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Abstract

In this paper we study the problems associated with distributive justice in an abstract framework
originally conceived for the analysis of social choice and bargaining problems. Induced social choice
correspondences are derived by considering alternatives which are tnvariant under permutations
of the status—quo point. We study in particular the fairness correspondence and a generalized
Walrasian bargainig solution and establish links between the two concepts. The analysis in this
paper can proceed far beyond where our paper ends. ’
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1. Introduction

The objective of this paper is to study some prohlems and concepts of distributive justice in a
framework of analysis oryginally conceived for the theory of social choice and bargaining. Distribu-
tive justice has traditionally been studied in the context of an exchange economy with or without
production. The preferences of the agents have usually been defined on their consumptions bundles.
In this paper we attempt to release this theory from it narrows confines, and explore possibilities in
an abstract setting. However, to make meaningful statements some restrictions have to be imposed.
Thus we assume that the state space is identically decomposable and the feasible set is symmetric
(concepts to be explained later).

What is the benefit that arises out of such an analysis? To answer this question, we must first accept
that the theory of distributive justice is concerned with equity criteria. Thus, our analysis helps
us to study problems of equity and efficiency in abstract choice theoretic settings. The problem
of social choice is more pervasive than the problem of allocating consumables amongst a finite
number of agents. So, by our approach we are able to study equity and efficiency problems in mor=
fundamental situations.

The point of view adopted in this paper is that the rule by which society actually chooses one
or more alternative is a bargaining problem, determined by institutional characteristics. Whether
such solutions are “just” or “not” is answered by inspecting induced social choice rules and tbeir
distributional implications. This paper owes its origin to a study by Thomson (1983), of similar
problems in tbe context of a pure excbange economy.
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The main solutions to bargaining problems that have been investigated are the Nash (1950) solution,
the Kalai-Smorodinsky (1975) solution, the Egalitarian solution of Kalai (1977), to gention a few.
Our purpose in this paper is to analyse the goals of distributive justice im the context of bargaining
problems. Distributive justice implies possible redistribution of resourees among the agents if nec-
essary. Nothing that has been said about the framework of bergaining problems discussed above,
allows for the possibility of an analytical representation of redistributiom. Our objective is to get as
much mileage out of the above set up. Unless we make specific assumptions about the choice space
X, we shall not be able to proceed with our analysis.

Let us say that the choice space X is decompoeable if Jsets Y),...,Y,, such that X = II?:; Y ie
X is the Cartesian product of n-spaces. Each Y; is interpreted to contaim all the conceivable person-
alized outcomes relevant to the i*» agent. We say that the choice space X is identically decomposable
if 3asetY such that X = Y® ie. X is the n—fold Cartesian product of Y. Identical decompos-
ability, allows for comparability of the personalized outcomes of the different agents. However, we
still have not been able to adequately capture the notion of redistribwtions required to guarantee
distributive justice. How do we ensure that a redistnibution of a feasible outcome is itself feasible?

Let II"* be the class of all permutations of order n. A feasible set F C X is said to be symmetric if
Vx € II*, x(F) = F; i.e. a rearrangement of the personalized outcomes of a feasible alternative is -
once again a feasible alternative.

‘We shall assume unless otherwise mentioned that, X is identically decomposable and ¥(S,z0) € T
where § = ((w)[-, . F), F is a symmetric feasible set in X.

Let P : T ~ X be the Pareto conespondence ie. z € P[(S,z0)] ¢ there does not exist any
: € F such that u.(z) > ui(z) Vi = 1,...,n and u;(z') > u;(z) for some j € {1,...,n}, where
= ((w)izy  F).

Let (S, o) be a bargaining problem with § = ((w)[_, ,F). Let 2 € F. Agent i is said to regret
x¢ 8t z if ui(£(2)) > ui(x). The concept of regret generalizes (in many ways) the concept of
envy w exchange economies, due to Foley (1967) and Varian (1974). First, we allow for externalities.
Second we allow for arbitrary permutations, not merely a switch between two agents.

