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<> Applications of informatics in environment engineering and medicine 

BIO-ECONOMICS MODELS TRANSITIO N TOW ARDS 
SUSTAINABILITY ON THE RURAL AREAS 1 

Joanna MIKLEWSKA 
Agricultural University in Szczecin 

<miklewsk@erl.edu.pl> 

In this paper we focus on the modeling renewable resource (fishery resource 
in the lakes on the rura[ areas) under sustainable development with governing 
dynamics described by two distinct growth functions. We introduce to 
standard growth model the seasonally varying as disturbance, as an example 
of extreme event. We employ the Pontryagin's maximum principle to derive 
the optima! solution (optima[ effort policies) for both the growth models. 
We give solutions in professional software (MATHEMAT!CA) and in popular 
program (Excel). 

Keywords: Bio-econornic model, growth function, optima! control, 
sustainable harvesting, seasonal variability. 

1. Introduction 

The paper reveals possibilities of operationalization of sustainable growth of 
renewable resources achieved with applying the optimal control theory. 

The main purpose of this paper is to present the preliminary results of the 
research project of The Ministry of Science and Information Society Technologies 
concemed with extreme events in hu mank.ind environment. We focus on the 
modeling renewable resource (fishery resource in the lakes on the rural areas) under 
sustainable development with goveming dynamics described by two distinct growth 
functions: logistic and Gompertz growth functions . We introduce to standard model 
the seasonally varying as disturbance, as an example of extreme event. 

Among the main target of humankind is a conservation of an environment, 
e.g. renewable resources. Sustainable exploitation of a fishery resource requires that 
the sum of the present value of net revenues be maximized. Setting sustainable yield 
levels for this purpose will depend on: (a) the biologica! balance between 
recruitment, somatic growth and mortality rates, (b) dynamie fluctuations in costs 
and prices in a regional and international context probably reflected in the interest 
rate, and (c) socio-economic and political conditions. In seminal work (Clark, 1990) 

1 Project of the Ministry of Science and lnformation Society Technologies, No. PBZ-KBN-086/P04/2003 
and Inner University Grant of the Agricultural University in Szczecin No. BW/HE/03/03. 
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there is excellent introduction to optimal management of renewable resources, 
wherein he developed optimal harvesting strategies for both single and multiple 
dimensional deterministic autonomous ecosystems. There has been considerable 
study in recent years (Ludwig 1997; Carpenter et al, 1999; Janssen et al. 1999; 
Miklewska 1995, 1996, 2004, 2005a, 2005b) on optimal management of renewable 
resources from various perspectives. The need for sustaining of the resources for 
future generations on the rural areas is the motivating factor for these studies. 

2. Setting the research problem 

Let us consider the following optimal control task for and effort policy, E: 

max l(E)= fe- 61 [p(x,t)•E·g(x,t)-c(x,t)·E]dt (1) 
Ee[E.~ ,E-] 

subject to dynamie equation 

x=f(x,t)-E-g(x,t) (2) 

where 

c(x,t), J (x ,t), g(x,t) and p(x,t) are assumed to be c• functions of resource x and 

time t, 8 is a social discount rate. The associated current value hamiltonian 
(Pontriagin et al. 1962; Weitzman 2003) is given by 

H = l[ f ( X ,t )- E · g ( X ,t)] + p ( X ,t) · E · g ( X ,t )- E · c ( X ,t). (3) 

Hamiltonian H is linear in the control variable E, hence, the optima! solution 
is a combination of bang-bang and singular controls on the infinite horizon. The 

associated costate variable l{ t) (shadow price for state variable X ( t)) is given by 

(4) 

that is 

The singular control is characterized by the zero of the switching function 
along an interval, that is, when 

on an interval. Thus along the singular solution we have 
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(p-l)g-c=O. (6) 

Differentiating (6) we have 

( ap ap . . ) ( ( ag ag . ) ac ac . -+-x-l g+ p-l) -+-x =-+-x. 
at ax at ax at ax 

(7) 

Using equations (2), (5) and (6) in (7) we obtain 

a a ( c )[ag ag ] ac ac -(pg)+f-(pg)- p-- -+-f +g(8-Jx) =-+-! 
at ax g atax atax 

(8) 

