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new ideas and results in the areas concerned.
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participate, will provide a source of much needed information on recent trends
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A new intuitionistic fuzzy implication. Part 2
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Abstract
A new intuitionistic fuzzy implication is constructed. Some of its basic
properties, as its relations with Modus Ponens, with intuitionistic logic axioms and Georg Klir and Bo Yuan’s axioms are studied.
Keywords: implication, intuitionistic fuzzy logic.

1

Introduction

The concept of “intuitionistic fuzzy propositional calculus” was introduced about
20 years ago (see, e.g., [1, 2]). Initially, it contained only one form of conjunction,
disjunction and two forms of implication. In a series of papers, a lot of new
implications were defined in the frames of the intuitionistic fuzzy logic – see, e.g.
[3, 4, 5, 6, 7, 8].
Here, we shall study a new implication and its basic properties.
In intuitionistic fuzzy propositional calculus, if x is a variable, then its truthvalue is represented by the ordered couple
V (x) = ha, bi,
so that a, b, a+b ∈ [0, 1], where a and b are degrees of validity and of non-validity
of x.
Below, we shall assume that for the three variables x, y and z the equalities:
V (x) = ha, bi, V (y) = hc, di, V (z) = he, f i (a, b, c, d, e, f, a + b, c + d, e + f ∈
[0, 1]) hold.
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For the needs of the discussion below, following the definition from [1], we
shall use the notion of Intuitionistic Fuzzy Tautology (IFT) by:
x is an IFT, if and only if for V (x) = ha, bi holds: a ≥ b,
while x will be a tautology iff a = 1 and b = 0. As in the case of ordinary logics,
x is a tautology, if V (x) = h1, 0i.
For two variables x and y the operations “conjunction” (&) and “disjunction”
(∨) are defined (see [1]) by:
V (x&y) = hmin(a, c), max(b, d)i,
V (x ∨ y) = hmax(a, c), min(b, d)i.
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Main results

Here, the following new implication will be defined:
c
V (x → y) = hmax(sg(a − c), sg(a). min(1, )),
a
b
c
min(sg(a − c), sg(a).sg(d). max(0, min( , 1 − )))i.
d
a
First, we check that it is defined correctly, i.e.,
c
0 ≤ max(sg(a − c), sg(a). min(1, )) ≤ 1,
a
b
c
0 ≤ min(sg(a − c), sg(a).sg(d). max(0, min( , 1 − ))) ≤ 1,
d
a
and

c
0 ≤ max(sg(a − c), sg(a). min(1, ))
a
b
c
+ min(sg(a − c), sg(a).sg(d). max(0, min( , 1 − ))) ≤ 1.
d
a
The first two inequalities are obvious. Let us check the third one. Let
c
X ≡ max(sg(a − c), sg(a). min(1, ))
a
b
c
+ min(sg(a − c), sg(a).sg(d). max(0, min( , 1 − ))).
d
a
Obviously, X ≥ 0.
36

If a ≤ c, then

c
X = max(1, sg(a). min(1, ))
a
b
c
+ min(0, sg(a).sg(d). max(0, min( , 1 − ))) = 1 + 0 = 1.
d
a
If a > c, then

b
c
c
X = max(0, sg(a). min(1, )) + min(1, sg(a).sg(d). max(0, min( , 1 − ))).
d
a
a
c
b
c
= sg(a). min(1, ) + sg(a).sg(d). max(0, min( , 1 − )).
a
d
a
If a = 0, then, obviously, X = 0. If a > 0, then
c
b
c
X = min(1, ) + sg(d). max(0, min( , 1 − )).
a
d
a
If a ≥ c, then 1 −

c
a

X=

≥ 0 and
c
b
c
+ sg(d). max(0, min( , 1 − )).
a
d
a

If d = 0, then
X=
If d > 0, then

c
≤ 1.
a

c
b
c
+ max(0, min( , 1 − ))
a
d
a
c
b
c
= + min( , 1 − )
a
d
a
c
c
≤ + 1 − = 1.
a
a
c
> 1, 1 − a < 0 and
X=

If a < c, then

c
a

c
X = 1 + sg(d). max(0, 1 − ) = 1.
a
Therefore, the definition is correct.
From the new implication, using formula
¬x = x → h0, 1i,
we generate the following negation:
V (¬x) = hsg(a), sg(a).bi
37

It does not have analogues among the other intuitionistic fuzzy negations.
It is well known (see, e.g. [10]) that Modus Ponens has the form
x, x → y
.
y
Theorem 1. The new implication
(a) satisfies Modus Ponens in the case of tautology,
(b) does not satisfy Modus Ponens in the IFT-case.
Proof: (a). Let x and x → y be tautologies. Then
a = 1, b = 0,
max(sg(1 − c), min(1, c)) = 1,
b
min(sg(1 − c), sg(d). max(0, min( , 1 − c)) = 0.
d
Therefore, c = 1 and hence d = 0, i.e. y is a tautology.
(b) It is seen easy that from a ≥ b and
c
max(sg(a − c), sg(a). min(1, ))
a
b
c
≥ min(sg(a − c), sg(a).sg(d). max(0, min( , 1 − )))
d
a
the inequality c ≥ d does not follow.
In [9], the following properties of the implications and negations are givens:
Property P1: A → ¬¬A,
Property P2: ¬¬A → A,
Property P3: ¬¬¬A = ¬A.
Theorem 2. The new implication and negation satisfy only Property P1.
The checks of Properties P1 and P2 are similar to the above ones. The check
of Property 3 is based on the equalities
¬¬¬ha, bi = ¬¬hsg(a), sg(a).bi = ¬hsg(a), 0i = hsg(a), 0i.
Some variants of fuzzy implications (marked by I(x, y)) are described in book
[9] by George Klir and Bo Yuan, and the following nine axioms are discussed,
where
I(x, y) ≡ x → y
and
N (x) ≡ I(x, 0).
38

Axiom 1:
Axiom 2:
Axiom 3:
Axiom 4:
Axiom 5:
Axiom 6:
Axiom 7:
Axiom 8:
Axiom 9:
where

(∀x, y)(x ≤ y → (∀z)(I(x, z) ≥ I(y, z)).
(∀x, y)(x ≤ y → (∀z)(I(z, x) ≤ I(z, y)).
(∀y)(I(0, y) = 1).
(∀y)(I(1, y) = y).
(∀x)(I(x, x) = 1).
(∀x, y, z)(I(x, I(y, z)) = I(y, I(x, z))).
(∀x, y)(I(x, y) = 1 iff x ≤ y).
(∀x, y)(I(x, y) = I(N (y), N (x))).
I is a continuous function,
V (0) = h0, 1i,
V (1) = h1, 0i.

Theorem 3: The new implication satisfies axioms 3 and 5.
The validity of this assertion follows form the definition of the new implication.
Now, we shall modify two of the above axioms:
Axiom 3’: (∀y)(I(0, y) is an IFT).
Axiom 5’: (∀x)(I(x, x) is an IFT).
Theorem 4: The new implication satisfies axioms 3’ and 5’.
The proofs are analogous of the above ones.

3

Conclusion

The new implication and negation have some unique properties with respect to the
other already existing intuitionistic fuzzy logic implications and negations.
In a next research intuitionistic fuzzy set analogues of the new intuitionistic
fuzzy logic implication and negation will be discussed.
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