Let Q : T — X be the regret—free correspondence ie. = € Q[(S,20)) & Vi € {1,...,n}
Yr € I", ui(z) 2 ui(=(2)).

Denote P [(S,z0)] " Q {(S,20)) = PQ(S,z0)] ¥(S,20) € B. PQ : E v X will be called the ~
correspondence.

Our first preliminary result is as follows :

Proposition 1 Ifz € P[(S,z0)], then Yx € I, 3 an agent i (poasibly depending on z and x) such
that i does not regrel x af z.

P Suppose towards a contradiction that there exist no such agent for r at . Hence u; (x(z)) >
u\7) Vi € {1,...,n}. Since F is symmetric, x(x) € F and thus contradicts that = € P[(S, zo)).
Q.ED.

We can further strengthen Proposition 1 to obtain the appropriate generalization of a well-known re-
sult if we allow for selfish preference. Assume for the sake of the mext two propositions that
Vi€ {l,...,n}, ¥z €Y, w(2i, i) = uifzi, y-i), where 2_; € Y"1, g, € Y"1,

o

Y—i

(21,23, c Fim1y Zigls e Tn),
(1,8, Bim1, Bigls o -2 Un)-
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Proposition 2 (Varian (1974), Thomson and Varian (1985)) Ifz € P[(S,z  and prefer-
ences are sclfish (as defined above), then there is some agent who does not regret any permutstion
at z.

Proof. Suppose towards a contradiction (and without loss of generality) that the agent 1 regrets »
at z. Clearly there exists some other agent (say agent 2) whose personalized outcome gives, agent 1
higher utility that his own. Now suppose agent 2 regrets «’ at z. Thus, by the same argument,
there exists some other agent {say agent 3) whose personalized outcome gives agent 2 higher utility
that his own. Since the total number of agents is finite at some stage say stage  iere must form a
cycle. Consider the permutation ¥

(21, .-, Zn) = (22,23, -+, Tho 1, Tht s Zhids -1 Fn)-

Clearly, ui(W(z)) > wi(z), i=1,...,&
u (F(z)) = ui(z), i=k+1,...,n

This contradicts that z € P [(S, zq)].
Q.ED.

A related proposition under the same assumptions has a similar proof to the above.

Proposition 3 (Varian (1974), Thomson and Varian (1985)) If z € P[(S, zo)] and prefer-
ences are selfish, then there ts some agent

i€{l,...,n} mie)==z = u(z) > ue(a(z)) VE€ {1,...,n} where
7(z) = (m(2), o 7(2), ..., mn(2)).

Thus at any Pareto efficient allocation there is a natural way to say which agents are “hest—off” (see
Proposition 2) and which agents are “worst—off” (see Proposition 3). Before we end s section, let
us make the following observation : A bargaining solution G : I — X, is called a social choice corre-
spondence if G [(S, zo)] ie independent of zg ¥(S, zp) € Z. Under such circumstances we can denote
G[(S,z0)] by G[S]. 1t is instructive to note that P, @ and PQ are social choice correspondences.

3. Acceptable Outcomes and Permutation Inva ince

Distributive justice is ultimately a problem in social choice. It may in the process of its implementa-
tion, entail redistributions of the initial endowments of the agents. This would imply a permutation
of the status—quo point — a definite change from what prevailed before the redistribution. 1n our
framework, and in most (non-authoritarian) economic situations, solutions are defined for bargain-
ing problems. We naturally have to organize a marriage of dist. butive justice and solutions to
bargaining problems, consistent witb our framework, if we desire to proceed with our analysis. Fi
we propose a few basic acceptability definitions.

Definition 1 Given a social choice problem S = ((w);_, , F), and a solution G : £ — X we say
that a pair (z,z0) € F' x F is a weakly G-acceptable configuration for S if

(a) € G[(S zq)}
(b) ¥ € I",Vi, 32’ € G[(S, m(z0))] s.1. wi(z) > uil(').

