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Some notes about boundaries on [ F'-sets
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Abstract

In the first part of the paper the basic definition and operations defined on
I F-sets are recalled. In the second part the I F" functions, their properties
like continuity and boundaries are studied. In the third part there are proved
some properties of bounded I F'-sets.

Keywords: [ F'-set, I F' function, continuity and boundaries of I F' function.

1 Introduction

In this paper we would like to study some properties of functions which are de-
fined on I F-sets. We will start with basic definitions in the first part of article and
then we will studied the properties of boundaries.
By an I F-set we consider a pair A = (p4,v4) of functions pia,v4 : Q — [0, 1]
such that

pa+rvg <1

The function 4 is called a membership function of A, v4 a nonmembership
function of A. If (2, S) is a measurable space and 114, V4 are S-measurable, then
A is called an I F-event. Denote by F the family of all I F'-events.

In the paper [4] there was proved that we could construct such ¢-group G that F
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can be embedded into G.
Consider the set A = (ua,v4), where g, v4 : © — R. Denote by G the set of
all pairs A = (ua,v4) and for any A, B € G define the following operation

A+ B=(ua+pp,va+vp—1)=

= (pa +pp, 1 — (1 —va)+ (1 -vp))

and the relation
A< B <= pua < pup,va > vp.

Then G = (G, +, <) is the mentioned /-group.
On the set G there are defined some operations and relations. We will need fol-
lowing of them
A—B=(us—pp,1+vg—vp).
The function on the set G is defined by the following way
f(A) = (f(,UA), 1- f(l - VA))?
where f : R — R. Then for example for any natural number n it holds

n.A=(n.pa,1—n.(l—rvy)),

A" = ()" 1 = (1= va)").

2 Boundary of the function defined on / F' set

The motivation for this article were the papers [2], [3], [4], [5] where the authors
defined and studied some functions which are important in classical calculus. We
would like to restrict these results.

In the first step let us look better on the domain of the function f. We know, that

F(A) = (f(pa), 1 = f(1 = va))

where f : R — R. Therefore if the domain of the function f is an interval [A, B|
then it must hold:

A§B<:>/LA§,UB and V4 > VB

and therefore
[pa, pBlUlve,va] C Domf.

In the paper [5] there were given following notations:
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Definition 1 Let A € G. Then |A| = (|pal, 1 — |1 —val) is the absolute value of
A.

Proposition 1 Let A, B € G and let 5 = (5,1 — 6),6 > 0. Then
IA-B|<d0<=>A—-0<B<A+59.

Definition 2 Ler Ag, A, 6= (0,1 — 0) be from the L-group G. A point A is in the
d-neighborhood of a point Ay if it holds

|A — Ao| <.

In our paper we will use the definition of the neighborhood of the point a lot of
times therefore it is useful denote it by U/(Ap). Then the notation A € U(Ay)
means that A € (Ag — 0, Ag + 0).

Proposition 2 The element X = (jux,vx) belongs to U(Xy) if and only if

rx € (NXO — 0, px, + 9)

and at the same time
vx € (vx, — 6,vx, +96).

Proof.
Since . . 3
U(Xo) = (Xo—9,X0+9)

then

Xo— 0= (uxo — 0,1 +vx, — (1 —9)) = (uxy — 6, vx, +9)
and on the other hand

Xo+6 = (nxo + 8,1+ vx, — (1+6)) = (px, + 6,vx, — ).
Therefore

X = (ux,vx) €U(Xg) <= Xo— 6 < X < Xo+ 0.
From the previous inequality it follows
pxo —0 < px < px,+9

VX0+(5>V)(>I/XO—5.
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Therefore
kx € (IU’XO — 0, pux, + 5)

and
Vx € (VXO — 9, Vx, + 5)

In the paper [5] there was given the definition of the limit of the function in a point
Ap. Outgoing for this definition let us define the continuous function on interval
[A, B].

Definition 3 Function f is continuous on interval [A, B if and only if to each
point Xo € [A, B] and for each & = (e,1 — €),e > 0 there exist such 6 =
(6,1 —6),6 > 0 that for each X € (Xo — b, Xo+0) = U(Xo), X € [A,B] it
holds f(X) € (f(Xo) — & f(Xo) + &) = V(f(X0)).

Theorem 1 Let f : R — Randf(X) = (f(px),1— f(1—vx)) be the function
defined on the set G. Function f is continuous on the interval [A, B] if and only
if f is continuous on the interval [p A, pg] and also on the interval Vg, V4.

Proof.

The real function f is continuous on the interval [a, b] if and only if for each
xo € [a,b] and for each € > 0 there exists such 0 > 0 that for each = € U(xo) it
holds f(z) € V(f(z0))-

In our case f is continuous on the interval [ 4, pp] if and only if for each px, €
[1ea, pp] and for each £ > 0 there exists such § > 0 that for each pux € [pa, ps]
it holds

px € (pxy — 0, pxo +0) = f(ux) € (f(ux,) — &, f(ux,) +¢).

