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Abstract

In this paper we evaluate the model of portfolio which consists of a few lay-

ers of insurance and financial instruments. The approach based on neutral

martingale method and Monte Carlo simulations is used. In order to price

the catastrophe bond we use fuzzy parameters and apply Vasicek model

under assumption of independence between catastrophe occurrence and be-

haviour of financial market. Then the simulations based on the obtained

fuzzy pricing formula are carried out. The presented fuzzy sets approach

may incorporate expertise knowledge to overcome lack of precise data in

the discussed case.

Keywords: catastrophe bonds, insurance portfolio, Vasicek model, neutral

martingale method, Monte Carlo simulations, fuzzy sets.

1 Introduction

The insurance industry face overwhelming risks caused by natural catastrophes.

Losses from single catastrophic event could reach 30 billion $ (Hurricane Andrew,

1992) or even 40 – 60 billion $ (Hurricane Katrina, 2005, see [16]). To cope

with dramatic consequences of such extreme events integrated policy based on

applying a whole set of financial and insurance instruments is required.
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The classical insurance mechanisms are not prepared to deal with extreme

losses caused by natural catastrophes. Even one, single catastrophe could cause

problems with reserves for many insurers or even bankruptcy of these enterprises.

For example, after Hurricane Andrew more than 60 insurance companies became

insolvent (see [16]). The traditional insurance models (see [2]) deal with indepen-

dent, rather small risks like car accidents. In such case there is a simple strategy

of selecting an insurance contract portfolio: the greater the number of risks, the

better (see [2, 6]). But catastrophic risks require new strategies for an insurance

company. The sources of losses from natural catastrophes are strongly depen-

dent in terms of time and localization, e.g. single hurricane could start fire in

many houses. Therefore the traditional strategy of portfolio construction can only

increase the probability of bankruptcy of insurer (see [6]). Additionally, classi-

cal insurance mechanisms are often criticized because of serious problems with

adverse selection and moral hazard. Also the primary insurers rely on classical

reinsurance markets which are affected by pricing cycles.

As it was mentioned, the single catastrophic event could result in damages

measured in billions of dollars. Becuase daily fluctuations on worldwide financial

markets reach also tens of billion $, securization of losses may be helpful for

dealing with results of extreme natural catastrophes (see e.g. [4, 9, 10, 12]). One

of possible types of ”packaging” the losses is known as catastrophe bonds (see

e.g. [8, 19, 23]).

In this paper we evaluate the model of portfolio which consists of a few lay-

ers of insurance and financial instruments and may be constructed by the insurer

or other entity like government. We use approach based on neutral martingale

method, Monte Carlo simulations and fuzzy sets. We price the catastrophe bond

applying Vasicek model used for zero-coupon bound under assumption of inde-

pendence between catastrophe occurrence and behaviour of financial market. The

fuzzy parameters are applied for the obtained pricing formula. Then appropriate

simulations are carried out.

The constructed portfolio should be ”fair”, i.e. it should fulfil needs of both

insureds and insurers. In order to achieve this goal, we set the limits for the

probability of insurer bankruptcy and the probability of overpayment for insureds.

There is a need to take into account possible errors and uncertainties which

arise from estimation of rare events with serious, catastrophic consequences like

natural catastrophes. Therefore we apply the approach based on fuzzy sets which

may also incorporate expertise knowledge to overcome lack of precise, historical

data.

This paper is organized as follows. In Section 2 we present some preliminaries

for fuzzy sets. In Section 3 we discuss properties of catastrophe bonds, layers
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of the constructed portfolio, evaluation of such portfolio, consequences of fuzzy

approach for cat bond pricing and obtained results of Monte Carlo simulations.

We conclude the paper in Section 4.

2 Preliminaries

In this section we recall some basic facts about fuzzy sets and numbers.

Let X be a universal set and Ã be a fuzzy subset of X. We denote by µ
Ã

its

membership function µ
Ã

: X → [0, 1], and by Ãα = {x : µ
Ã
≥ α} the α-level

set of Ã, where Ã0 is the closure of the set {x : µ
Ã
6= 0}.

In our paper we assume that X = R.

