
58 v. - §81-2.

V.§ 1. — num.
u, v ε K . o :1. num u = 0 . = . u = a . Def.2. ra £ N.o::num w=m.=.,.w-=λ:λ? £ w.oic ∙ uum(w-∕ #)=m—1. Def.3. num u = 1. = u - ±= a : æ, y ε u. ox, y . x = y.4. num w = ∞ . = . num w- t Nθ. Def·5. num mî NυîO'j/ X1.6. αfNθ.□.α-+-∞ = ∞-∣-α-∞÷∞ = ∞∙^≤∞∙ Def.7. u<^v — a . o . num (muv) = num w h- num v .8. num (u v) -+- num (w v) = num u -+- num v .9. k ε KK . o. <√ k = x ε (y ε k . oy. x ε y). Def.10. » . o k = x ε (y ε k . x ε y . - =y λ) . Def.11. w £ KK . p , q ε N . num u = p : œ ε u . Οχ . num œ = q : x , y s u . æ-

= y . Οχ, y . œ^y = a .·. o . num o‘u =p%q.12. ∕,f (-υ f w). o . num fu num u .13. » num f u = ∞ . o . num u ≈ ∞ .14. ∕, ί (r f u) Sim . o . num fu = num u .15. f ε (u f u) sim . o . num v = num u .

§ 2. — max, min.
u, v £ Kq . o :

1. x = max ti. = .iCfw.M^(cc-÷Q) = Λ.
2. x = min u . — . x ε u .u∩(χ — Q) = λ .3. num w £ N . □ . max u, min w £ q .4. u ε KN . u - = a . □ . min u £ N .5. u £ KN .M- = Λ.msN,ii∏(m + N) = Λ.o. max m £ N .6. u£ Kn . u - — λ . m £ n . u (m -+- N) = a . o . max w £ n .7. » » » . u (w — N) = λ . o . min u £ n .8. min N = 1 . max N = a .9. max Q = λ . min Q == λ . max q = λ . min q = λ .10. max m, max v £ q . □ . max (m u) = max (max w, max v) .11. min w, min v £ q . o . min (w v) = min (min w, min v) .12. max u, max v £ q . o . max (w -+- v) = max u -+- max v .

Def.Def.
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v. - §§ 2-3. 59

13. min m, min υ ε q . ο . min (a -t- a) = min u -h min v .14. max u £ q . □ . min (— u) — — max u .15. min u ε q . o . max (— u) — — min u .16. τι, v ε KQ . max u, max υ ε Q . o . max (a ×v) = max u % max v .

§ 3. - r, ι1.

a, v ε Kq .a- = A.a-=A.o:1. it7iq.o::a; = l'a. = .· .a (æ+Q) = λ: y ε x — Q.oi,.a∩(y+Q)-=∆.Def.1’. ajfq.oiιic = l1a. = .∙.a^(æ—Q) = Λryfaj-4-Q.ov.a<>(y - Q)-=λ.Def.2. max u £ q . o . max u = l'a .2'. min u ε q . o . min a = l1a .3. l’a £ u . o . l’a = max a .3'. l1a é a . o . l1a = min a . .4. ai £ q . a (ai -t- Q) = λ . □ . l'a £ q . l'a ai.4'. ai £ q . a (ai — Q) = λ . o . l1a ε q . l1a ≥ ai.
5. Γa = ∞. = : aifq . □m. a^(aι÷∙ Q)-—a . Def.
5'. l1a = — ∞ . = : ai £ q . ozn . a o (ai — Q) _ = a . Def.6. l'aiq^i® .6'. l1a f q<> t (— oo).7. rtiq.o.a-H ∞ = α>÷α-αo.α — oo == (— oo) -∣~ a—— oo . oo -÷ ∞ = co .

