiX 
ypaBHeHHH MHOrOCJIOHCTOH JiaMHHHpoBaHHOH IDIHTbl I<OHe'IHOH ,ll;JIHHbl H C HeorpaHHqeHHbl­
MH nonepe'illbiMH pa3MepaMH. Bee CJIOH H3roTOBJieHbi H3 Toro me caMoro nonepeqHo H3oTpon­
Horo MaTepHana, OCH H30TpOllHH Jie>J<aT B llJIOCI<OCTHX CJIOeB, a MaTepHaJI HepaCTH>I<HM B Ha­
npaBJieHHH 3THX oce:H. 3TOT MaTepHan ,ll;OJI>I<eH MO,ll;eJIHpoBaTb 1<0Mll03HT, COCTOHill.HH H3 ynpy­
ro:H MaTpHnhi, ynpo'IHeHHOH CeMeHCTBOM HepaCTH>I<HMbiX BOJIOI<OH. I1JIHTa Tal< llOCTpoeHa, 
qTO B COCe,ll;CTBYJOinHX ,n;pyr C ,n;pyroM CJIOHX HanpaBJieHHH HepaCTH>I<HMOCTH B3aHMHO opTO­
roHaJibHhi, a paccMaTpHBaeTCH pacnpocTpaHeH:He BOJIH B 3THX HMeHHo HanpaBneHHHX. ITony­
qeHhi pe3yJlbTaTbi ,ll;JIH ,ll;Byx pa3Hb1X CHMMeTpH'illbiX I<OHqmrypanllli CJIOeB. ,llJIH O,Il.HOH H3 
HHX ,Il.HCnepCHOHHOe ypaBHeHHe He 3aBHCHT OT I<OJIHqeCTBa CJIOeB, o6pa3yiOill.HX llJIHTY, ,Il.JIH 
BTopo:H I<oH<l>HrypanHH CHTyanHH .n.pyraH. llpoBe,II.eHbi ~cneHHbie pacqeTbi ,II.JIH Hei<oToporo 
I<OHI<peTHoro cnyqaH I<OMll03HTa apMHpoBaHHoro BOJIOI<HaMH. 

1. Introduction 

THE STUDY of elastic wave propagation in multi-layered wave-guides is conveniently 
carried out using matrix methods and there exists a considerable literature on the subject. 
References to the early work are contained in the paper by GILBERT and BACKUS [1] who 
develop the propagator matrix method originally attributed to Volterra. An alternative 
matrix method based on reflection and transmission matrices has been developed and 
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exploited by KENNETT [2]. Most of the applications of these matrix methods have been in 
the field of seismology. There the waveguide is regarded as either a finite number of layers 
overlying a homogeneous half space, as in the work of KENNETT [2] and KERRY [3], or as 
a half space composed of a periodic arrangement of strata as considered by GILBERT [4] 
and ScHOENBERG [5). 

In this paper we adopt the propagator matrix approach described in [I] to obtain 
dispersion equations for wave propagation in multilayered plates of finite thickness but 
of otherwise infinite extent. We consider specifically a plate constructed from laminae 
of a single transversely isotropic material which is inextensible in the direction of transverse 
isotropy, the laminae being arranged so that the axes of transverse isotropy in adjoining 
layers are orthogonal. We consider harmonic waves propagating in the plane of the 
plate and for simplicity here we restrict attention to waves whose direction of propagation 
is parallel to the axis of transverse isotropy for one set of layers (and therefore orthogonal 
to that in the other set). The method is not, however, restricted to propagation in the 
specific direction and results for the general direction of propagation will be presented 
in a further paper. 

The inextensible transversely isotropic material is intended to model a composite 
material consisting of a single family of parallel strong fibres embedded in an elastic 
matrix. SPENCER [6] has pointed out that for many static stress analysis problems the 
idealized material which is inextensible in the direction of transverse isotropy can provide 
an adequate simple model of such a composite. GREEN [7] and GREEN and MILOSA­
VUEVIC [8] have shown that this idealized material does not provide a good model for 
wave propagation in a single plate of fibre reinforced material in either the long wavelength 
or the short wavelength limit. On the other hand, BAYLIS and GREEN [9] show that for 
laminated plates of the type to be considered here, the . idealized material can give an 
acceptable approximation to the short-wavelength (high frequency) behaviour of a lami­
nated composite, with a considerable simplification in the analysis involved. Aside from 
these considerations, the results obtained here give an exact solution to the problem 
of wave propagation in a laminate subject to internal constraints. 