Let ã be a fuzzy number. Then the α-level set ãα is a closed interval, which

can be denoted by ãα = [ãL
α, ãU

α ] (see e.g. [29]).

We can now introduce the arithmetic of any two fuzzy numbers. Let ⊙ be a

binary operator ⊕, ⊖, ⊗ or ⊘ between fuzzy numbers ã and b̃, where the binary

operators correspond to ◦: +, −, × or /, according to the ”Extension Principle”

in [29]. Then the membership function of ã ⊙ b̃ is defined by

µ
ã⊙b̃

(z) = sup
(x,y):x◦y=z

min{µã(x), µ
b̃
(y)} . (1)

Let ⊙int be a binary operator ⊕int, ⊖int, ⊗int or ⊘int between two closed

intervals [a, b] and [c, d]. Then

[a, b] ⊙int [c, d] = {z ∈ R : z = x ◦ y,∀x ∈ [a, b],∀y ∈ [c, d]} , (2)

where ◦ is an usual operation +,−,× and /, if the interval [c, d] does not contain

zero in the last case.

Therefore, if ã, b̃ are fuzzy numbers, then ã ⊙ b̃ is also the fuzzy number and

its α-level set is given by

(ã ⊕ b̃)α = ãα ⊕int b̃α = [ãL
α + b̃L

α , ãU
α + b̃U

α ] ,

(ã ⊖ b̃)α = ãα ⊖int b̃α = [ãL
α − b̃U

α , ãU
α − b̃L

α] ,

(ã ⊗ b̃)α = ãα ⊗int b̃α =

= [min{ãL
α b̃L

α, ãL
α b̃U

α , ãU
α b̃L

α , ãU
α b̃U

α },max{ãL
α b̃L

α, ãL
α b̃U

α , ãU
α b̃L

α, ãU
α b̃U

α }] ,

(ã ⊘ b̃)α = ãα ⊘int b̃α =

= [min{ãL
α/b̃L

α , ãL
α/b̃U

α , ãU
α /b̃L

α , ãU
α /b̃U

α },max{ãL
α/b̃L

α, ãL
α/b̃U

α , ãU
α /b̃L

α, ãU
α /b̃U

α }] ,
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if α-level set b̃α does not contain zero for all α ∈ [0, 1] in the case of ⊘.

Triangular fuzzy number ã with membership function µã(x) is defined as

µã(x) =







x−a1

a2−a1
for a1 ≤ x ≤ a2

x−a3

a2−a3
for a2 ≤ x ≤ a3

0 otherwise

, (3)

where [a1, a3] is the supporting interval and the membership function has peak in

a2. Triangular fuzzy number ã is denoted as

ã = (a1, a2, a3) .

Triangular fuzzy numbers are special case of Left-Right (or L-R) fuzzy num-

bers (e.g. see [1, 5]), where linear functions used in the definition are replaced by

monotonic functions, i.e.

Definition 1. A fuzzy set Ã on the set of real numbers is called L-R number if the

membership function may be calculated as

µã(x) =















L
(

a2−x
a2−a1

)

for a1 ≤ x ≤ a2

R
(

x−a2

a3−a2

)

for a2 ≤ x ≤ a3

0 otherwise

, (4)

where L and R are continuous strictly decreasing function defined on [0, 1] with

values in [0, 1] satisfying the conditions

L(x) = R(x) = 1 if x = 0 , L(x) = R(x) = 0 if x = 1 .

The L-R fuzzy number ã is denoted as

ã = (a1, a2, a3)LR .

Next we turn to fuzzy estimation based on statistical approach (see [3]). This

approach may be seen as a way to obtain L-R numbers based on statistical data.

