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Estimation of the partial order
on the basis of pairwise comparisons in
binary and multivalent form
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Abstract

The problem of estimation of the partial order on the basis of multiple
pairwise comparisons with random errors, in binary and multivalent form
is investigated. The estimators are based on the idea of the nearest
adjoining order (see Slater 1961, Klukowski 2011). Two approaches are
examined: comparisons indicating direction of preference (binary) and
comparisons indicating difference of ranks (multivalent) - both with
possibility of incomparable elements. The properties of estimators and
optimization problems for estimates obtaining are similar as in the case of
complete relation. The assumptions about distributions of comparisons
errors are not the same — they comprise the case of incomparable elements.

Keywords: estimation of partial order, multiple pairwise comparisons
with random errors, binary and multivalent comparisons.

1 Introduction

The problem of estimation of complete preference relation on the basis of
multiple pairwise comparisons in binary and multivalent form with random
errors has been considered in Klukowski 1994, 2011 Chapt. 7 — 11. The same
approach can be applied to the partial order — the main difference is taking into
account incomparable elements. This fact indicates the following modifications:
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equivalent elements are not allowed, distributions of comparisons errors include
probabilities related to incomparable elements, an aggregation of comparisons of
individual pairs with the use of median is not considered.

The idea of estimation is minimization of differences between relation form,
expressed in a specified way, and comparisons (Slater 1961). Thus, the estimates
are obtained as optimal solutions of the integer programming problems.

The approach rests on statistical paradigm; therefore, provides properties of
estimates and possibility of verification of the results. The main property is
consistency, for number of comparisons (of each pair) N — o0, under weak
assumptions about comparison errors. In the case of binary comparisons it is
assumed that probability of a correct comparison is greater than incorrect one. In
the case of multivalent comparisons, expressing differences of ranks of
comparable elements, it is assumed that distributions of comparisons are
unimodal with mode and median equal zero. In the case of pairs including
incomparable elements, it is assumed that the probability of correct recognition
of incomparability is greater than %. The estimators can be applied also in the
case of unknown distributions of comparison errors, which have to satisfy the
assumptions made.

In earlier works of the author (Klukowski 1994, 2008, 2011) two kinds of es-
timators have been considered: the first one based on total sum of differences,
between relation form and comparisons, and the second - based on sum of dif-
ferences with medians of comparisons of each pair. The second estimator re-
quires lower computational cost, what is important for large N. In the case of
partial orders, such the estimator can be applied, in simple way, only for binary
comparisons. Thus, the median case is omitted in the work.

The idea of the estimators, in the case of binary comparisons and complete
relation, was presented in Slater (1961); some other ideas in the area of pairwise
comparisons have been presented in: David (1988), Bradley (1984), Flinger,
Verducci (eds.) (1993).

The paper consists of four sections and appendix with the proof of the theo-
rem from section 3. The second section presents definitions, notations and as-
sumptions about comparisons errors. In next section is considered the form of
estimators, for both kinds of comparisons, and their properties. Last section
summarizes the results.

2 Definitions, notations and assumptions about compari-
sons errors

2.1 Definitions and notations

The problem of estimation of the partial order on the basis of pairwise com-
parisons can be stated as follows.
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We are given a finite set of elements X={x,,..., x,,} (3<m<ow). There exists
in the set X the partial order relation R?”. Each pair of elements (x;,x;) is or-
dered or incomparable; thus the set of indices:

Ry={<i,j>|i=l....m, j=i+1,...,m} (1)
can be divided into two disjoint subsets, including comparable 7, and incompa-
rable 7, pairs of indexes, i.e.: R, =1, J],.

The partial order relation can be expressed in binary and multivalent way.
The binary description 7 (x;,x;) (<i,j>€R,,), expresses direction of prefer-
ence in a pair of elements or their incomparability; it assumes the form:

—1if x; precedesx ;,
Tb(Xian)= 1 ifx_,- precedes x;; ()

2if x;and x;incomparale.

