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F r a c j i n e n t a T h e r i o l o g i c a 

P H I L I P H O L G A T E 

A M O D I F I E D GEOMETRIC D I S T R I B U T I O N A R I S I N G IN T R A P P I N G S T U D I E S 

Z M O D Y F I K O W A N Y R O Z K Ł A D GEOMETRYCZNY ODŁOWÓW 

In a ser ies of s tud ies of the length of res idence of smal l m a m m a l s in de f ined 
s tudy areas, A n d r z e j e w s k i & W i e r z b o w s k a (1961) and W i e r z - 
b o w s k a & P e t r u s e w i c z (1963) p re sen t d a t a of t he n u m b e r of an ima l s 
tha t r e m a i n in the a rea for 0, 1, — — comple te weeks . They found t h a t t he 
comple te da ta was not well f i t t ed by an exponen t i a l d is t r ibut ion , s ince t h e r e 
we re too m a n y observa t ions in the zero class, which they called " e p h e m e r a l " 
animals . H o w e v e r if tha t class w e r e omi t t ed , the r e m a i n i n g d a t a w a s well 
f i t ted by an exponen t i a l d i s t r ibut ion wi th its zero class t runca ted , w h i c h is 
again an exponen t i a l d is t r ibut ion . In the l a t t e r pape r in pa r t i cu la r , this is m a d e 
the basis of a suggest ion t h a t t he e p h e m e r a l an imals do no t f o r m a h o m o g e n e -
ous group, b u t are made u p par t ly of " r e s iden t " mice w h o by chance h a v e only 
s tayed in the s tudy area for less t han a week, and p a r t l y of " m i g r a n t s " whose 
n a t u r e is not to set t le in the area . The n u m b e r of the f o r m e r w e r e e s t ima ted 
by e x t r a p o l a t i n g the successful ly f i t t ed exponen t i a l d i s t r ibu t ion . 

T r a p p i n g took place weekly , and the l eng th of res idence of an ind iv idua l w a s 
measured by the in te rva l be tween its f i r s t and last c a p t u r e . P e t r u s e w i c z 
& A n d r z e j e w s k i (1962) point o u t t ha t s ince no t all t he an imals w e r e 
caught on every' t r app ing occasion, this m u s t u n d e r e s t i m a t e the t r u e l eng th of 
res idence. In this note I s h o w t h a t th is f e a t u r e of t h e record ing could account 
for t he excess of an imals in the zero class. 

Le t the r a n d o m var iab les T and X respec t ive ly deno te the t r u e per iod of 
res idence of an ind iv idua l in the s t u d y area , i.e. t he i n t e rva l b e t w e e n the f i r s t 
and last occasions w h e n it w a s exposed to cap tu re , and the recorded per iod of 
res idence, i.e. t he in te rva l be tween the f i r s t and las t occasions it w a s ac tua l ly 
cap tu red . T h e r a n d o m in te rva l b e t w e e n the an ima l s e n t r y to t h e area , and the 
f i r s t t r a p p i n g occasion m a y be ignored ma thema t i ca l l y . I h a v e p r e f e r r e d to use 
the discre te geomet r i c d is t r ibut ion as a model fo r t h e t r u e period of res idence , 
r a t h e r t h a n the exponent ia l . 

P r (T = t) = (l — k ) k l t = 0,1, (1) 

k is the p robabi l i ty tha t the a n i m a l does not l eave t h e a rea at s o m e t i m e 
d u r i n g a per iod b e t w e e n t rapp ings . If the cont inuous exponen t i a l d i s t r ibu t ion is 
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used, the da ta should strictly be considered as a grouped sample, and the 
m a x i m u m likelihood es t imator obtained by the methods discussed by K u 11-
d o r f (1961, ch. 2). 

According to P e t r u s e w i c z & A n d r z e j e w s k i (1962), the probab-
ility tha t an animal is caught on a given occasion remains fa i r ly constant . Den-
ote it by p, and let q = 1 — p be the chance of evading capture . An animal tha t 
r ema ins in the area for t complete weeks, and is t he re fo re exposed to cap ture 
on t + 1 occasions, has a probabi l i ty of not being caught at all, and consequent -
ly X being undef ined, given by 

P r (X undef ined | T = t) = q — „ t + i (2) 

The probabi l i ty tha t it will be caught only once, and consequently recorded as 
ephemera l is 

Pr (X = 0 | T = t) = (t + l W (3) 
The probabil i ty that it will be caught f irst on occasion i, and for the last t ime on 
occasion i + x, counting the occasions it was exposed to capture as 0,1, , t is 

I t I V 2 t —Y 
Q P ' P q = p q , and i can take the values 0,1, , t — x . Hence 

P r (X = x | T = t) = (t — x - | - l ) p q 2 t—X x — 1, 2, (4) 

On mul t ip ly ing (2), (3) and (4) by (1) and summing, the marg ina l d is t r ibut ion of 
X is obta ined. 