Let X be a random variable with probability density function fθ(.). As-

sume that parameter θ is unknown and are to be estimated from a sample

X1,X2, . . . Xn. Let θ̂ be a statistics based on X1,X2, . . . Xn which is used for

such estimation. Then for the given confidence level 0 ≤ β ≤ 1 we have the

β · 100% confidence interval [θL(β), θR(β)] for θ which is established by the

condition

Pfθ
(θL(β) ≤ θ ≤ θR(β)) = β . (5)
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If we suppose that [θL(0), θR(0)] = [θ̂, θ̂] then we could construct fuzzy estima-

tor
ˆ̃
θ of θ̃. We place the confidence intervals, one on top of the other, to produce a

triangular shaped fuzzy θ̃ whose α-cuts are the confidence intervals on β = (1−α)
confidence levels. Therefore we have

ˆ̃
θα = [θL(1 − α), θR(1 − α)] (6)

for e.g. 0.01 ≤ α ≤ 1. In order to ”finish” construction of the fuzzy estimator,

we suppose that
ˆ̃
θα = [θL(0.99), θR(0.99)] (7)

for 0 ≤ α < 0.01. It means that we drop the graph of
ˆ̃
θ straight down to complete

its α-cuts (see [3] for additional details).

3 Portfolio construction

3.1 Catastrophe bonds

Because of problems with coverage of losses by insurance enterprises, depen-

dencies among sources of risks, potentially unlimited losses, problems with ad-

verse selection, moral hazard and reinsurance pricing cycles applying alternative

financial or insurance instruments may be profitable. The problem is to ”pack-

age” natural disasters risk and appropriate losses into classical forms of tradable

financial assets, like bonds or options. The most popular catastrophe-linked se-

curity is the catastrophe bond, known also as cat bond or Act-of-God bond (see

[8, 11, 19, 23]). Cat bonds were introduced in 1992, and become wider known in

April 1997, when USAA, an insurer from Texas, initiated two new classes of cat

bonds: A-1 and A-2. There is one important difference between cat bonds and

other financial instruments – the premiums from cat bond are always connected

with additional random variable, i.e. occurrence of some natural catastrophe in

specified region and fixed time interval. Such event is called triggering point (see

[11]). For example, the A-1 USAA bond was connected with hurricane on the east

coast of USA between July 15, 1997 and December 31, 1997. If there had been

a hurricane in mentioned above region with more than $1 billion loses against

USAA, the coupon of the bond would have been lost. As usually, the structure of

payments for cat bonds depends also on some primary underlying asset. In case

of A-1 USAA bond, the payment equalled LIBOR plus 282 basis points. As we

can see from this example, the triggering point changes the structure of payments

for the cat bond. The triggering points may be related to various kinds of random

events — e.g. to magnitude of earthquake, the losses from flood, etc. (see e.g.
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[17, 24]). The main aim of cat bonds is to transfer risk from insurance markets or

governmental budgets to financial markets.

3.2 Layers of portfolio

We construct the portfolio which has a few layers of financial and insurance in-

struments. This model or other similar portfolio may be used by insurer or other

organization (like government) in order to evaluate parameters and possible sce-

narios, e.g. to calculate the probability of ruin, the value of maximum losses for

given probability level, the necessity of using the considered instrument in the

evaluated portfolio, etc.

Let (Ω,F , P ) be a probability space. We consider trading horizon [0, T ′],
T ′ > 0. We fix some T ∈ [0, T ′]. The structure of catastrophe model is based on

subdividing the considered region into m nodes (or cells). Applying this structure,

the scenario of catastrophe and losses arising from this scenario may be simulated

(see e.g. [7, 8, 21]).

By C(j, t) we denote claims caused by losses for cell j on the time interval

[0, t] and by C(t) the aggregated demands for all cells on the time interval [0, t],
i.e. C(t) =

∑m
i=1 C(j, t). These claims depend on losses L(j, t). We apply the

proportional contract with lower bound given by formula

C(j, t) = qjL(j, t)I (L(j, t) > k0) , (8)

where qj is the proportion parameter, I(.) is the characteristic function and k0

is the lower bound. By L(t) we denote the aggregated losses, i.e. L(t) =
∑m

i=1 L(j, t), by Π(j, t) – the insurance premiums for the cell j on the time in-

terval [0, t], and by Π(t) – the aggregated premiums for all cells, i.e. Π(t) =
∑m

i=1 Π(j, t). Then the classical insurance model (see [2]) describing the evolu-

tion of the profit process for the insurer has the form

R(t) = R(0) + Π(t) − C(t) , (9)

where R(0) is the initial capital. In (9) we assume that the risk-free yield is equal

to zero.