Elastic wave propagation in laminated plates has been examined by a number of 
authors. Amongst these, JoNES [10] has obtained the exact dispersion equation for a two-ply 
laminate of orthotropic material, whilst KuLKARNI and PAGANO [11] report exact results 
for 2, 3, 4 and 5-ply laminates of orthotropic materials at a variety of fibre orientations 
and undergoing dynamic bending deformations. For multi-ply laminates with a large 
number of plies, formed from a periodic array of basic units, results have been obtained 
using approximate theories based on some form of averaging procedure for an infinite 
body composed of the periodically repeating elements. Examples of these are the mixture 
theory of MURAKAMI and HEGEMIER [12], the effective stiffness theory of SUN, ACHENBACH 
and HERRMANN [13j and the new quotient method of NEMAT-NASSER [14]. An exact solu­
tion for a multi-layer plate consisting of a finite sequence of unit cells composed of two 
alternating layers, each of which is homogeneous and isotropic, has been obtained by 
HERRMANN, BEAUPRE and AuLD [15]. This solution relates t9 S.H. waves propagating 
in the plane of the plate and the dispersion equations relating phase-velocity (or frequency) 
to wavenumber are found to be independent of the number of repeating unit cells contained 
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in the plate. HERRMANN et a!. [15] obtained their results using Floquet theory for the 
infinite periodic composite. ScHOENBERG [5] uses propagator matrices to obtain the dis­
persion equation for coupled P and SV waves in a multilayer body consisting of a single 
isotropic material with slip at the interfaces between layers. He derives the reflection and 
transmission coefficient for a half space of such a material. Our approach here closely 
follows that of GILBERT [4] and ScHOENBERG [5]. In Sect. 2 we present a general description 
.of the method. Detailed propagator matrices are derived in Sect. 3 and the dispersion 
·equations for two different symmetric configurations are obtained in Sect. 4. Section 5 
contains numerical results for a specific composite and the paper closes with a discussion 
.of these results. 

2. The propagator matrix method 

The propagator matrix approach can be used to obtain exact solutions to the problem 
.of wave propagation in a multilayered medium in which each layer is a homogeneous 
.elastic material. In this Section we shall give an outline of the method and its application 
.to laminated plates, leaving the details of specific problems to the following Sections. 

Consider a laminated plate composed of n parallel layers of depth h 1 , h2 , ••• , hn, 
respectively and choose a Cartesian system of axes Ox 1 x 2 x3 such that the layers are parallel 
to the x 2 x 3-plane. The plate is assumed to be of infinite extent in the x 2 and x3 directions 
.and each of the displacement components u~r>(xh t) (i,j = 1, 2, 3) in the r'h layer is 
·eXpressed as the product of a function UV>(x 1) of X 1 only and either sin¢ Or COSl/J, where 
.¢ = (k 2 x2 +k3 x 3 -wt) and t is the time. These displacements represent a plane wave 
-of angular frequency w, propagating in the direction of the vector k whose components 
are ( 0, k 2 , k 3). When these displacements are substituted into the anisotropic elastic 
.stress strain relations of the material of the r'h layer, each of the stress components t~j>(xk, t) 
will also have the form of the product of a function of x 1 only, T~j>(x 1 ), with either sin</> 
or cos¢. The stress functions Tg>(x 1) are linear combinations of the displacement functions 
u~r>(x1 ) and their first derivatives. Consequently, the equations of motion in the r'b 

layer reduce to a coupled system of three second-order ordinary differential equations 
for ur>(x 1) {k = I , 2, 3) and the general solutions involve 6 arbitrary constants. These 
<Constants can be expressed in terms of the three traction components T~"{, T~'l, T1'i and 
the three displacement components U~'>, u~r>- U':{> evaluated at the lower face of the r'h 
J.ayer, x 1 = Hr-t say. The stress functions Tfj>(x 1) and displacement functions UV>(x1) 

.throughout the r'h.layer may then be expressed as linear combinations of the components 

.of the six-vector X<'>(Hr_ 1) where X<r>(x1) is defined as (T~'1(x1 ), Tfl(x 1), T~'J(x1), 
.v~r>(x1}, U~'~(x1), U~'>(x 1 ))T and T denotes the transpose. In particular, the six-vector 
x<r>(H,) evaluated at the upper surface x 1 = H,_ 1 +hr = Hn is related to X<'>(H,_ 1) 

.by mean~; of the 6 x 6 propagator matrix M<r> through the equation 

{2.1) 

The matrix M<r> is a function of the elastic constants of the material-of the r'h layer, the 
·wav.e numbers k 2 and k 3 , the angular frequency w and the layer thickness h,. 
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The interface conditions between adjoining layers serve to express the traction compo­
nents T11 (i = 1, 2, 3) and the displacement components UJ (j = 1, 2, 3) at the bottom 
surface of one layer in terms of the same quantities at the upper surface of the layer imme­
diately below. Thus, for an n-layered plate with perfect bonding between each layer, 
we have 

(2.2) 

Using Eq. (2.1) in each layer together with Eq. (2.2) then gives 

(2.3) 

where M is the overall propagator matrix for the composite plate whose lower surface 
is ~t x 1 = H 0 and whose upper surface is at x 1 = Hn = H 0 +h1 +h2 + ... hn. 

