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Abstract

A new ordering on the class of intuitionistic fuzzy sets, the so called 7-
ordering, is introduced in this paper. As a start point we employ the modal
operators on IFSs and investigate their properties in respect of the 7-orde-
ring. In the last section the new ordering is used for the definition of the
index of indeterminacy over IFSs, which is supposed to satisfy three cor-
responding axioms. A few versions of the index of indeterminacy are pro-
posed according the the structure of the underlying universe X, over which
the IFSs are considered. This index measures how far (close) is an IFS from
(to) the family of the usual FSs on the same universe X.

Keywords: 7-ordering, Index of indeterminacy, Modal
quasi-orderings.

1 Introduction to intuitionistic fuzzy sets and
modal operators

A fuzzy set in X (cf. Zadeh [7]) is given by

A" = {(&, py (@)|z € X} (1)
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where 1,/ (z) € [0, 1] is the membership function of the fuzzy set A'. As opposed
to the Zadeh’s fuzzy set (abbreviated FS), Atanassov (cf. [1], [2]) extended its
definition to an intuitionistic fuzzy set (abbreviated IFS) A, given by

A = {{z, pa(z),va(z))|z € X} )
where: pig 1 X — [0,1] and v4 : X — [0, 1] such that
0 < pa(@) +rvalz) <1 3)

and pa(x), va(z) € [0,1] denote a degree of membership and a degree of non-
membership of x € A, respectively. An additional concept for each IFS in X, that
is an obvious result of (2) and (3), is called

Ta(r) =1— pa(z) —va() 4)

a degree of uncertainty of x € A. It expresses a lack of knowledge of whether x
belongs to A or not (cf. Atanassov [1]). Itis obvious that 0 < 74(x) < 1, for each
x € X. Uncertainty degree turn out to be relevant for both - applications and the
development of theory of IFSs. For instance, distances between IFSs are calcu-
lated in the literature in two ways, using two parameters only (cf. Atanassov [1])
or all three parameters (cf. Szmidt and Kacprzyk [6]).

Talking about partial ordering in IFSs, we will by default mean
(IFS(X), <) where < stands for the standard partial ordering in IFS(X). That
is, for any two A and B € IFS(X): A < B is satisfied if and only if p4(x) <
pup(z) and v4(x) > vp(x) for all z € X. On Fig. 1 one may see the triangular
representation of the two chosen A and B in a particular point x € X, where
fa(x) stands for the point on the plane with coordinates (p4(x),v4(z)).

Let us recall the definitions and some properties of the modal operators on in-
tuitionistic fuzzy sets as introduced by Atanassov. For more detailed descriptions
and properties the reader may refer to [2], Ch. 4.1., although we introduce now
some new statements and put light on them from various points of view. ‘“Ne-
cessity” and “possibility” operators (denoted [J and <{) respectively) applied on an
intuitionistic fuzzy set A € I F'S(X) have been defined as:

LA :{< €, MA($)7 1_/*"14(33> >‘JJ€X},
A ={( z, 1—v(z), va(z) Yz e X}

From the above definition it is evident that

*: IFS(X) — FS(X) (5)
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a(x) 5 (@)
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Figure 1: Triangular representation of the the intuitionistic fuzzy sets A and B €
IFS(X) in a particular point x € X, where f4(x) stands for the point on the
plane with coordinates (p4(x),va(z)). A and A stand for the two modal
operators “necessity”” and “possibility” acting on A.

where « is the prefix operator x € {[J, {}, operating on the class of intuitionistic
fuzzy sets. Let us take any A, B € IFS(X) and define A <g B iff us < pp
on X, respectively A <, B iff v4 > vp on X. Obviously both <p and <, are
reflexive and transitive. That is, they are both quasi-orderings in IFS(X) which
will be called quasi O-ordering and quasi {-ordering respectively. For more
information and examples of quasi-orderings the reader may consult the book of
Birkhoff [3], Ch. IL.1.

2 m-ordering for intuitionistic fuzzy sets

Let us define in this section a new ordering in IFS(X) and examine some if its
properties and applications.