The multivalent description 7 ,(x;,x;) expresses the difference of ranks of
comparable elements, denoted ¢, or their incomparability; d;=r—s deter-
mines a distance between the elements: 7 is a rank of x;, s is a rank of x;. The

distance can be presented at a digraph — it is a number of edges connecting ele-
ments of a pair; it has to be lower than m . This description assumes the form:

d; if elementsx; and x; are comparable

Ty(xi7xj)={ (3)

mif elementsx; and x ; are not comparable

The values of the binary description are included in the set {-1,1}\ {2}, the
values of multivalent description - in the set {—(m—1),...,—1,1,...,m—1}u{m} .
The sets including “comparable values” — binary and multivalent will be denoted
—respectively g, and o,

o,={-11}, py:{—(m—l),...,—l, L...m—1}. 4)
Examples of the values 7,(x;,x;) (e b, u}).

The relation form — a partial order:
x1 precedes x,, x; precedes x;, x, and yx; incomparable, x, precedes x,, x;

precedes x., x4 precedes xs,
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1e.:

I,={<12><13><14><1,5>,<24><25><3,4><3,5>,<45>},

[,={<23>}. '
The values of 7,(x;,x;) (ve{b, u}) assume the form:

[x =1 =1 =1 —1] [x =1 =1 =2 =37

x 2 -1-1 x 5-1-=2

Tp(xi>x;)= x =1-11|, T,(xix;)= x —1=-2
x =1 x =1
L x_ . X .

2.2 Assumptions about comparison errors

The relation form, i.e. the function 7,(x;,x;) or T,(x;,x;), has to be deter-
mined (estimated) on the basis of N (N>1) comparisons of each pair
(xi»x;) (<i,j>€R,) in binary form or multivalent form, disturbed by random

errors. The form of the function 7,(x;,x;) (Le{b,u}) has to be compatible
with comparisons; they will be denoted — respectively - g, (x;,x;) and
g#k(x,-,x_,-) (k=1,...,N). The comparison errors - respectively ¢Zk(x,-,xj) or

¢:‘k (xi»x;) can be expressed in the following form:

* Olfgbk(x,-,x_,-) andTb(x,-,xj) arethesame,

Poi(xisx ;)= (5)
1f g, (xi»x;) and T\, (x;,x;) are notthe same,
Oifg#k(xiax/')=ma”dTy(Xia)C_/):ma

¢:tk(xi’xj)= 8 xisx )= Ty (xisx DI 8 g (xinx)s Ty (xis x ) # m, (6)

2m—1in other cases.

The distributions of comparison errors have to satisfy the following assump-
tions.
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Al. Any comparison g, (x;,x;) (v elb,u}; k=1,..,N; <i,j>eR,), Is an
evaluation of the wvalue 7T,(x;, x(,-); the probabilities of errors

P(¢Zk (xi»x;)=1) (1€{0,1}) have to satisfy the following assumptions:

P(gy, (xisx)=0)21-8 (5e(0, 4)), (7)
P(B1,(xi>x)) = 0) + Py, (xiox ) =1) =1, ®)

T PP (oo ) =1 | 8, Ceisx 1T Crinx ) 2 m) 218, (5 (0 ), ©

1§0 P(¢:k(xi’xj)=l |g#k(xi’xj)’Ty(xi’xj)'_’tm)21_5’ (56(0’ %))’ (10)

P(g Ceisx ) =1 | @ o (xinx 5T e x ) # m, 12 0) 2

(11)
2P(¢M(Xiax/')=l+1 |g'uk(xia.xj)aT'u(xiﬂxj)'_’tmﬂlZ0)9

P(g,, (xinx ) =1 | € (xinx )Ty (xix ) £ m, 1 0) 2 12
ZP(¢M(XI’X])=I_1 |g'uk(xz'axj‘)’T'u(Xi’Xj)?tmalso)’

[¢2Zm_1P(¢'uk(Xi’xj)=l |g#k(Xiaxj')aTy(Xian)¢m)+ (13)

+ Py (xinx ) =2m—1 | T, (xix ) 2 m) =1.