To examine wave propagation in the plate under traction free conditions at the upper 
and lower surfaces, we set the three traction components at the lower surface to zero 

(2.4) 

Equation (2.3) then relates the components of x<n>(Hn) to the three displacement compo­
nents at the lower face Uf 1>(H0 ) (i = 1, 2, 3). In particular the three traction components 
T1~>(Hn) (j = 1, 2, 3) at the upper surface are given as linear combinations of these three 
displacements. The requirement that these traction components be zero leads to a system 
of three homogeneous equations for the Uf 1>(H0 ) (i = 1, 2, 3). These have nontrivial 
solutions provided the determinant of the coefficients vanishes; 

(2.5) l
m14 m1s m16 

m24 m2s m26 = 0, 
Jm34 m3s m36 

where m1J are the elements of the overall propagator matrix M. Equation (2.5) is the 
dispersion equation relating the angular frequency w to the wave numbers k 2 , k 3 , or 
relating the phase velocity v = wfk to the wave number k = (k~+k~) 1 1 2 and the propa­
gation angle y where k 2 = ksiny, k 3 = kcosy. The dispersion equation involves the 
elastic constants and density of each layer as well as the layer thicknesses. 

Whilst this method of deriving the dispersion equation is straightforward in theory, 
the practical difficulty arises in forming the matrix product M of then individual propa­
gator matrices. This problem is considerably simplified when the laminate is constructed 
from a periodic arrangement of two or more layers of material with different properties. 
Thus, if the laminate consists of n identical units with each unit comprised of a layer of 
material with the propagator matrix M 1.-bonded on top of a layer of material with propa­
gator matrix M 2 , we have that 

(2.6) 

where M = M 1 M 2 • By repeated application of the Cayley-Hamilton theorem, it is 
possible to reduce (l\f)n to a matrix polynomial of degree 5 in M with known coefficients 
depending on nand· on the eigenvalues of M. Even with this simplification, the derivation 
of the dispersion equation is still a formidable problem. 
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A further simplification results when the two materials are isotropic. The motion then 
degenerates into two separate disturbances. One is a horizontally polarized shear (S.H.) 
disturbance with one nonzero displacement component and one associated nonzero 
stress component. The second disturbance involves two displacement components (coupled 
S. V. and P) and their associated stress components. For the S.H. waves the propagator 
matrices M 1 , M 2 , M, reduce to 2 x 2 matrices and (M)n is expressible in terms of I and M 
only with coefficients depending on n and the eigenvalues of M. The dispersion equation 
then reduces to m12 = 0 and is independent of n, as shown by HERRMANN et a!. [15]. 
In the coupled S. V. and P wave, the matrices M 1 , M 2 , M are all of order 4 and (M)n is 
expressible as a polynomial of degree 3 in M. The dispersion equation then reduces to 
a 2 x 2 determinantal condition. 

We are concerned with a multilayered plate made up of a single transversely isotropic 
elastic material which is inextensible in the direction of transverse isotropy. The plate is 
constructed of alternate layers of this material of thickness 2h and 2d respectively, ar­
ranged so that the directions of transverse isotropy are at right angles to each other in adjacent 
layers. In this paper we restrict attention to waves propagating parallel to the axis of 
transverse isotropy in the layers of thickness 2h (and theorefore at right angles to the axis 
in the layers of thickness 2d). The motion degenerates in the same way as for isotropic 
materials into two separate disturbances. The first of these is an S.H. wave with displacement 
polarized at right angles to the direction of propagation and parallel to the plane of the 
plate, for which the results are identical to those derived by HERRMANN et al. [15]. The 
second disturbance involves coupled S. V. and P waves, for which the displacement is 
polarized in the plane containing the direction of propagation and the normal to the plate. 
Whereas for isotropic materials the propagator matrices for this second disturbance are 
of order 4, in this problem the constraint of inextensibility associated with one of the layers 
in each pair allows the propagator matrices to be reduced to order 2. The dispersion 
equation then reduces to m12 = 0 where m12 is the upper right hand corner element of 
the overall propagator matrix M. The detailed derivation of these propagator matrices 
is considered in the following sections. 

3. Solutions of the equations of motion 

We consider waves propagating in the x3-direction and with displacements polarized 
in the x 1 x3-plane so that in each layer the displacements have the form 

(3.1) u1 (xk, t) = U(x1)cos(kx3 -wt), u2 (xk, t) = 0, 

u3 (xk, t) = W(x1)sin(kx3 -wt) (k = 1, 2, 3). 