P r (X undefined) = (1— k)q Y (qk)1 

( l - k ) q 
1 —qk i5) 

au 
P r (X = 0) = (1—k)p Y ( t + l>(qk>' 

( l - k ) p 
(1 —qk)2 

(6) 

Pr (X = x) 
oo 

= p q - x ( l —k) > (t —x + l ) (qk) t 

t = x 

p J ( l — k) k? 

(1 — qk)2 x = 1 , 2 , 

If (6) and (7) are divided by one minus the probabi l i ty (5), 

1 —k' 
P r (X = 0 | X defined) = —; qk 

Pr (X = x | X defined) = ( 1 ~ q ) ( 1 ~ k ) k X 

J — q k 

(7) 

(8) 

t o 
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T h e d i s t r ibu t ion (8) is geome t r i c except t h a t its f i r s t t e r m is modi f ied . I t d e p e n d s 
on t w o p a r a m e t e r s k and q, wi th physical i n t e rp r e t a t i ons in the p r e s e n t case, 
and h a s mean and v a r i a n c e : 

Ex= k ( l — q) 

(1 — k ) ( l —qk) 
var X 

k ( l — q ) ( l —qk-) 
(1—k)2 (1 —qk)2 

Dis t r ibu t ions of th is t y p e occur in seve ra l b ranches of popu la t ion dynamics 
( K e n d a l l , 1949, p. 238; M o r a n , 1962, p. 14), a l though the p a r a m e t e r i s -
at ion is app rop r i a t e to the pa r t i cu l a r p rob lem. At the end of t h e per iod of 
record ing , the animals s t i l l in the a rea wil l be ascribed a du ra t i on of res idence 
which is too short , thus b iass ing the resu l t s , bu t if the who le s t u d y per iod is 
long compared with t h e a v e r a g e res idence , this e f fec t wil l be negl igible and 
I h a v e ignored it. 

' If a sample of n is t a k e n f r o m this d is t r ibut ion , of wh ich n x h a v e va lue r, 
t h e l ikel ihood is 

\ 1 — q k / 1 = 1 

log L = n {log (1 —k) — log (1 — qk)} + (n — n0) log (1 — q) 4 n x log k 

On se t t ing the de r iva t ives of log L wi th respect to k and q equa l to zero, and 
solving t h e resu l t ing equa t ions , the m a x i m u m likelihood es t ima to r s a re f o u n d to 
be 

k = 1 — 
<i> 

Q = 
k — <T> 

k f i 

w h e r e 0 and # denote t h e s a m p l e propor t ions of zero and n o n - z e r o o b s e r v a t -
ions. T h e s a m e es t ima to r s a re ob ta ined by equa t ing the sample m e a n and p rop -
or t ion of zeros to the popu la t ion values. The v a r i a n c e - c o v a r i a n c e m a t r i x 
condi t iona l on n f ixed , as n-*oo, is ob ta ined by inve r t ing the m a t r i x of 
expec ta t ions of nega t ive second der iva t ives of log L, and is 

1 (1 — k ) 2 ( l — q k ) 
var k = 

n 1 — q 

1 (1 — q ) ( l — qk 2 ) ( l — qk) 
va r q = 

cov (k, q) = 

n k2 (1 — k) 

1 ( 1 — k ) ( l — qk) 
n k 

App ly ing these resul t s to the da ta given by W i e r z b o w s k a & P e t r u - 
s e w i c z (1963), the e s t ima tes of the p a r a m e t e r s and the i r s ampl ing s t a n d a r d 
devia t ions are, for the a t t ic popu la t ion 

k = . 9027 + . 0069, q = . 7524 + • 039 
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and for the house populat ion 

k = . 9105 ± . 0059, q = . 8559 ± . 019 

The goodness of f i t is the same as tha t for the geometr ic d is t r ibut ion f i t t ed t.o 
the data omit ted to the data omit t ing the zero class, since the method of es t im-
ation resul ts in the zero class being f i t ted exactly. 

The above theory does not of course show tha t the ephe rmera l animals a re not 
a mix tu re of two populat ions. I t mere ly shows tha t the excess in the zero class 
could have arisen f rom the sampl ing method even if the populat ion had been 
homogeneous. 

SUMMARY 

If the number of weeks of res idence of an animal in a given study a rea has 
a geometric distr ibution, then the length of residence as recorded by a t r app ing 
system which does not catch all the animals on every occasion follows a modif ied 
geometric distr ibution. Es t imators of the pa rame te r s of this d is t r ibut ion are ob-
tained, and applied to the da t a given by W i e r z b o w s k a & P e t r u s e - 
w i c z (1963). 
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