— ∞ — co = — oo . — ®<a< + ®·. — oo < -+- oo . Def.8. aiQ.o.a)x(∞ = oo×a- oo . a%(— oo)—(— oo)×a =— oo . oo)×(∞ = oo .
(— oo)×(— oo)=oo . ®X(— ∞)=(— oo)×∞ =— ∞ . a∣∞=a∣(— oo) = 0.a∕0 = + ∞. Def.9. 1' (a o a) = max (l'a, l’a).9,. l1(a^a) == min (l1a, l1a).10. a o a . □ . l a i≤ Γa . l1a ≥ l1a .

§ 3. 1-6. Weierstrass. V. Pincherle, Saggio di una introduzione alla 
teoria delle funzioni analitiche seconda i principii del prof. Weierstrass. Giornale di Battaglini, XVIII, p. 242.Bolzano (1817). V. Stolz, F0aZesan<7ew über AUgemeine Arithmetik1 I, p. 149.Dini. Fondamenti per la teorica delle funzioni di variabili reali. Pisa, 1878, N. 15.
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60 V. - §§ 3-4.

11. u ο v : x ε v . ox. U'> (x -+- Q) - = λ .,. ο . Γw = Γv .11'. u ο v : x ε v . oic. u (æ — Q) - = λ .·. o . l1u = l1v .12. llu Γw .13. nuni u > 1 . 3 . llu < Vu .14. Γ(w -+- v) = Vu -+- Γv . 11(m -+- v) = l1w -+- l1-υ .15. m 5 Q . o . Γ(wιu) = m,Vu . l1(mu) = m∖lu .16. l'(—w) = — l1w.l1(- u) =— Vu .17. u, v ε KQ . o . Γ(w × v) = Vu × Vv .17'. u, v ε KQ . □ . l1(w X v) = l1w × l1r .18. u ε KQ . o . Γ(∕w) =∣llu . l1(∕w) =∣Vu.19. l’Q = ∞ . 1,Q = 0 . Γq = ∞ . l1q = — ∞ .20. u ε KQ'. o .∙. 11 ib = 0 . = : h ε Q . 3a . u (h — Q) - = λ .21. » . » =:ftiQ.O/i .num[ii<'1(⅛ — Q)] = ∞22. u , v ε KQ . o : 11 (u u v) — 0. = . 11 u — 0 ., >. 11 v — 0.23. u , v ε Kq . 3 : Γ (m>jv) = ® . = . 1’ m = x-.,j.Γ⅛, = œ .
§ 4. — qn . ■1. η ε N . 3 : qn = q f Zrt. \2. x ε q,1 . 3 . x = (xl, x2,... æ„).3. æ, y f q,l. 3 : æ = y . = . ajl = τ∕1. æ2 = z∕2 ... = y,l. J4. x,yιq,.o.x + y = (xi+yl,...xll + yn). /5. » » x-y = (xl-yl,...xn-y0). Def.6. a ε q . x ε qtl . 3 . αχ = laxl, axi, ... nx.V) . I7. » » .o.xa = ax. 18. 0 = (0,0,...0). _________________________9. mod a? = raæ = p ⅛c12-(-æ22-+-... ÷ æn2.

x, y, z ε qn. a, b ε q . 0 :10. x + yιqn.11. x -+- y = y -+- x .12. (a? -+- y) -h z =-- x -h Q/ -+- 2) = x -+- y -h z .13. x — a? = 0.14. x 0 ' x .
15. αχ ε qn .

§ 4. 1-31. Grassmann, Ausdehnungslehre.Cayley, On a theorem relating to the multiple Thêtafunctions. Math. Ann. XVII7 pag. 115.
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V. - §§ 4-5. 61
16. a (x -+- y) = αχ -F ay .17. (α -h &) x — ax -+- bx .18. a (bx) — (ab) oc abx .19. 1 x ≈ x .20. m x ε Qθ.21. mod (æ + ÿ) Z raod x -+- raod y .22. mod ax = (mod a) (mod x) .23. m0 = 0.24. xly = xiy1-+-x2y2+-... -+- χn yn . Def.25. x | y ε q .26. x I x = (m x)2.27. x | y =-- y | x .28. x | (y -h z) = x | y -+- x | z.29. (ax) | y = x | (ay) = a(x | y) .30. i1 = (1,0,0,... 0). i2 = (0, 1,0,... 0)... in = (0,0... 0,1). Def.31. x ~ xl i1 -f x2 i2 -f... -+-χn[n .