The layers are arranged with the direction of inextensibility parallel to Ox3 and Oxz 
alternately, the former being of thickness 2h and the latter of thickness 2d. We shall refer 
to these as the inextensible layer and the isotropic layer, respectively, since the latter 
appears isotropic relative to the disturbance under consideration. The governing equations 
in each layer have been derived by BAYLIS and GREEN [9] and are quoted here without 
derivation. 

http://rcin.org.pl



306 w. A. GREEN AND E. R. BAYLIS 

Inextensible layer 

The inextensibility constraint gives W(x 1) = 0 throughout the layer and the equations 
-of motion reduce to 

{3.2) 2 d2U k2( 2 2) .U 0 c.-d 2 + v -c3 = , 
X1 

where 

{3.3) 2 flL 
C3 = ---, 

(! 

e is the density and)., flT and flL are elastic moduli. Because of the inextensibility constraint, 
the longitudinal stress component t 33 is not determined by the constitutive equations but 
is obtained directly as a reaction stress from the equation of motion in the x3-direction. 
BAYLIS and GREEN [9] have pointed out that this reaction stress can be singular at the 
interface between two layers, allowing a discontinuity in the shear stress t 13 across the 
singularity. The normal stress component t 11 must be continuous and this is given by the 
expression 

{3.4) 

Writing T(x1) = T11 (x1)/edk and defining the vector X(x1) by X(x1) = (T(x1) U(x1))r, 
the solution of Eq. (3.2) is given by 

(3.5) 

Here, M 1 (x1) is the propagator matrix for the inextensible layer and is defined by 

{3.6) 

where 

{3.7) 

.and 

{3.8) C = coshpkx1 , S = sinhpkx1 • 

1t is easy to show directly from the definition (3.6) that 

{3.9) I 

.and it follows that the solution for X(x1 ) can equally be expressed in terms of X at any 
-other point, x 1 = I say. In particular, the value of X" at the upper surface of a layer of 
depth h is given in terms of the value XL at the lower surface in the form 

-(3.10) 

where 

(3.11) 
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Isotropic layer 

The equations of motion in this layer are ([9] Eqs. (3.2)) 

2 d2U 2 2 2 ( 2 2 k dW Ct-d 2 +k (v -c2)U+ Ct-C2) - - = 0, 
x1 dx1 

(3.12) 
2 2 dU 2 d2 W k2 ( 2 2) -(ct-c2)k -d- +c2-d 2 + v -c1 W = 0, 

X1 Xt 

where c~ = !'Tie. 
The traction components 111 = T11 (x1) cos (kx3 -wt), and 113 = T13(x1) sin(kx3 -wt) 

on any plane x 1 = constant, are giveR by the expressions 

(3.13) Tu ~eel~ +e(cl-2d)kW, T,J ~ ed (~,:;:--ku ). 
Writing 

(3.14) T(xt) = Tu!edk, S(xt) = T13/edk 
the solution of Eqs. (3.12) give expressions for T(x 1), S(x1), U(x1), W(x 1) in terms 
of their values at x 1 = 0 say, in the form 

(3.15) Y(x1) = P(x1)Y(O), 

where l T(x,) l 
(3.16) 

S(x1) 

Y(xt) = U(xt) ' 

W(x1) 

and 

(3.17) 

2ya2 sl 
- (1- a) q

1 
+ 2y(l- a)q2 82 

-2ya(Ct- C2) 

is the propagator matrix for the isotropic layer. 

http://rcin.org.pl



308 W. A. GREEN AND E. R. BAYUS 

The terms appearing in the matrix in Eq. (3.17) are defined by 

(3.18) s1 = sinhkq1x1' s2 = sinhkq2x1' c1 = coshkq1x1' c2 = coshkq2x1' 

where 

(3.19) 
d 

y=-2, 
Ct 

( 
2 )1/2 

q1 = 1- :i ' ( 

2 )1/2 
q2 = 1- :~ . 

The matrix P(x1) possesses the properties of propagator matrices detailed by GILBERT 

and BACKUS [1], in particular P(x1) has determinant unity and . 
(3.20) P(a+b) = P(a) · P(b). 

It follows from Eq. (3.20) that 

(3.21) Y(x1) = P(x1 -l)Y(l), 

for any /. 
In the applications being considered here we are concerned with relating the value 

of the two quantities T and U at the upper surface of the layer to their values at the lower 
surface, when these two surfaces are themselves subject to some contraint conditions. 
There are three separate cases to be considered. In the first of these we have a layer of 
thickness 2d with each surface subject to the constraint W = 0, corresponding to the layer 
being bonded at each surface to an inextensible layer. Using these conditions gives an 
expression for X at the upper surface X" in terms of its value at the lower surface XL. 
This may be expressed in terms of elements of the propagator matrix P(2d) for the complete 
element, but it is convenient to write this as the product P(d)P(d) and the resulting expres­
sion has the form 

(3.22) 

where 

(3.23) 

and the elements 'u are related to the elements p 11 of the propagator P(d) by the expressions 

(3.24) 

Pt4P4t 
ru = Pu- ' 

P44 

P12P43 
r12 = P13- , 

P42 

P4tP34 
'21 = p3·1- , 

P44 

P32P43 ,22 =p33- . 
P42 

The second case we consider is that of a layer of thickness d, subject to the constraint 
S = 0 at the upper surface and W = 0 at the lower surface. This will correspond to the 
top layer of the composite plate. These constraints may be employed to express all the 
quantities at the upper surface in terms of the two quantities T and U at the lower surface. 
In particular we have for T and U at the upper surface 

(3.25) 
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where 

(

Pu _ P12P21 Pt 3 
_ P12P23 ) 

S _ P22 P22 

- PJ2P21 p P32P23 • P3l- 33 ___ _ 

P22 P22 

(3.26) 

Finally we may derive the corresponding expression for a plate of thickness d subject 

to the constraint W = 0 at the upper surface and S = 0 at the lower surface, in the form 

(3.27) X"= SXL. 