Definition 2 Given a social choice problem S = ((ui)_; , F), and a solution G : T v+ X we say
that a pair (z,To) € F x F 13 a semi-strictly G-acceptable configuration for S if
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(b) Suppose & is a strictly G~acceptable outcome for § = ((u;)]-, , ¥). Therefore there exists
zy € F, such that (S,20) € E, z € G[(S, zo)] and ¥x € I*, V' € G[(S, #{z0))], wi(z) 2 wi(c’) Vi.

Since G(.) € P{.) by _, sothesis, we have u;(z2) = u;(z') Vi.
o ' € G[(S,7(z0))] = wi(2) = wi(x) Vi
o G[(S,7(z0))] € {r' € F | ui(2’) = ui(=) Vi
Conversely, suppose y € {z' € F | u;(2’) = wi(2) Vi}. By property (P), y € G[(S, x(z0))}. -
Let us now show that z € G[(S, (zo))]Vx € O".
Let ' € G{(S, (z0))]). Interchanging the role of  and z’ in the statement of property (P) and
applying strict G-acceptability of z for G at S we get since G(.) € P(.),
1. wi(z) = w(2") i
2. 2 € G{(S, x(z0))]
o G(S,x(z0))] Vxr € 0"
Now applying property (P) to y and z once again at (S, x(zo)), we get since u;(y) = ui(2) Vi, that
¥ € G((S, 7(z0))]
o {2 € F | u(e) = wl2) Vi) C G[(S,7(z0))]
¢ (2 € F|uw(z) = ui(z) ¥i} = G[(S, 7(x0))]

® =z is strictly permutation invariant with respect to G at S.
Q.E.D.

Aun interesting discussion of the above concepts in relation to a pure exchange economy is availablé
iz Thomson (1983).

A resuit of general interest is the following :

Lemmal [fG:E— X ead &' : £ — X are two solutions such that G{(S, 20)} C G'[(S, z0),
€X and if z € G{(5,2)] for some (S,z) € E implies that Yr € II", z € G[(5,7(x))] , then
zeG'[(S. 7).

Proof.
z€¢[(52)] & Vrel",zeG|S x(2))]
> vYrel® ze (S x(2))]
> zeG'[(S 2).

QED.
ft should be noted that under the conditions of the above lemm- we have the stronger result that
z€ G (S, x(2))] Vx e O™,

Let I : ¥ — X defined by I[(S, o)) ={z € F | ui(z) > u;(zo) Vi} denote the individually rational
bargaining solution, where S= ((w)7;, F).
Proposition 5 Given a social choice problem S=((wi)’,, F), the set {z€ Flz € /[(S. o)) &

i=1

z€ I{(S,x(z))] Vx € 1"} = Q[S). (Refer to the definition of a social choice correspondence given
earlier).
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Proof. Let ye {z € F |z € 1{(5,2)] ¢ = € I{(S,x(2))] Vx € I"}

o yeIl(S n(y)]vrel™ *

e wi(y) 2 ui(r{y)) ¥r e "
» yeQIs)

Conversely suppose y € Q[5]

o wly) > w(ny)vre I

o yeI[(5 x(y))vr €™

Q.E.D.

Proposition 5 can be strengthened further. Let IP : £ — X defined by I[(S,z0)] N P[(S, z0)]
Y(S,zo) € T denote the individually rational Pareto—eflicient bargaining solution.

Proposition 6 Given a social choice problem 5= ((ui)i<,, F), the set {x € F |z € IP (S, z0)] &
z € IP[(S,z0))Vx € "} = PQ|S).

Proof. Similar to the proof of Proposition 5.
Q.ED.

Let I be the class of all social choice problems § = ((u;)%,, ). For the purpose of our subsequent
analysis we will assume that as before, X is identically decomposable.