Definition 1 For any two intuitionistic fuzzy sets A and B € I1FS(X), we define
the following binary relation :

A=y Biff (Va € X)(ua(x) < up(a) & va() < vp(x))
On Fig. 2 one may see the triangular representation of the A and B in a particular

point x from X if A <, Bor B <, A.
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Definition 2 For any two intuitionistic fuzzy sets A and B € IFS(X) and a
particular xo € X, we define the following binary relation :

A =z Binxo iff (na(zo) < pp(20) & va(zo) < vp(z0))

As an equivalent way to denote that A < B in xq let us write fs(zo) < fB(z0)
or (na(xo),va(zo)) 2x (pa(xo),va(xo)) as well. By default, A <, B means
that the above proposition is satisfied for each point from the universe X.

As an easy exercise the reader may show that < satisfies the three axioms
for a partial ordering, i.e. the reflexive, transitive and anti-symmetric properties
which would prove the following proposition.

Proposition 1 The above defined relation = is a partial ordering on IFS(X).

Let us state, in terms of the already defined quasi-orderings, some equivalent con-
ditions for an A € [ F'S(X) to be m-included in another B € IFS(X).

Proposition 2 Let A and B € [FS(X), then the following statements are equiv-
alent:

1. A=, B,

2. A<pBand A >4 B,
3. A Band A < B,
4. AJBand A > B.

The proof of the last proposition is an almost direct rewriting of the definitions.

Considering the partial ordered set (/F'S(X), <), for any two A and B €
IFS(X),by AA; Band AV, B we will denote (if they exist) the greatest lower
bound (infimum) and respectively, the least upper bound (supremum) in respect
of the 7-ordering. Or more generally, for a subfamily of IFSs G C IF'S(X), let
us write AG and VG for the supremum and respectively the infimum of G. Let
us also remind that if some of the last mentioned bounds exists and belongs to G,
it is called the minimal and respectively, the maximal element of G. A partially
ordered set (E, <) is called left semi-lattice (right semi-lattice) iff for all eq, e3 €
FE their infimum (supremum) exists. From the definition, by induction it follows
that every finite subset of a left (right) semi-lattice has an infimum (supremum).
A partially ordered set, which is a left and right semi-lattice, is called lattice. If
moreover, the partially ordered set (E, <) has the property that for every subset
E' C E, E' has an infimum (supremum), then F is called complete left (right)
semi-lattice with respect to <. If F is a complete left and right semi-lattice it is
called then a complete lattice.
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< 0,1 >

B=zA

<0,0>

Figure 2: Triangular representation of the the intuitionistic fuzzy sets A and B €
IFS(X) in a particular point x € X. In contrast of Fig. 1, we see the position of
fe(x)if A< Bor B < A.

Proposition 3 The w-ordering is a left semi-lattice but not a right semi-lattice.
The minimal element is 0, :=< 0,0 >€ IFS(X).

Proof From the definition of least upper bound it is an easy exercise to show that
for any A, B € IFS(X) there exists A Ay B. Moreover, pian, p = parp and
VAN.B = VAvB, thatis, pan, p = min(pa, up) and vaa, p = min(va, vg). The
last formulas imply that < p, v | p = v = 0 > is really the minimal element.

To show the second statement of the proposition it suffices to take A and B
such that 3z¢g € X with pa(xg) > 1 — vp(zo). Let us check that there is no
C € IFS(X) such that A <, C and B =<, C which would imply that that in
particular A V. B does not exist. Supposing the existence of such C, let us ob-
serve what happens in the point zg. From the definition of < it follows that in
xo: pa(zo) < pe(zo) and vp(zg) < ve(xo). But since pa(zo) > 1 — vp(xo)
then 1 — vp(zo) < po(xo). On the other side 1 — vp(xg) > 1 — v (o) implies
that 1 — vo(x0) < pe(xo), which contradicts with the definition of an intuition-
istic fuzzy set. This leads to a contradiction with our assumption that there exists
CelFS(X)withA <,Cand B <X, C.O

Remark 1 Employing the properties of the greatest lower bound, the reader can
easily show that (1 F'S(X), <) is a complete left semi-lattice. On the other hand,

133



as already proved that (IFS(X), =) is not a right semi-lattice it can not be a
complete right semi-lattice.