Here S is given in terms of the components su of the matrix S defined in Eq. (3.26) by 

(3.28) 

In deriving the results (3.28) we have made use of the relations 

(3.29) P33 = Ptt, P44 = P22' P23 = -Pt4' P4t = -p32 , 

P43 = -p12, P34 = -P2t' 

which follow from the expression for P(x1) given in Eq. (3.17). 

We note that the transfer matrices M2 , S and S defined by Eqs. (3.22), (3.26) and (3.28) 

are not true propagator matrices in that they do not possess all the properties detailed 

by GILBERT and BACKUS [1]. They do, however, each possess the property of having 

a unit determinant. 
In the next section we shall make use of these transfer matrices to derive the overall 

transfer matrices and hence the dispersion equations for multilayered plates. 

4. Dispersion equations 

We consider as a basic unit a layer of thickness 2d of the apparently isotropic material, 

sandwiched between two layers, each of thickness h, of the inextensible material, as shown 

in Fig. l(a). From this we form two symmetric multi-ply plates, each of thickness 2n(d+h). 

a b 

£t~ 
::t~ 

c 

~t~ 
. . . . . . . . . . . . 

Fro. la. Basic unit. b. Type I n-ply plate. c. Type II n-ply plate. 
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The first of these consists of n of the basic units bonded together as shown in Fig. I (b), 

with outer layers being each of an inextensible material. The second configuration consists 

of (n- 1) basic units bonded together and bounded at the top and bottom by a half unit, 

so that the outer layers are each of an isotropic material, as shown ip Fig. I (c). 
In order to obtain the transfer matrix for the basic unit, we must make use of the 

interface conditions between the isotropic layers and the two inextensible layers bonded 

to it. These are that U and T must be continuous across the interfaces and that W = 0 
at the interfaces. The value of S can be discontinuous in view of the possible singularity 

in the reaction stress at the houndary in the inextensible layers. 
The vector XT at the top ofthe basic unit is then given in terms of the vector X8 at the 

bottom by the expression 

(4.1) 

where 

(4.2) 

and 

(4.3) 

A A 

Q=M1 R, Q=RMt, 

IQI = IM1RI = IRI. 

The overall transfer matrix M for the symmetric configuration of Fig. 1 (b) is then 

given by 

(4.4) M=D11 

and on using the Cayley-Hamilton theorem this reduces to 

(4.5) 
M = (A1- A~) D- At A2 (A1-1- A~-1) I 

(At- A2) (At- A2) ' 

where A1 and A2 are the eigenvalues of D. 
Setting the traction component T11 to zero at the lower surface of the composite, 

the condition that Tt 1 should vanish at the top of the plate then becomes 

(A1- An (A1- A~) 
(4.6) m12 = (At_ A

2
) dt2 = (At_ A

2
) 2q11 qt2 = 0. 

Equation (4.6) is satisfied by either of the equations 

q2 v 2CC1 C2+dpS(C1 S2-q1q2St C2) = O 
q11 = q2{2dCt+(v2-2d)C2} 

(4.7) or 

q2 v2CS1 S2 + cfpS(St C2- qt q2 Ct S2) O 
q 12 = d ( s 1 - q 1 q 2 s 2) = ' 

and these are the dispersion equations for the composite plate. These equations are inde­
pendent of n and were previously derived for the plate for which n = I by BAYLIS and 

GREEN [9]. 
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The configuration I (c) consists of (n- I) basic units bounded at the top and tne bottom 
by one half a basic unit so that the outer layer at both surfaces is an isotropic layer. The 
traction free conditions require that both T and S should vanish at the two surfaces and 
it is therefore necessary to employ the transfer matrix S defined in Eq. (3.26) for the upper 
ayer and the matrix S defined in Eq. (3.28) for the lower layer. The overall transfer matrix 

M* is then given by 

(4.8) 

where 

M* = SM1 Dn- 1M 1S 
= vnn-lv 

' 

" " (4.9) V=SM1 , V=M1 S. 

Using the Cayley-Hamilton theorem Eq. (4.8) reduces to 

(An-l_An-1) " (An-2_An-2) " 
(4.10) M* = 1 2 VDV- 1 2 A1 A2 VV. 