The main goal for insurer is the maximization of the profit given by random

variable

Θ = R(0) + Π(T ) − C(T ) (10)

under the ”fairness” constraints, i.e. we limit the probability of insurer bankruptcy

by value p1

P (R(T ) ≤ 0) ≤ p1 (11)
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and the the probability of overpayment for insureds by p2 (see [19, 26])

P (c(j, T ) ≤ Π(j, T )) ≤ p2 . (12)

Because for natural catastrophes standard insurance mechanism may not be

adequate, we add some extra layers in order to create the whole portfolio of var-

ious insurance and financial instruments. The second layer in our portfolio is the

catastrophe bond issued by government, insurer or other enterprise. If insurer is-

sues such bond, then at the maturity time of the bond T the process (10) has the

form

Θ = R(0) + PV (Π(T )) − PV (C(T )) + Πcb − PV
[

f cb (C(T ))
]

, (13)

where PV denotes the present value of cash flow, Πcb – the aggregated premiums

from cat bond issuing, f cb(.) – the payment function for the considered kind of

cat bond. In our case the triggering point is connected with surpassing the limit

k1 by aggregated losses L(T ).
The next layers are connected with some form of external help. We assume

that the probability space (Ω′,F ′, P ′) describes this help.

If the aggregated losses are above some level k2, i.e. L(T ) > k2, then there

is possibility that special governmental fund may be used and this probability is

modelled as independent random event A2. We may assume that the value of such

fund is modelled by independent random variable X2 or this value is proportional

to the aggregated losses, i.e. ϕ2L(T ), where ϕ2 is the proportion parameter. The

next layer is the foreign help. Such help may be used if the aggregated losses

is above level k3, i.e. L(T ) > k3 and the probability of using this fund may be

modelled as independent random event A3. As previously, the value of such fund

may be denoted by independent random variable X3 or it may be proportional to

the aggregated losses, i.e. ϕ3L(T ).
Taking into account all the layers of the portfolio, the process (10) has now

the form

Θ = R(0) + PV (Π(T )) − PV (C(T )) + Πcb − PV
[

f cb (C(T ))
]

+

+ PV (X2) I(A2)I (L(T ) > k2) + PV (X3) I(A3)I (L(T ) > k3) (14)

or

Θ = R(0) + PV (Π(T )) − PV (C(T )) + Πcb − PV
[

f cb (C(T ))
]

+

+ PV (ϕ2L(T )) I(A2)I (L(T ) > k2) + PV (ϕ3L(T )) I(A3)I (L(T ) > k3)
(15)
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depending on the way we model values of the external help, under mentioned

previously constraints (11) and (12).

For the formula (14) or (15) we need some additional parameters, which may

be also calculated, like price of the considered type of catastrophe bond (see Sec-

tion 3.3). Because problems similar to the above equations are extremely sensitive

for the constraints, special maximization procedure may be used (see e.g. [6]).

3.3 Cat bond pricing

Let (Wt)t∈[0,T ′] be a Brownian motion. Let τ : Ω → [0, T ′] be a stopping time

defined by the formula

τ (ω) = inf
t∈[0,T ′]

{C (t) (ω) > 0} ,

where C (t) denotes aggregated demands introduced in previous section.

We assume that (Wt)t∈[0,T ′] and τ are independent. We denote by (Ft)t∈[0,T ′]

the filtration defined by formulas

Ft = σ
(

F 0
t ∪ F 1

t ∪ N
)

, F 0
t = σ (Ws, s ≤ t) ,

F 0
t = σ ({τ ≤ u} , u ≤ t) , t ∈

[

0, T ′
]

,

where

N = {A ∈ F : P (A) = 0} .

We assume that F = σ
(

⋃

t∈[0,T ′] Ft

)

. Then the filtered probability space
(

Ω, F, (Ft)t∈[0,T ′] , P
)

satisfies the standard assumptions, i.e. σ-algebra F is P -

complete, the filtration (Ft)t∈[0,T ′] is right continuous, what means that for each

t ∈ [0, T ′)

Ft+ =
⋂

s>t

Fs = Ft

and F0 contains all the sets in F of P -probability zero.