This is an implicit equation for x as a function of t and characterizes the 
singular solution. (8) with (2) determines the singular control. Clearly, the nature of 
the singular solution and the singular control depends on the nature of the involved 
functions c(x,t), J(x,t), g(x,t) and p(x,t) along with their partia! derivatives with 

respect to t and x. Now the optima! control can be constructed by restricting this 
control to the bounds [Em;n, Emaxl- Hence, for the considered problem, the optima! 
control is always a combination of bang-bang and singular controls. The singular 
path will be a singular optima! path if the singular effort policy E(t) obtained from 
(8) satisfies E(t) E [Emin, Ema.-J for all t. 

3. Two growth models with harvesting and seasonal varying 
environment 

We investigate the nature of solutions of the two population growth models: 
the logistic (Miklewska 2005a) and Gompertz (Howard 2005) models modified by a 
harvesting term in a seasonally varying environment. We assume that the growth 
rate and carrying capacities of the considered population are periodic with the same 
period T. Our aim is to obtain an optima! harvesting policy E(t) which maximizes 
the time stream of net revenues l( E) to the owner (harvester) on the infinite horizon 
when the resource dynamics is govemed by either the logistic or the Gompertz 
equation. 

3.1 Problem l - the Logistic model 

Let us consider the first problem 

subject to 

(9) 
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: =x(a(t)-b(t)x)-E•x, (10) 

with 

(11) 

where 

a ( t) is a growth rate of the renewable resource and : i: I is a carrying capacity of 

the model ( IO) . 

3.2 Problem 2 - the Gompertz model 

Let us consider the second problem 

subject to 

with 

dy =y(a(t)-/J(t)ln(y))-E-y, 
dt 

(12) 

( 13) 

(14) 

where 

a( t) is a growth rate of the renewable resource and (a(t)) is a carrying capacity 
exp P(t} 

of the model (13). 

4. Optima( solutions 

Both in the two problems, <5 is the instantaneous annual rate of discount, p is 
the price per unit harvest, c is the cost per unit effort and Ema.x(Em;n) represents the 
maximum (minimum) allowable effort in the harvesting activity by the harvesting 
enterprise. In this paper <5, p and c are assumed to be constants. 
The function E(t) E f Emim Emaxl which solves Problem I (Problem 2) is the optima! 
harvest policy and the corresponding solution x(t) of Problem I (y(t) of Problem 2) 
with E = E(t) is the optima! path. We apply the observations made in section 2 to the 
problems l and 2 and obtain optima! harvesting policies i.e., the values of E(t) such 
that /( E) is maximized for the respective problems. We obtain the path traced by the 
solutions x(t) and y(t) with the optima! harvesting policy so that if the populations 
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under study are kept along this path, we are assured of achieving the objective of the 
harvesting enterprise. 

4.1 Optima! solution (optima! harvest policy) for problem l 

Following the optima! control problem discussed in section 2, we have 
p(x, t) = p, c(x, t) = c, g(x, t) = x and f(x, t) = x (a(t) - b(t)·x). The singular 
trajectory of the population is given by equation (8) which is nothing but the positive 
solution, denoted by xs(t), t > O, of the quadratic equation 

2b(t)px 2 -x(b(t)c+p(a(t)-8})-8c=O. (15) 

U sing the equation ( 10) we ob tai n the singular ef fort policy to be 

E,(t)=a(t)-b(t)x,(t)+ 
pa'(t)+b'(t)c -2pb'(t)x, (t) 

4pb(t)x, (t)-cb(t)- p(a (t)-8} 
(16) 

We emphasize that Es(t) is a function of t only. lt can be easily verified that 
the singular effort policy reduces to the policy developed by Clark ( 1990) in case the 
coefficients a(t) and b(t) are constants. Note that the functions x,(t) and E,(t) are 
defined in terms of an implicit equation (15). We can establish that this implicit 
equation admits a unique physically meaningful solution. We can also show that this 
solution is periodic and that the denominator term in the equation (16) can never 
tend to zero. This proves that the functions xs(t) and E,(t) are well defined. 