(At- A2) (At- A2) 

Setting the traction T at the ]ower boundary equal to zero, the condition that T should 
vanish at the upper boundary is then that 

(4.Il) * 2{).~- 1 - Ai- 1) (vu qtl +v12 q21Hvu q12 +v12 q22) 
m12 

= - (A1-AJ (quq22-q12q21) 

2(A~-2- Ai-2) 

(At- A2) 

The eigenvalues A1 , A2 of D may be written explicitly as 

(4.12) 
At = (yM,~- + l';-q~~-q;--;)2 

(qu q22- q12q21) ' 
A
2 

= (vi qu q22 - v q12q21 )
2

, 

(qu q22 -q12 q21) 

and these when substituted into Eq. (4.11) give the dispersion equation in the form 

(4.13) 
A1-

1
(vuJ/ qt1q12 +v12V q2tq22)

2
-Ai- 1(vuv quq12 -v12v q21q22)

2 
= 

0 
v q11ql2q2lq22 . 

When n = I, Eq. (4.13) reduces to v11v12 = 0 which agrees with the equation derived 
by BAYLIS and GREEN [9] for the triple plate consisting of a single inextensible layer 
of thickness 2h bounded by isotropic layers of thickness d at top and bottom . . 

5. Dispersion curves 

The dispersion equations ( 4. 7) and ( 4.13) ·are readily solved using a micro-computer,. 
and the resulting dispersion curves are shown in Fig. 2-4. These results are based on the 
elastic constants measured by MARKHAM [I6] for a carbon-fibre epoxy resin composite 
and for which d/d = 4.297 and d/d = 2.301. 

The curves shown in Fig. 2 relate to the plate configuration of Fig. I (b) and are obtained 
by solving Eqs. (4.7). The motion is symmetric relative to some plane x1 = H say, if the 
displacement U is an odd function of the variable X = x 1 - H (i.e. if U(- X)= - U(X) 
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vo/ci 

b a 

3 

0 kd 

FIG. 2. Variation of phase velocity with wavelength for Type I plate and a- v = 0.1, b- v = 1, 
c-v = 10. 

and the traction Tis an even function of X (T(-X)= T(X)). The motion is antisymmetric relat­
ive to x 1 = H if U is an even function of X and Tan odd function of X. It may be shown 
that the first of Eqs. (4.7) (q11 = 0) corresponds to a motion which is symmetric with 
respect to the middle plane of each of the isotropic layers and antisymmetric with respect 
to the middle plane of each inextensible layer. Following HERRMANN et a/. [15], we will 
designate this motion as SA. The second of Eqs. (4.7) (q12 = 0) corresponds to a motion 
which is antisymmetric relative to the middle planes of each of the isotropic and the inex­
tensibJe layers and this will be designated AA. For a plate with n = 1, the SA motion 
corresponds to a longitudinal wave whilst the AA motion corresponds to a flexural wave. 

Figure 2 shows graphs of the phase velocity versus the reduced wave number (kd) 
for the fundamental modes of both the SA wave and the AA wave for three different 
values of Y = dfh. Note that the SA curves have a common point of intersection for all 

( 

2 )-t 
values of Y. This is the point v = c 3 , kd = ~ ~i -1 = 1.377, corresponding top = 0, 

C2 = 0. Since the wave number k is related to the wave length A by the equation k = 

= 2n/A, the limiting behaviour as kd..,. 0 (and therefore kh..,. 0) corresponds to long 
wave disturbances in the composite plate. It is easy to show that the limiting velocity 
of the long wave AA motion is given by 

d+Yd v2=---
1+Y 
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whereas the limiting velocity for the long wave SA motion tends to infinity. The latter 
corresponds to a finite cut-off frequency w, in the long wave limit, given by the equation 

(5.1) 
wd w(d+h) __ o. cos-cos ---
c2 cl 

Equation (5.1) has the solutions 

wd n 
~=2 (5.2) or 

w(d+h) :n; 
=2, 

which correspond to a variation of velocity with kd of the form 

(5.3) 
v :n; 

or 
v c1 v n 

c-; = c;- (1 +v) 2kd ' 

in the limit as kd -4 0. 
The cut-off frequency for the fundamental SA mode is given by the first of Eqs. (5.2) 

for values of v ~ c2 f(c 1 - c2) ( = 0.932). The limiting form of the dispersion curve is then 
given by the first of Eqs. (5.3) and is independent of v. For values of v < c2 f(c 1 - c2), 

the fundamental mode cut-off frequency is given by the second of Eqs. (5.2) and the limit­
ing form of the dispersion curve is dependent on v, being given by the second of Eqs. 

(5.3). These conclusions are borne out by the data presented in Table 1 where it is seen 
that the dispersion curves for v = 1.0 and v = 10.0 agree with each other and with the 
first of Eqs. (5.3) in the limit as kd -4 0 but they differ from the curve for v = 0.1 which 

is in close agreement with the second of Eqs. (5.3). 