We denote by (Bt)t∈[0,T ′] banking account satisfying the following equation:

dBt = r(t)Btdt , B0 = 1,

where r is a risk-free spot interest rate. The solution of the above equation has the

form:

Bt exp

(
∫ t

0
r(u)du

)

, t ∈
[

0, T ′
]

.

We denote by B (t, T ) the price at the time t zero-coupon bond with maturity date

T ≤ T ′ and the face value equal to 1.
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Definition 2. We denote by IB (τ, T,Fv, w) a catastrophe bond satisfying the

following assumptions:

a) If the catastrophe does not occur in the period [0, T ], i.e. τ > T , the bond-

holder is paid the face value Fv;

b) If τ ≤ T , the bondholder receives the face value minus a write-down coeffi-

cient in percentage w.

c) A cash payments are done at date of maturity T.

Definition 3. B (t, T ), t ≤ T ≤ T ′ is called the arbitrage-free family of zero-

coupon bond prices with respect to r, if the following conditions are satisfied:

a) B (T, T ) = 1 for each T ∈ [0, T ′] .

b) There exists a probability Q, equivalent to P , such that for each T ∈ [0, T ′]
the process of discounted zero-coupon bond price

B (t, T ) /Bt , t ∈ [0, T ] ,

is a martingale with respect to Q. Then we have the following pricing

formula

B (t, T ) = EQ
(

e−
∫ T

t
r(u)du|F

Q
t

)

, t ∈ [0, T ] .

Let λu = −λ denote the risk premium for risk-free bonds. The following

Radon-Nikodym derivative defines a probability measure Q, equivalent to P :

dQ

dP
= exp

(
∫ T

0
λudWu −

1

2

∫ T

0
λ2

udu

)

P -a.s., (16)

such that B (t, T ) /Bt, t ∈ [0, T ], is a martingale with respect to Q.

We assume the Vasicek model of the risk-free spot interest rate r. The interest

rate satisfies the following equation

dr (t) = a (b − r (t)) dt + σdWt (17)

for positive constants a, b and σ.

We assume that financial market is independent of the catastrophe risk and

investors are neutral toward nature jump risk.

We apply the methodology from [27] to price the catastrophe bond.
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Proposition 1. Let IB (0) be the price of a IB (τ, T,Fv, w) at time 0. Let Φ
denote cumulative distribution function of τ . Then

IB (0) = Fv e−TR(T,r(0)) {1 − wΦ (T )} , (18)

where

R (θ, r) = R∞ −
1

aθ

{

(R∞ − r)
(

1 − e−aθ
)

−
σ2

4a2

(

1 − e−aθ
)2

}

and

R∞ = b −
λσ

a
−

σ2

2a2
.

From now we assume that the parameters of the spot interest rate are not

precisely known. To model this uncertainty we introduce fuzzy numbers ã, b̃, σ̃

and r̃0 in place of a, b, σ and r (0). We also treat the market price of risk as a

small fuzzy number. Therefore we replace the parameter λ by its negative fuzzy

counterpart λ̃.

Let F (R) the set of all fuzzy numbers. It is proved in [28] that each function

f : R → R, for which the inverse image of any value is compact, induces a fuzzy-

valued function f̃ : F (R) → F (R) via the extension principle and the α-level

set of f̃(Λ̃) is f̃(Λ̃)α = {f(x) : x ∈ Λ̃α}.

From this fact we obtain the following fuzzy version of the pricing formula.

Proposition 2.

˜IB (0) = Fv⊗e−T⊗R̃(T ) ⊗ {1 − wΦ (T )} , (19)

where

R̃ (T ) = R̃∞ ⊖
{(

R̃∞ ⊖ r̃0

)

⊗
(

1 ⊖ e−ã⊗T
)

⊖ σ̃⊗σ̃ ⊗
(

1 ⊖ e−ã⊗T
)

(20)

⊗
(

1 ⊖ e−ã⊗T
)

⊘ (4 ⊗ ã⊗ã)
}

⊘ (ã ⊗ T )

and

R̃∞ = b̃ ⊖ λ̃⊗σ̃ ⊘ ã ⊖ σ̃⊗σ̃ ⊘ (2⊗ã⊗ã) . (21)