A social choice correspondence can also be defined as a nonempty vaJued correspondence H : I' — X
such that for all S= ((ui)l<,, F), H({S) C F. Our above analysis, reveals that by using the concepts
of acceptability and permutation inveriance we can obtain from a bargaining solution, an induced
social choice correspondence which displays desirable properties. One of these desirable properties
i.e. astatus—quo alternative should itself be a candidate for a solution helped us in characterizing
the fair social choice correspondence.

4. A Generalization of the Walrasian bargaining Solution
and an Induced Social Choice Correspondence

The Walrasian correspondence of general competitive analysis can be suitably generalized. We
provide one such generalization, consistent with our framework. We assume as before, that X is
identically decomposable i.e. X = Y™ where Y is some set.

Definition 6 Let W : T — X be defined as follows : ¥(S,z0) € T,

[(S,z0)l = {z€ F|3u:Y — R such that for all i. u(z;) < u(zo;) and u(z}) < u(zo;) implies
UiZi, To) 2 iz, 2-i)}-
Then W is called the generalized Walrasian bargaining solution. Associsled with each z € W {(S, z0)),
s a function u : Y — R, @s can be observed from Definition 5. The u associated with [z, (S, zy))
will be cailed an indicator for [z,(S, 0)].

It sbould be noted that, unlike general competitive analysis, there is nothing in our definition of
i eralized Walrasian bargaining solution, which can easily be adjusted to imply W(.) C P(.).
] ver, we may associate with W the following induced rocial choice correspondence W :

: I' — X is defined es follows : W(S) ={z€ F|3zp€ F and u:Y — R such that z € W{(S, zp)]
u(Zo;) ~ u(zg,) Vi, j where u is the indicator function for [z, (S, zo)]}.

W is the appropriate gereralization of the Walrasian correspondence from equal incomes.

T  ollowing proposition establishes a desirable link :
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oposition 7 Suppose preferences are selfish. Then W C Q.
Proof Let z € W[5}, u:Y — R the associated licator funciion, and 2g the assoc
status-quo point,

® u(zo;) = u(zo;) Vi, j.

Let x € [I*, and suppose 7;(z) = z;

o u(z;) < u(2og)

o u(z;) < u(2oj) = ulzoi)

But £ € W(S) = u(z:) > uilz;)

. w@) > w (=)

e zE E[S]
Q.E.D.

Let WP = W NP i.e. Pareto efficient allocations belonging to W. Then we can prove the following
proposition, which strengthens Proposition 7.

Proposition 8 Suppose preferences are selfish. Then WP C QP.

Proof. Analogous to the above proof.

Proposition 8 comes very close to a standard result in the theory of justice, which says that Walrasian
allocations from equal incomes are fair. reasons mentioned eatl  we need to impose Pareto
efficiency on the generalized Walrasian asccial choice correspondence wrowl equal indicator values to
arrive at the desired result. :

As a final result we obtain an interesting characterization of W, which parallels an equivalent resuit
of Thomson (1983), for pure exchange economies.

Proposition 9 Given any sociel choice problem S € I', W[S] = {zeF|lze W[5 z)] &
z e W{(S x(z))] Vx eI}
Proof. Let z€ W[(S,2)} & z6W([(S,: )¥red".
Let x be euch that 7;(z) = z;. Let u be the indicator associated w [z, (S, #(z))].
. u(z) < u(n(@) = uizs)
" Now chooeing 7’ to be such that x}(z) = z;, we get,
u(zy) < u(z)
o u(z:) = u(z;) Vi, j
» zeWIS).
Conversely, let z € W{S5], z be the status—quo point and u be the associated indicator function,
L] u(zm) =u (‘l‘.’(zo)) VxelI® )
Also, ui(z') € wi(z) ¥z’ = (2}, 7z_;) such that u(a_ : u(zg;)
& (=) < w(z) V2’ = (2}, 3-:) such thet uw(z}) < u(xi(z0))
s zeWI[(S )] ze WS x(z))] Vxre"

This proves the proposition.
QE.D.
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