Table 1. Long wavelength solutions for Type I plate 

Rt [ c
1 

V n r /[ v
2

] = ~; (l+v) 2kd cf ' 
R2 = 

[2:dr / [:: l 
v2 I v = 0.1 v = 1 

I 
v = 10 

ci I kd Rt kd R2 kd R2 

10 0.107 0.77 0.462 1.16 0.519 0.91 
20 0.070 0.89 0.327 1.15 0.359 0.96 
30 0.056 0.93 0.269 1.13 0.291 0.97 
40 0.048 0.94 0.234 1.12 0.251 0.98 
50 0.043 0.95 0.211 1.11 0.224 0.984 

100 0.030 0.977 0.151 1.08 0.158 0.992 
200 0.021 0.989 0.108 1.05 0.111 0.996 
300 0.017 0.992 0.089 1.04 0.091 0.997 
400 0.015 0.994 0.077 1.03 0.079 0.998 
500 0.013 0.995 0.069 1.03 0.070 0.998 

In order to examine the high frequency (short wavelength) behaviour of the dispersion 

curves, it is necessary to determine whether v is less than or greater than c2 as kd-+ oo. 
Setting v = c2 in the two equations (4.7), it is possible to show that neither equation is 

satisfied for any value of kd and none of the dispersion curves can therefore cross the line 
v = c2 • Since the fundamental modes for both the SA motion and the AA motion lie 

7 Arch. Mech. Stos. nr 3/86 
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1 above v = c2 as kd--+ 0, it follows that they will do so for all kd. It is then straightforward 
to deduce from Eqs. (4.7) that the limiting velocity as kd--+ oo is given for the SA mode 
(q11 = 0) by the conditions 

(5.4) 

and for the AA mode (q12 = 0) by the conditions 

(5.5) c2 = 0 and q2 s2 = 0. 

Equations (5.4) are satisfied by 

(5.6) lim q2 kd = mn (m = 1 , 2, ... ) 
kd-+00 

which gives for the fundam_ental SA mode (m = 1), that v varies with kd in the limit as 
kd --+ oo, according to the equation 

(5.7) 

The solutions of Eq. (5.5) are 

(5.8) Iimq2 kd=(m+ 
2

1 )n (m=0,1,2, ... ) 
kd-+oo 

and the variation of"' with kd (as kd--+ oo) for the fundamental AA mode (m = 0) is 

(5.9) 

0 8 kd 

FIG. 3. Variation of phase velocity with wavelength for Type II plate for n = 1 and a- v = 0.1, b- v = 1 
C-'V = 10. 
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Both solutions (5.7) and (5.9) are independent of v and this is evident from the graphs 
in Fig. 2. 

For the plate configuration shown in Fig. 1(c), the dispersion curves are dependent 
on the value of n as well as on the parameter v. Figure 3 shows the curves for the case 
n = 1, for which the dispersion equation (4.13) factorises into the two equations 

(5.10) v 11 = 0 and v12 = 0. 

The first of Eqs. (5.10) corresponds to the longitudinal motion of the plate whilst the second 
gives the dispersion curve for flexural waves. The fundamental modes for each of these 
are plotted in Fig. 3 for 3 values of v. In the long wave limit (kd-+ 0) the flexural wave 
velocity tends to the value given by 

(5.11) d vz = - - -
(1 +v) ' 

whereas the velocity of longitudinal waves tends to infinity, corresponding to a finite 
cut-off frequency. The cut-off frequency is again determined by Eq. (5.1) and the same 
considerations apply as for the plate in Fig. 1(b). Detailed results for kd-+ 0 are presented 
in Table 2 which also contains the solutions (5.3) for comparison. It may be seen from 
Fig. 3 that in the short wave limit (kd-+ oo) each of the dispersion curves asymptotes 
the Rayleigh wave velocity in the isotropic layer, all the curves running together from 
kd = 5 onwards. 

Table 2. Long wavelength solutions for Type n plate for n = 1 

[ c 1 v n r I [ v 2 
] 

Rt = ~ (l+v) 2kd d ' R 2 = [ 2~d r 1 [ :; l 
v 2 v = 0.1 v = 1 

I 
v = 10 

d kd Rt kd R2 kd R2 

10 0.104 0.81 0.515 0.93 0.599 0.68 
20 0.070 0.91 0.356 0.97 0.383 0.84 
30 0.056 0.94 0.289 0.987 0.303 0.89 
40 0.048 0.95 0.249 0.992 0.259 0.92 
50 0.043 0.96 0.223 0.995 0.230 0.94 

100 0.030 0.98 0.157 0.999 0.160 0.97 
200 0.021 0.99 0.111 1.00 0.112 0.984 
300 0.017 0.994 0.091 1.00 0.091 0.989 
400 0.015 0.995 0.079 1.00 0.079 0.992 
500 0.013 0.996 0.070 1.00 0.070 0.993 