To calculate the α-level sets of ˜IB (0) we use formulas similar to (19), (20)

and (21), replacing the operators ⊕, ⊖, ⊗, ⊘ by ⊕int, ⊖int, ⊗int, ⊘int.
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3.4 Simulations

In order to analyse the features of the portfolio proposed in Section 3.2, the appro-

priate simulations were conducted. We assume that quantity of losses is modelled

by Poisson process with expected value µ = 0.05 and the value of each loss is

given by random variable from Gamma distribution with scale parameter α = 10
and shape parameter β = 10. Therefore the generated losses have catastrophic

nature, i.e. they are rare, but with high value. Other types of distributions for

modelling the value of losses are also possible, e.g. Weibull distribution.

The trading horizon is set on 5 years and constant continuous risk-free yield r

is equal to 0.05. For each portfolio we generate n = 100000 simulations.

Only insurance contract is taken into account in the Portfolio I. It is assumed

that insurance premium is equal to 0.02, it is paid by 100 insureds and the insur-

ance contract is proportional with lower bound. For simplicity the lower bond is

set for the whole portfolio of insurance contacts to k0 = 5 and proportion param-

eter is set to q = 0.95. For initial capital R(0) = 45 the probability of insurer

bankruptcy is equal to 2.318%.

Then the price of cat bond is calculated. According to Section 3.3, the Vasicek

model with fuzzy parameters is assumed. We use α-sets which may be derived

e.g. from triangular fuzzy numbers or L-R numbers (see Section 2).

In the first discussed case, the α-level sets for model parameters are given by

aα = [0.025, 0.03] , bα = [0.05, 0.075] , λα = [−0.02,−0.01] ,

σα = [0.01, 0.02] , rα(0) = [0.05, 0.06] , (22)

the face value of the bond is set to 1 and triggering point is connected with sur-

passing the limit k1 = 40 by aggregated losses. If the triggering point occurs, then

the bond holder receives only 50% of face value, i.e. w = 0.5. The price of this

cat bond is calculated according to formula (19) with operators replaced by ⊕int,

⊖int, ⊗int, ⊘int via Monte Carlo simulations (see e.g. [20] for similar approach).

We obtain ˜IBα = [0.734072, 0.777102].
All the instruments discussed in Section 3.2 are taken into account in Portfolio

II. It is assumed that R(0) = 45, the features of cat bond are the same as men-

tioned above and the external help is proportional to the losses with parameters

k2 = 40, k3 = 60, ϕ2 = 0.01, ϕ3 = 0.01. The occurrence of governmental help

is independent event with probability 0.05 and the occurrence of foreign help is

independent event with probability 0.02. Because the cat bond price is given as

α-level set, we may calculate intervals of measures for our portfolio based on sim-

ulations (see Table 1). As we could see, for this portfolio the probability of ruin is

substantially lower with relatively low average value of external help. However,
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even the small difference in cat bond price causes rather huge differences in aver-

age value of portfolio, its median and maximum loss for probability 5%. But the

quantiles and the probability of ruin have rather stable values. For higher cat bond

prices the mean of money flows connected with cat bonds is more positive and

portfolio mean has higher value. This last value becomes similar to initial capital.

Table 1: Numerical features of Portfolio II

Value

Average value of portfolio [ 41.7529, 45.9854 ]

Median of value of portfolio [ 42.5271 , 46.8301 ]

Standard deviation of value of portfolio [ 6.23276, 6.53629]

5% quantile of value of portfolio [ 42.5271, 46.8301 ]

95% quantile of value of portfolio [ 42.5271 , 46.8301 ]

1% quantile of value of portfolio [ 8.1041 , 9.87955 ]

99% quantile of value of portfolio [ 42.5271 , 46.8301 ]

Max. loss for portfolio with prob. 5% [ 2.47288 , -1.8301 ]

Max. loss for portfolio with prob. 1% [ 36.8959 , 35.1204 ]

Probability of ruin (%) [ 0.68 , 0.63 ]

Average value of flows for cat bond [ -3.60062 , 0.725716 ]

Average value of flows for external help [ 0.000842729 , 0.00131172 ]

For the Portfolio III, the cat bond has the greater impact, because we set k3 =
100. Therefore, the foreign help is more limited. The appropriate intervals of

measures for such portfolio are given in Table 2. As we could see, the values are

similar to the previous case, but the probability of ruin is slightly higher.