a, b ε q.a<Zb . o : \41. a~ b ≈ (a -F Q)∣^(b— Q). J42. et1""1 b = (a —i— Qo)(b— Qo) · f43. a*~b — (a —F Qo) o (b — Q) . ) Def.44. a~l & — (a-F Q)^(5 — Qo). i45. b a = a~~b .b^~ia — a^~ib .b~j∙ a = ai~b .bi~a — a~~'b .46. 0 = Owl. /
§ 5. — D.

η ε N . m, v ε Kqn . o :1. Du = φ1 m [(m - i x) — æ] = θ] Def.2. Du = q,i x ε [7t ε Q. o⅛. num (u (x -F Θ m h)) = oo].3. DN = λ . Dr = q . Dc[ ≈ q .4. num u - oo . Γ mod u ε Q . o . Du - = a. .5. num u £ N . o . Du = λ .
§ 5. 1, 2, 3. G. Cantor, Math. Ann., V, p. II, p. 343.4-7. Dini, ib., N. 12, 13.Cantor, Math. Ann., XV, pag. 1 (1879).

123 (1871). Acta math.,
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62 V. - § 5√
6. DDu o Du.7. p £ N . o . Dp u o Du .8. DtU^v) = DujDv .9. uq v .0 . Du o Dv .10. Du o u . Dv o v . o . D (u ^υ) o u .11. Du o u . Dv □ v . o . D v) o u^v .12. us Du .v d Dvq . u^υ s D (u~>v).13. u o Du . o . Du = D2u .14. «î Kq. l'«f q-M.o . 1’« = raax Du .14'. » . 11 u » llu = min Du.15. a £ q,l. o . D (a -t- u) = a -+- Du .16. (w -+- Z>y) (y -+- Du) u [Du -+- Dv, o 2? (w -+- v).17∙ n⅛","⅛) =⅛'j,0∙d⅛-⅛') ,"n'" ~n ''"θ, 18. Du ∂u.3 . num Kq,i r>wε (u = Dιv) = ∞ .

21. Dωu = ^i Dii * 13 14u .22. Dω u = q„ sc î (p f N . op . x ε Dp u) .23. p £ N . o . Dp+cc u = Da> Dp u .24. p ε N . o . DP+ω w = Dω u .25. p ε N . o . Dω u = Dp Dω u .26. p £ N . o . Dpω u = (Da)f u .27. Z>cy2 w = (Z>05)ω w = i (Dωy u .28. p ε N -+-1 . o . D∞pu = r,‘ (Dωp~')* u .29. a, p ε N . o . Daωl∖c — (Dω'p') ' u .
30. p, a0, α1,... cq, £ N . o . Da-a,p+aιc°p 1+∙∙∙+αp-tc^^l^⅛ w =

DaP DaP~iω.., Da'ωp~l Daoωp u

Def
Def.
Def.Def.Def.Def.Def.
Def.

8, 18. G. Cantor. Math. Ann., XXIII, pag. 470 (1884).10, 11, 12. R. De Paolis. Teoria dei gruppi geometrici, ecc. Me-morie délia Società Italiana delle Scienze, 1890, pag. 27, 28.13. J. Bendixon, Acta mathematica, t. II, 1883, pag. 416.14, 14’. Dini, ib., N. 16. . . .21-30. Cantor, Math. Ann., XVII (1880).
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V.' — §§ 5r6. 63
u i Kq . o :41. Du = qna? £ [a? = Γ(w*> (æ— Q))j. . Def.42. Z>1ii = q <-> a? £ [a? = l1(w o (a?-+-Q))] . Def.43. Du = D'u^>Diu .44. D’ (— u) = — Diu . Dl (— u) — — D u .45. D' {u^>v) = I/w o D'v , Dl (« o r) = Diu Diυ .46. DD'u o Du . DDlu o Du . D Du o Du . DlDu o Diu . D'D'u o D u .