P(¢:k(x,-,x‘,-)=0 | & s x s T (xisx ) =m) 21=68, (5€(0, 4)), (14)
P(¢:1((Xiaxj')=0 |g#k(Xian)»Ty(Xi»Xj)=m)+ (15)
F PGy (riox ) =2m=1 | @y (rivx ) 2, Ty ) =m) =1,

P(¢:1((xiaxj)=2m_1 |g#k(xl"xj')=ma Ty(Xian)GSO,,)S (16)

<SP(g, (xix)=1 |l #2m=1,T (xix) €p,).
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P(¢;1((xiaxj)=2m_1 |g/,k(xl"xj')=ma T,u(Xian)ESO/,)"‘
* (17)
+ X (¢/,1((xi9xj)=l |T,u(xiaxj)650,,)=1~

1#£2m-1

A2. The comparisons: g,,(x;,x;) (k=1,..,N; <i,j>eR,) are independent
random variables and the comparisons: g y (xi>x;) (k=L..,N; <i,j>€R,)

are independent random variables.

The assumptions about comparisons reflect the following facts.

In the case of binary comparisons the probability of a correct comparison is
greater than incorrect one (see (7), (8)).

In the case of multivalent comparisons the following properties hold true.
The probability of correct detection of incomparable pair is greater than % (see
(14), (15)). The distribution of the error, in than case of comparable pair, is uni-
modal with mode and median equal zero (see (10) — (13)). The probability of
incorrect detection of incomparable pair is not greater than any probability of
any incorrect difference of ranks (see (16)).

The assumption about independency of comparisons can be relaxed in such
way that comparisons of the same pair are independent and comparisons of pairs
comprising different elements are independent.

The random variables ¢, (x;,x,;) and ¢ p (x;>x,) for any partial order, de-

noted respectively by #,(x;,x;) and ¢ u (xi>x;), can be expressed in the follow-

ing form:

0if g, (xi>x;) and ty(x;, x ;) arethe same,

Lif g, (xi>x;) and t,(x;, x ;) are not the same,

¢bk(Xian)={

Oifg,,l((xia)C_/):mandt,u(xl'axj')=ma
B (xix ) =38 (xisx )=t (xisx ) I & e (xisx )t (xi5 x ;) # m,

2m—1in other cases.

3 Estimation problems and properties of estimates

The idea of estimation problems is to minimize differences between compari-
sons, in binary or multivalent form, and relation, expressed in compatible way.

Thus, the estimates 7, (x;,x,) or 7‘*/‘ (xi>x;) (<i,j>€R,,) are the optimal solu-

tions of discrete programming problems — respectively:
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N

min{ X 1 B (xisx )} (18)

Fx <i,j>€Ry k=

min{ T % g (19)

Fx <i,j>€R, k=l

where:
F y - feasible set, i.e. family of all partial orders in the set X,
P (xisx;) (Leib,u}) - differences between comparisons and any relation

from a family g .

In the book Klukowski (2011) has been proved consistency of such estimates,
as N — oo, in the case of the complete preference relation. The proofs of the
property are based on the following facts. Firstly the expected value of the ran-
dom variables:

=

Wy= 3% Bpi Cxinx DE (20)
<i,j>€R k=1
* N *
Wy= Z Z ¢‘lk(x:"x‘j) s (21)
<i,j>€eR k=1

expressing differences between comparisons and actual relation (7, (x;,x;) or

Tu(xi>x;) (<i,j>€R,)),are lower than expected values of the variables:

=

Wb= Z abk(xiﬂxj)ﬁ (22)
<i,j>€R k=1

w,= X % |¢Nﬂk(xi,xj)

<i, j>€R k=1

(23)

b

expressing differences between comparisons and any other relation, expressed
by 7,(x;,x;) or fﬂ(x,-,x_,-). Secondly, the variances of these variables, i.e.:

Var(=wy), Var(+=w,), Var(%w,), Var(%ﬁ/#), converges to zero, as

N — 0. Thirdly, the probabilities: P(#},<jy,) and P(W,<Jy,) converge to

one, as N — oo ; the speed of convergence is determined by exponential subtra-
hend. These relationships can be formulated shortly in the following
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Theorem

The following relationships hold true:

EW;)<EG7,). (24)
EW;)<EGV,). (25)
lim Var(£w3) =0, lim Var(+7,) =0, (26)
N—>w N>

lim Var(4w,)=0, lim Var(5,)=0, (27)
N>w N—>w

PWy<7,)21—exp2N(J—-8)7 (28)
P(W,<J7,)21-exp{-2NG }, (29)

where: § - positive constant, dependent on fﬂ (xi>x;) -
Proof — Appendix.

The relationships (24) — (29) are the basis for the estimates 7, (x;,x;) and
7‘*# (xi>x;) - indicate their consistency. It is so, because the actual relation gen-

erates random variables 77, or W:, with minimal expected values in the family
F x and variances converging to zero. The optimal solutions of the problems

(18) and (19), determining relations with minimal values of differences with
comparisons, detect such the relation with probability converging to one. The
approach can be applied in the case of unknown probabilities of comparison
errors; it is especially important in the case of multivalent comparisons.

Minimization of the functions (18), (19) is not easy problem. For a low
number m, of elements of the set X, i.e. several, they can be solved with a use of
complete enumeration. For moderate m the problem with binary comparisons
can be solved with the use of optimization software. In remaining cases heuristic
algorithms are necessary (see also Hansen, Jaumard, Sanlaville 1994).
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4 Concluding remarks

The paper presents estimators of the partial order relation on the basis of pair-
wise comparisons in binary and multivalent form. They have similar properties
as estimators of complete relation — in particular consistency and speed of con-
vergence. The case of binary comparisons is similar to the complete case, i.e.
assumptions about comparisons errors and the form of the estimators. In the case
of multivalent comparisons the assumptions about distributions of errors are
more complex and lead to elimination the approach based on medians from
comparisons. The estimators can be applied also to other structures of data, es-
pecially trees.

Appendix
Proof of the Theorem (relationships (24) — (29)).

The inequality (24), i.e. E(W},)< E(jy’,) can be proved in similar way as the
inequality (32) in Klukowski (1994).

The expected value of the difference W, — 7, assumes the form:

E(WZ—Wb)=

N N o
E( ¥ %2 6xisx)— X2 X ¢, (xisx))=,
<i,j>€Rk=1 <i,j>€R, k=1

S5 B (rix)— g, (riox ).

k=1 <i,j>€Rn
It is clear that each component E(¢Zk(x,», X j)—g i (xisx;)) can be: zero or
negative, because the probability of correct comparison is greater than 1/2; the

value of zero corresponds to the case 7 (x;,x;)=T,(x;,x,), negative — to the

case T (x;,x,;)#T,(x;>x;). This fact is sufficient for the inequality (24).

The inequality (25) can be proved in similar way, however it is more cumber-
some; the case of complete relation, is presented in Klukowski (2008)). Let us

consider two possible cases: T,(x;,x;)=m, fﬂ (xi>x;)#m and opposite

Ty(xfa-xj):'tma f‘u(-xi’xj)=m .

In the first case:
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E(|¢:k(xnx,-)| —‘JF,{ (xi>x;)

E (|¢;k (xi5x,)

3T u(xisx;)=m)=

5T u(xisx;) = m)—E(|¢7Fk(xnx_,-) sTu(xisx)=m)=

E(| ¢:k (Xiax_[)
Q@m=DP(p; (xi»x,)=2m=1; T, (x;5x,) =m),

;T,u(xiaxj)=m)=

E(lg'uk(xnxj')

(2m—1)P(|$#k(x,»,xj)|= 2m=1;F ,(xirx,) # m)+

3T u(xisx)) = m)=E(|$'uk(Xia.Xj) 3T (xiox)) £ m)=

+ 2= T Grise )| (P Ceioe ) =D
€,

The wvalue of (Al) is lower than (A2); it 1is so
P, Cxirx ) =2m =15 T, (x;x,)=m) < 4 and
P(g,uk(x“x/')=2m—1 f,,(x“x]'):ﬁ m)> ).