Then the α-level sets of cat bond parameters for lower α are used which give

the wider intervals

aα = [0.02, 0.035] , bα = [0.04, 0.08] , λα = [−0.03,−0.005] ,

σα = [0.005, 0.03] , rα(0) = [0.05, 0.06] . (23)

In this case we have ˜IBα = [0.723755, 0.77929]. Then the intervals of measures

for both Portfolio II (see Table 3) and Portfolio III (see Table 4) are recalculated.
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Table 2: Numerical features of Portfolio III

Value

Average value of portfolio [ 41.7081, 46.0065 ]

Median of value of portfolio [ 42.5271 , 46.8301 ]

Standard deviation of value of portfolio [ 6.40444, 6.77022]

5% quantile of value of portfolio [ 42.5271, 46.8301 ]

95% quantile of value of portfolio [ 42.5271 , 46.8301 ]

1% quantile of value of portfolio [ 7.39254 , 11.307 ]

99% quantile of value of portfolio [ 42.5271 , 46.8301 ]

Max. loss for portfolio with prob. 5% [ 2.47288 , -1.8301 ]

Max. loss for portfolio with prob. 1% [ 37.6075 , 33.693 ]

Probability of ruin (%) [ 0.79 , 0.6 ]

Average value of flows for cat bond [ -3.56947 , 0.682882 ]

Average value of flows for external help [ 0.000901882 , 0.00128055 ]

Table 3: Numerical features of Portfolio II A

Value

Average value of portfolio [ 40.5361, 46.1237 ]

Median of value of portfolio [ 41.4954 , 47.0489 ]

Standard deviation of value of portfolio [ 7.29131, 6.94636]

5% quantile of value of portfolio [ 41.4954, 47.0489 ]

95% quantile of value of portfolio [ 41.4954 , 47.0489 ]

1% quantile of value of portfolio [ 0.469452 , 7.79863 ]

99% quantile of value of portfolio [ 41.4954 , 47.0489 ]

Max. loss for portfolio with prob. 5% [ 3.50461 , -2.04888 ]

Max. loss for portfolio with prob. 1% [ 44.5305 , 37.2014 ]

Probability of ruin (%) [ 0.99 , 0.68 ]

Average value of flows for cat bond [ -4.535 , 1.04185 ]

Average value of flows for external help [ 0.00109913 , 0.00118999 ]
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Table 4: Numerical features of Portfolio III A

Value

Average value of portfolio [ 40.596, 46.2061 ]

Median of value of portfolio [ 41.4954 , 47.0489 ]

Standard deviation of value of portfolio [ 6.93468, 6.3416]

5% quantile of value of portfolio [ 41.4954, 47.0489 ]

95% quantile of value of portfolio [ 41.4954 , 47.0489 ]

1% quantile of value of portfolio [ 2.5014 , 8.94574 ]

99% quantile of value of portfolio [ 41.4954 , 47.0489 ]

Max. loss for portfolio with prob. 5% [ 3.50461 , -2.04888 ]

Max. loss for portfolio with prob. 1% [ 42.4986 , 36.0543 ]

Probability of ruin (%) [ 0.91 , 0.59 ]

Average value of flows for cat bond [ -4.49606 , 0.987338 ]

Average value of flows for external help [ 0.0014125 , 0.00144937 ]

4 Conclusions

In the paper we construct the portfolio which consists of the standard insurance

contract, the catastrophe bond, the governmental and foreign help. In order to

evaluate this portfolio, we price the catastrophe bond based on Vasicek model

used for zero-coupon bound under assumption of independence between catas-

trophe occurrence and behaviour of financial market. Because of possible errors

and uncertainties which arise from estimation of rare events with serious, catas-

trophic consequences and lack of precise, historical data, the fuzzy set approach

is applied. Then appropriate simulations for the obtained fuzzy pricing formula

are generated. Based on the simulations, we compare some properties for the

presented portfolios.
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