D'Dlu o D'u . DiD'u, a Diu . DlDlu o Dlu .

§6.-1, E, L.«fN. Kq(,. o:1. lu = qn r>χε {h £ Q . x θ m h □ u . - =≈=λ,λ) . ■ Def.
2. Eu == I{- u). Def.3. Lu = (- lu) {-Eu). " Def.4. E{- u) = lu . L{- u) = Lu .5. lu r Eu == a. Iu^ Lu = λ . Eu Lu ≈ a. lu Eu o Lu = q,l.6. lu o u. Eu o-u. uo Iu^> Lu . - u o Eu Lu .7. IIu = lu . IEu = Eu . Lu — ILu LLu . LLu = LIu o LEu .8. I(u r·, Lu)=a.ELu-Iu ∙~j Eu.EIu=-{Iu LIu) .EEu=-{Eu ~> LEu).9. ILIu = λ . ILEu = λ . ILLu = λ . LLLu = LLu . LLIu = LIu .

LLEu = LEu . LILu o LLu .11. u o v . o . lu ο Ιυ . Ευ o Eu . Lu □ Iυ^ Lv .12. I{urw) = lu η Ιυ . E{u uv) — Eu,Ev .13. lu <√ Ιυ o I(u y v) c> Iu ^i Iυ'^∣ {Lu){Lv) .14. Eu Ευ o E{u v) o Eu ∖j Eυ v {Lu){Lv).
15. {Iu){Lv) {Iυ){Lu) o L{u<^v∖ o {Iu){Lv) ^> {Iυ){Lu) {Lu){Lv).16. {Eu){Lv) {Ev){Lu) o L{u v) o {Eu}{Lv) o {Eυ){Lu) {Lu){Lv).
17. I{Iu lv) = lu lv .18. I{LLu,LLv) = λ .19. U~ = A.-U- = A.O. Lu - — A .
20. lu = u - D{- u).

§ 5. 44-46. Bürali-Forti. Sulle classi derivate a destra e a sinistra. Atti Acc. Torino, 1894.§ 6. 1-18. Peano, Arithmetices principia, 1889, § 12.19-20. Jordan, Cours d’Analyse, 1893, vol. I, pag. 20,
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64 V. - § 7.
§ 7. — C, med.

n £ N . u , v ε K q,l. o :1. Cm = qα∕^ajf [11 m (m — a?) = 0].2. Cu = M<√ 1)u=uj Lu == Iu^ Lu~- Eu .3. CCm == Cm .4. C∖u^>υ) = Cu^ Cv .5. u o v . o . Gu o Cv .6. C(mγ> μ) o Cm^ Cy .7. Cm = m . Cυ = r . o . C(m '~> r) = Cm o Cv .8. m £ Kq . Γ m, 11 m £ q . ο . Γ m, 1, m £ Cm .9. x ε Du .=.χε C{u-ιx).10. num m £ N . o . m =■ Cm .21. w£ Kq . o . med u = (li μ)“(Γ m) .22. » . o . med m = qo x £ [y f g ε u . y < oc < z . - =y, z λ) .

n £ N . u , v ε K qn . o :23. med m = qrt zr £ (a £ qw . oα . α ∣ a? £ med (a | m) .24. x,yεu.x- = y.piqιQ.a.(pχ + q y)∣(p -+-q) ε med u .25. u o v . o . med u o med v .26. med m = m . med v = v . o . med (m o v) = (med m) (med v).27. med med m = med m .28. I med u == med m .

Def.

Def.
Def.

G. Peano.

§ 7, 1-9. Peano, Math. Ann. XXXVII, pag, 195,
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