In the second case:

E(|¢:k(xnxj)
Qm—=1)P(¢, (xix,)=2m—1; T, (xiox,) # m) +

;Ty(xi7xj)¢m)=

IZ | Z—T,U(Xia.Xj)| P(g,uk(Xi’x./')=l; TF(Xian)#m)a
€0,

E(lgﬂk (x,-,x_,-) Qf,,(xi,x_,-)= m)=

Cm=1)3% P(g,(xix)=1| T ,Cxi>x;)=m).

[epﬂ

The value of (A3) is lower than (A4), because:
- in (A3) the component with maximal probability

(A1)

(A2)

because

(A3)

(A4)

P(gﬂk (xi>x;)= Ty (xisx;)s T, (xi»x;) # m) equals zero, the component

@2m—=1D)P(g 4 (xi>x;)=m;T,(x;,x;) #m) is a product including factor

equal to minimal probability, remaining components are products in-
cluding probabilities lower than maximal and values lower than 2m—1;
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- in (A4) the component with minimal probability

P(gﬂk (xi»x;)=m;T,(x;;x;) #m) equals zero, while remaining part of

probability (i.e. 1—P(g,,k (xi>»x))=m;T,(x;x;) #m) is multiplied by
2m—1.

The proof of the inequality (25), for remaining values of 7 ,(x;,x;),

T,(xi>x;) (<i,j>€R,), s similar.

The validity of the relationships (26) results from following facts:

. * ~
- cachrandomvariable: ¥ ¢, (x;,x;) and ¥ g, (xiox))
<i,J>€Rp <i,J>€Rp

(k=1,...,N) has finite, bounded expected value and variance,

. . N *
- the variances of the variables: % Y X bu(xix)),
k=1 <i,j>€R,

M=

3 J o (xi»x;) are bounded; their values will be denoted - re-
<i,j>€Rm

L
N
k

spectively: %VZ and 7, , where: V', and 7, - maximal variances of

N ¥
the variables 3 ¥ ¢,,(x;>x;) (k=1,...,N) and

k=1 <i,j>€Rny
N 7 .
2 2 ¢, (xi-x;) respectively;
k=1 <i,j>€R.

1 N 1~
- the values 7, and <)/, converges to zero as N —co.

The validity of the relationships (27) can be proved in similar way.

The validity of the inequalities (28), (29) can be proved on the basis of
Hoeffding’s (1963) inequalities for a sum of independent bounded random vari-
ables. The inequality assumes the form:

P(é V-3 E(yy)2 N)<exp2N¢/(b—a)?), *)

k=1
where:

Yy,---, Yy - independent random variables satisfying P(a<y,<b)=1, a<b,
t — positive constant.
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The inequality (*) can be applied to the random variables
N * ~ .
2 2 @ulxix)—¢ ok (xi>x;))  (velb,u}), after a following transfor-

k=1 <i,j>€Ry
mation:

PSS Bulonx)=F, (i) <0)=

1-P( é LI Buleix) =g xix)20)=
1- P( kﬁ L @) =g o )=

E é L Bulax) =g G )2
Z—Eé L Bulion) =g ()

In the case of binary comparisons the value (b—a)”, in inequality (*), equals
one and (after simple transformations) #=()5—¢&); moreover the component:

N * ~ . . .
—-EY ¥ (@u(xix;)—g, (xi-x;) 1s negative. These facts proves the ine-
k=1 <i,j>€R,, ’ ’

quality (28).

The proof of the inequality (29) is similar with such a difference that the val-
ue (b—a)’ is different than one and the value of ¢ cannot be expressed on the
basis of &§; more precisely, the value of ¢ depends on distributions of compari-
son errors and a value of T (xi»x;). The value of g* in (29) is determined in
similar way as in the case of complete relation (Klukowski (2008)).
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