Similarly f is continuous on the interval [v4, vg] if and only if for each vy, €
[vB, V4] and for each £ > 0 there exists such 6 > 0 that for each vy € [vp,v4] it
holds

vx € (vx, — 6, vx, +6) = f(1 —vx) € (f(1 —vx,) —¢&, f(1 —vx,) +e).

Let Xo = (xo,Vx,)s X = (px,vx), A = (pa,va), B = (uB,vB), 0 =
(0,1 =9),0 >0,¢ = (e,1 —¢),e > 0. From the previous definition function f
is continuous on interval [A, B] if and only if to each point X € [A, B] and for
each € there exist such ¢ that for each X € (Xo— 6, Xg+9), X € [A, B] it holds

F(X) € (f(Xo0) — & f(Xo0) + ).
From the previous proposition it follows

X e(Xo—6,Xg+0) =
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= ux € (ux, — 0, px, +90) ANvyx € (vx, — 9, vx, +9)

Then for any X € [A, B] and for the function f(X) = (f(ux),1 — f(1 — vx))
could be derived following properties

f(Xo) == (fluxo), 1 = f(1—vx,y)) — (6,1 —¢) =
= (f(uxo) =&, 1 = f(1 —vxy) +e),
= (fluxo), 1= f(1—vxy)) +(e,1—¢) =
px,) +& 1= f(1-vx,) —¢)
and . . B

f(X) € (f(Xo) — €, f(Xo) + &)
> f(ux) € (f(uxo) — & flux,) +)A
AN —vx) e (f(1—vxy) —e f(1 —vx,) t6).

Therefore f is a function continuous on the intervals [p 4, up]| and [V, vB].

Theorem 2 If function f is continuous on an interval [A, B] then f is also boun-
ded on interval the [A, B].

Proof.

Let take some fix point X € [4, B]. Let X = (ux,vx) € U(X;) then from the
previous definitions f(X) = (f(ux),1 — f(1 —vx)) € V(f(Xo)). Therefore
Flpx) € (F(uxo) =, f(uxy)+e) but (f (pxo) =, f(uxo)+e) = [f(xo) ¢l =

K and therefore
|f(px)| < Ko.

Similarly f(1 —vx) € (f(1 —vx,) — &, f(1 —vx,) +¢€) but (f(1 —vx,) —
e, f(l—vx,)+¢e)=|f(1—vrx,) — | = Lo. Therefore

|f(1—vx)| < Lo.

Since
FXO] = (f(px)]; 1= 1= (1= fF(1—vx))]) =
= ([f(ux);1 = [f(1 = vx)]) < (Ko, 1 = Lo).

This relations hold for each Xy € [A, B]. Therefore we could take such X7,
Xo, ..., X}, that it hold

U(:uXi — 0, px; + 6) D [/’LA7/"LB}
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and
Kk

U(VXZ, —6,vx, +6) D [vB,val.
=1

Then for any X € [A, B] it holds

|flux)| < max{Kx,, Kx,, ..., Kx,} = K
and similarly

|f(1 —vx)| <max{Lx,,Lx,,....Lx,} =L

where Kx,, Lx,,© = 1,2, ..., k are the values appertaining to .X;. Therefore there
exist such K, L € R that for each X € [A, B] it hold

IFOOI= (1 (nx), 1= [f(1 = vx)]) < (K1 - L).

i.e. f is bounded on interval [A, B].

3 Some properties of bounded [ F'-sets

Definition 4 Let A be the set defined on the set G. Then this set is bounded if and
only if there exist such (c,d) € G that for each element A € A it holds

A= (na,va) < (c,d).

Theorem 3 Let A C G be a bounded set. Then there exist the supremum and the
infimum of the set A.

Proof.
We will show that if the assumptions are fulfilled then there exists the supremum
of the set .A. The existence of the infimum could be proved by the same way.
Let A be a bounded set, then there exist such pair (¢, d) € G that foreach A € A
it holds

A= (pa,va) < (c,d).

Denote by {p4;A € A} the set of all membership functions of the elements
which belong to A. Then this set is bounded and therefore there exists such « that

a =sup{ua; A € A}
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Similarly for the set {v4; A € A} of all nonmembership functions of the elements
which belong to .4 holds that this set is bounded and there exists such J that

B =inf{ry; A € A}.
Put S = (a, 3) then for each A € A it holds
pa <o, va =B

and
A= (pa,va) < (a,B8) =5.

On the other hand let there exists such C' = (uc, vc) € G that for each A € A it
holds A < C,i.e. pa < pc and v4 > ve. Then

Q= sup pg < fic
8 =infvy > vo

and therefore
S = (avﬁ) < (MC,VC) =C.
Hence S = (a, f3) is the wanted supremum of the set A.
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