In Fig. 4 we present dispersion curves for three different values of n(1, 2, 11) all for 
the case of d = h(v = 1). For n = 1 we plot the fundamental mode of each of the two 
equations (5.10), corresponding to longitudinal and flexural waves respectively. For 
values of n > 1 the dispersion equation ( 4.13) is solved for both the fundamenta) mode 
and the first harmonic and each of these is plotted in Fig. 4. It is evident that the funda­
mental mode corresponds to what becomes the flexural wave for n = 1 whilst the first 
harmonic degenerates into the longitudinal wave for n = 1 . The noteworthy feature 

7* 
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FIG. 4. Variation of phase velocity with wavelength for Type II plate with v = 1 and a- n = 1, 
b-n = 2, e-n= 11. 

of these curves is that they all come together into a common curve and this . occurs for 
decreasing values of kd as n increases. It is straightforward to show that as kd -+ 0 the 
limiting velocity for the fundamental mode of Eq. (4.13) is given by 

2 nd+(n-1)vci 
v = ' n(l +v) 

(5.12) 

whereas the limiting velocity for the first harmonic tends to infinity, corresponding to 
a cut-off frequency w given by 

(5 13) wd wn(d+h) -- 0. . cos-- cos ---'---~ 
c2 c1 

Equation (5.13) has the solutions 

(5.14) 
2 

or 
wn(d+h) n 

2' 

and the variation of velocity with kd as kd -+ 0 is given by 

(5.15) 
v n 

or 
v c1 v n 

--;;- = 2kd c; = ~ (I +v) n 2kd . 

The limiting behaviour is given by the first of Eqs. (5.15) for values of v and n satisfying 
vctf[n(l +v)c2 ] ~ 1 and by t~e second ofEqs. (5.15) otherwise. The curves in Fig. 4 all relate 
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to v = I and limiting behaviour is given by the first of Eqs. (5.15) for n ~ 1.036 and by 
the second of Eqs. (5.15) for n > 1.036. These conclusions may be verified from the data 
given in Table 3. 

Table 3. Long wavelength solutions for Type II plate v = 1 

R2 
= [ 2:d r 1 [ :; l R3 = [ cl 1 n r /[ v2

] 
--;; 2n - 2kd d · 

v2 n = 1 n=2 n = 11 
d kd R2 kd R3 kd R3 

10 0.515 0.93 0.269 0.92 0.051 0.84 
20 0.356 0.97 0.186 0.96 0.034 0.92 
30 0.289 0.987 0.151 0.97 0.028 0.95 
40 0.249 0.992 0.130 0.98 0.024 0.96 
50 0.223 0.995 0.116 0.985 0.021 0.97 

100 0.157 0.999 0.082 0.992 0.015 0.984 
200 0.111 1.00 0.058 0.996 0.010 0.992 
300 0.091 1.00 0.047 0.997 0.009 0.995 
400 0.079 1.00 0.041 0.998 0.007 0.996 
500 0.070 1.00 0.036 0.998 0.007 0.997 

Acknowledgement 

This work is supported by a research grant from the Science and Engineering Research 
Council. 

References 

1. F. GILBERT and G. E. BAcKus, Geophysics, 31, 326, 1966. 
2. B. L. N. KENNETT, Seismic wave propagation in stratified media, University Press, Cambridge 1983. 
3. N.J. KERRY, Geophys. J. R. Astr. Soc., 64, 425, 1981. 
4. K. E. GILBERT, J. Acoust. Soc. Am., 73, 137, 1983. 
5. M. ScHOENBERG, Geophysical Prospecting, 31, 265, 1983. 
6. A. J. M. SPENCER, Deformations of fibre reinforced materials, Oxford 1972. 
7. W. A. GREEN, Quart. J. Mech. and Appl. Maths, 35, 485, 1982. 
8. W. A. GREEN and D. MILOSAVUEVIC, Int. J. Solids and Struct., 21, 343, 1985. 
9. E. R. BAYLIS and W. A. GREEN, J. Sound and Vibration, 110, 1986. 

10. A. T. JONES, J. Composite Materials, 4, 476, 1970. 
11. S. V. KuLKARNI and N.J. PAGANO, J. Sound and Vibration, 23, 127, 1972. 
12. H. MURAKAMI and G. A. HEGEMIER, Mechanics Today, 5, 329, 1980. 
13. C. T. SuN, J.D. AcHENBACH and G. HERRMANN, J . Appl. Mech., 35, 477, 1968. 
14. S. NEMAT-NASSER, J. Elasticity, 2, 79, 1972. 
15. H. HERRMANN, G. S. BEAUPRE and A. AuLD, Mechanics Today, 5, 83, 1980. 
16. M. F. MARKHAM, Composites, I, 145, 1970. 

DEPARTMENT OF THEORETICAL MECHANICS 
THE UNIVERSITY OF NOTTINGHAM, NOTTINGHAM, ENGLAND. 

Received July 31, 1985. 

http://rcin.org.pl