In first step we compute numerical solutions for the optima! harvesting 
problems considered in our paper. We assume the following explicit periodic forms 
for the coefficient functions. a(t) = at(t) + az(t) coi(t), b(t) = bt(t) + bz(t) sin(t), 

~t) = at(t) + az(t) coi(t), fr.t) = /3,(t) + /Jz(t) sin(t). 

One of solutions for Problem I is presented on Fig. 1 and Fig. 2. We assume 
the values of the parameters and initial stock levels to be: a(t) =I+ O.I coi(t), b(t) 
=I+ O.i sin(t), p = 5, c = I, ó= O.Ol, Emin= O, Emax = I, x(O) = I. Solutions were 
achieved in MATHEMATICA and Excel independently. 



90 

x(t) 

0.69 

0.65 

0.63 

0.57 

0.55 

o 5 

foanna MIKLEWSKA 

--------- --- ~~ 

Optima! solution for Problem I 

10 15 

time 

20 25 30 

Figure l. Optima! x(t) for Problem l. (Source: Own investigations m 
MA THEMA TICA and Ex.cel) 
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Figure 2. Optimal E(t) for Problem l. (Source: Own investigations m 
MA THEMA TICA and Excel) 

4.2 Optimal solution (optimal harvest policy) for problem 2 

The procedure to obtain the optimal harvest policy in this case is similar to 
the previous one. We list the important equations with explanation wherever it is 
necessary. We observe that the function / = y ( o( t) - fr. t) ·ln( y)) is a C1 function on 
the sety > O. The current value hamiltonian for this problem is given by 
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H ( y, l, t) = [ p E ( t) y ( t) - cE ( t)] + l y ( a ( t )- p ( t) ln ( y )- E) ( 17) 

which is linear in control variable E. Dynamics of the costate variable A(t) for 
this problem is described by 

:: = '51-[ pE + l( a(t)- P(t)ln(y )- P(t)-E)]. (18) 

The singular trajectory for the optima! control problem (8), is given by the 
positive solution ys(t) of the equation 

P(t)y(ln(y) + 1) + ( ó -a(t))y-(c I p )( t5 + P(t)) = O ( 19) 

and the corresponding singular effort is given by 

E, ( t ) = a ( t ) - P ( t) ln ( y, ( t)) + 

(cl p)fi'(t)-y, (t)(P'(t)ln(y, (t))-a'(t)+ P'(t)). (20) 

y, ( t) [ P ( t) ( ln ( y, ( t ) ) + 2) - a ( t) + ó] 
The functions y,(t) and E,(t) are well defined and they are periodic of period T. 

Solutions were achieved in MATHEMATICA and Excel independently. 

S. Conclusions 

The operationalization of the sustainable development requires providing 
decision makers and managers of renewable resources harvesting with effective 
tools to solve rather complex problems of optima! control. Incorporating into 
classical growth models, namely, the logistic and Gompertz equations, seasonality 
by assuming periodic growth rates and periodic carrying capacities allowed for 
obtaining optima! harvest policies and optima! solutions for both the models . The 
optima! harvest policy is meant to maximize the net revenue to the harvester on the 
infinite horizon. 

Pontryagin's maximum principle was applied to derive the optima! effort 
policies for both the growth models. These policies are derived as an application to a 
generał optimal harvesting problem considered on the infinite horizon where the 
control variable, i.e., effort, enters linearly into the hamiltonian. This procedure can 
be easily extended to diverse situations where price, cost are also seasonally 
dependant along with stock and effort. This method can also be applied to the cases 
where the growth dynamics of the resource is perturbed seasonally varying forcing 
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functions provided the dynamie constraint in the optima[ harvesting problem admits 
a unique globally stable periodic solution for a reasonable periodic harvesting effort 
i.e., whenever the harvesting function belongs to the control set [Emin, Emaxl-

We used the first solvers which can be run in widety available computer 
software environment, e.g. MATHEMATICA and MATLAB. Moreover, on the 
whish of the reader, solver done in Excel can be provided, what broadens a circle of 
receivers. 

The presented approach may be useful as a link of rather sophisticated 
problem of optima[ growth under sustainability conditions with rather simple 
practical solutions. lt is an example of bridging between science and action. 
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