Definition 3 For any usual fuzzy set F € FS(X), i.e. F' € IFS(X) such that
mrp=1—ur —vrp =0o0n X, let us define

O(F) = {A| A e IFS(X) & A =, F}.

We are ready now to summerize some important properties of the m-orde-

ring in terms of the above defined ©(F’). The lower index < to inf and sup, i.e.
inf< and sup., means that the greatest lower (least upper) bound is taken with
respect to the Eorresponding partial ordering.

Proposition 4 Let X be any universe for IFSs and FSs, and F € FS(X), C €
IFS(X). Then the following propositions hold:

1. There is a bijective correspondence between the maximal elements of
(IFS(X), =) and the family of fuzzy sets F'S(X). Moreover, the fam-
ily of maximal elements is exactly FS(X),

2. Any two different usual fuzzy sets, considered as IFSs, are incomparable
with respect to the partial ordering <,

3. (O(F), =x) considered as a subfamily of (IFS(X), <) is a lattice,
4. inf{G|Ge FS(X)&C eO(G)} =0C,
5. 5up{G |G € FS(X) & C e 0(G)} = OC.

Proof Let us start with the proof of the first item and check that every usual FS
is a maximal element. Suppose that for F' € F'S(X) there is B € [FS(X)
such that F' <; B. This implies that ur < pup and 1 — pur < vp. But since
1—pup <1—ppthenl—pup < vp. The last expression implies that 1 — up = vp
on X and therefore B € F'S(X) and since 1 — up < 1 — pup, then up > pp.
This together with pup < pp implies that ' = B. Therefore, for any usual FS
there are no m-successors, which means that F' is maximal. Let us now prove that
every maximal element is a usual fuzzy set. Supposing its contradiction, i.e. that
there is an IFS which is not usual FS, we will show that it can not be a maximal
element. If A € TFS(X)\FS(X), i.e. there is at least one zp € X such that
pa(zo) <1 —wv4(xg). Then JA # A and obviously since pg < pga = 4 and
va < vgsa = 1 — pa, therefore A <; A and A # UA. The last expression
implies that A can not be a maximal element with respect to <. The first item is
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proved.
To show the validity of the second item, let us take F, G € F'S(X) with F' <, G.
Therefore, ur < pug and 1 — up < 1 — p. This means that up > pg and then
wr = pg which finishes the proof of the second item.
To prove the third item, let us take A, B € O(F'). Bt AN B <, Band B <, F
implies that A Ax B € ©(F). And hence (IFS(X), <) is a left semi-lattice.
One can easily check that 4y p = max(ua, up) and vay, p = max(va,vp).
AV, Bisnow well defined and one can not come to a contradiction described in
the previous proposition. The third item is proved.
The last two items are left to be checked by the reader. [J

Our observations in the proof of the last proposition let us state some remarks.
The infimum and supremum as defined over (I F'S(X), <) can be considered as
mappings with domains which are IFSs.

Remark 2 (IFS(X), =) is a left semi-lattice which exactly means that the in-
Sfimum (Ar) is defined over the whole direct product of IF'S(X), i.e. IFS(X) x
IFS(X). Moreover, N\ is surjective (onto) on IFS(X), e.g. for any A €
IFS(X) we have that A \x A = A.

Remark 3 The supremum (V) in IFS(X) is not defined over the whole direct
product of IFS(X) because (IFS(X), =) is not a right semi-lattice. The last
proposition implies exactly that Dom(V ) coincides with the pairs of IFSs the
two members of which belong to some ©(Fy), where Fyy € F'S(X). That is,

Ver U OF)xO(F) — IFS(X)
FEFS(X)
(A,B) +— AV,BeO(F)

3 Index of indeterminacy

We are going to define an index of indeterminacy, i.e. degree of indeterminacy of
an intuitionistic fuzzy set, which measures how far this IFS from a usual FS is. In
Dubois and Prade [4], Chap. 1.5. has been discussed the index of fuzziness (to
be denoted by ind; in this paper) which measures the “degree of fuzziness” of a
F € FS(X) where X is finite. It measures the degree of how far a usual fuzzy
set from a crisp set is. Three axioms are proposed for the definition of such index.
Taking any F, F’ € F'S(X) let us remind these axioms, slightly modifying them
by the assumption that the range of indy should be the interval [0, 1]:

1. indy(F') = 0 iff F is a crisp set,
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2. inds(F) = 1iff yp = 0.5 on X,
3. indg(F) < ind; (F') if (Va € X)(|up(@) — pp(@)] > e (2) — pgr(@)])-

Let us remark that |pup(z) — pp(x)| = 2|pp(z) — 0.5] and a consequence of
the third axiom is that ind¢(F') = ind;(F). Higashi and Klir [5] proposed and
proved that a solution of the above three axioms is the formula inds p(F) =
1 — D(F, F), where D is some normalized distance between F' and F. If D is
the Hamming distance, i.e. D(F, F) = ]% Y owex lnp(x) — pp(z)], we get the
index of fuzziness of Kaufmann.

Let us introduce now the term index of indeterminacy for an intuitionistic

fuzzy set trough the following three axioms.

Definition 4 (Index of indeterminacy) Take A and B to be any two elements
from IFS(X) and O, - the minimal element of (IFS(X),=). An index of in-
determinacy over [ F'S(X), to be denoted by ind, and ranging over the interval
[0, 1], has to satisfy the following axioms:

1. ind (A)=0iff A€ FS(X),
2. inds(A) = 1iff A=0,,
3. ind(A) <ind(B) if B = A

Remark 4 Let us remark that the index of indeterminacy takes its maximal value,
i.e. 1, over the minimal element of (IF'S(X), =r). On the other side, ind; takes
its minimal value, i.e. 0, over the maximal elements of (IFS(X), <), i.e. FS(X).
The third axiom says exactly that ind., is non-increasing.

We are going to define few examples of such measure of indeterminacy, de-
pending on the structure and cardinality of the underlying set X and the type of
membership and non-membership degrees.

Suppose first that X is finite and let us define the index of indeterminacy in the
following way:

inds1: IFS(X)  —s [0,1]
A — 1%[ > malx) (©6)

reX
With the same assumption of finiteness of the universe we can introduce another
version of the indeterminacy measure, corresponding to the max or sup-metric:

indy oo IFS(X) — [0,1]

A — supma(x) (7
zeX
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It is easy to check that both of the two above defined indexes satisfy the three
axioms for indeterminacy. Moreover, ind, 1 is <r-decreasing whereas ind;  is
non-increasing.

Suppose now that X is a measurable space with a Lebesgue measure 7 and let
us consider IFSs with n-integrable degrees of membership and non-membership.
Therefore, the uncertainty degree m = 1 — u — v would be integrable as well. Let
us then, assuming that 7(X) < oo, define an integral form of the indeterminacy
index as:

indy p: IFS(X) — [0,1]
A — Hlyj ){ TAdn @®)

Since VA 6 IFS(X): ma > 0, therefore for the Lebesgue integral we have that
ind, (A fﬂAdn > 0 and ind;(A) = 0 & 74 = 0 almost everywhere. In

the last case we say that A coincides almost everywhere with a maximal element
of (IFS(X), =<x). Slightly modifying the range of ind; to be interval [0, c0) and
ind, and skipping the second axiom from the definition of the index of indeter-
minacy we can state the following integral form:

ind, 150 IFS(X)  — [0,1]
A — fﬂAdn €))
X

That way, we see that if 7(X) = oo, then ind, 1 (0 f ldn = n(X) = oo,

which is the maximal value of the range [0, c0).

4 Conclusion

In this paper we have introduced two main notions - the 7-ordering <, and the
index of indeterminacy. As a start point we employ the modal operators on IFSs
and investigate their properties in respect of the m-ordering. (IFS(X), =) is a
left semi-lattice but not a right semi-lattice, i.e. it is not a complete lattice. This
ordering has a very good geometrical representation in terms of the triangular form
of the IFSs as shown on Fig. 2. In the last section the new ordering is used for the
definition of the index of indeterminacy over IFSs, which is supposed to satisfy
three corresponding axioms. A few versions of the index of indeterminacy were
proposed according the the structure of the underlying universe X, over which the
IFSs are considered. This index measures how far (close) is an IFS from (to) the
family of the usual FSs on the same universe X.
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