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Estimation of the relations: preference, equivalence
and tolerance on the basis of pairwise comparisons

Leszek Klukowski

Systems Research Institute Polish Academy of Sciences
Newelska 6, 01-447 Warsaw, Poland
Leszek. Klukowski@ibspan.waw.pl

Abstract

The paper presents unified approach to estimation of three relations: pre-
ference, equivalence and tolerance on the basis of multiple pairwise com-
parisons with random errors. The estimates are obtained on the basis of
discrete optimization tasks, which minimize inconsistencies between rela-
tion form and comparisons. The properties of the estimators are obtained
on the basis of well-known probabilistic inequalities and properties of
quantiles. The approach allows relaxation of some assumptions about
comparison errors applied in other methods based on pairwise compari-
sons.

Keywords: estimation of preference, equivalence and tolerance relation,
pairwise comparisons, binary comparisons, multiple-valued comparisons.

1 Introduction

The paper presents estimators of three relations: preference, equivalence and
tolerance, in finite set, based on pairwise comparisons with random errors, de-
veloped by the author (see Klukowski 1994, 2006, 2007, 2008a, b, c). They
exploit a common idea: to determine an estimate (or estimates), which minimiz-
es the sum of inconsistencies between relation form and pairwise comparisons
treated as sample; each pair of elements is compared independently N times.
Two types of estimators are examined. The first one is based on total sum of
inconsistencies, i.e. with whole set of comparisons. The second type uses me-
dians instead of individual comparisons of each pair. Two forms of comparisons
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are discussed: binary and multiple-valued. Binary comparisons express qualita-
tive features of compared elements, e.g. direction of preference in the case of
preference relation. Multiple-valued comparisons express quantitative features,
e.g. distance between elements in the case of preference relation. The assump-
tions about distributions of comparison errors are weaker than those commonly
used in other pairwise methods (see David 1998); in particular expected values
of errors can differ from zero and the form of distributions may be unknown. It
is possible to verify some assumptions about distributions of comparison errors.
The properties of estimators are based on well-known probabilistic inequalities
and properties of quantiles (medians).

The relations considered are models of real phenomena. The equivalence and
tolerance relations can be applied to classification problems — respectively with
non-overlapping or overlapping subsets (a decision about relation type — equiva-
lence or tolerance can be made with the use of statistical test — see Klukowski
2006, 2008c). The preference relation can be applied for selecting the best form
of regression model in the set examined; comparisons of pairs of models can be
obtained on the basis of appropriate statistical tests.

The paper consists of four sections. The second section presents problem formu-
lation and basic definitions and assumptions. The form of estimators and their
properties are discussed in the third section. Last section summarizes the results.

2 Problem formulation

The estimation problem can be stated as follows.
Given a finite set of elements X ={x,, ..., x,,} (3<m<o0). There exists in the

set X the equivalence relation R (reflexive, transitive, symmetric) or the toler-
ance relation R"? (reflexive, symmetric) or the preference relation R?’ (alterna-
tive of the equivalence relation and strict preference relation). Each relation

considered generates some family of subsets ;(im*, s ;(ff)* (L elp, e, t}; n>2).
The equivalence relation generates the family ;(fe)*, wes ;(ff)* with the fol-

lowing properties:

Uz =X, (1)
q=1
20 =0}, )

where: 0 — the empty set,
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XisX; € ;(ﬁe)* = x;,x; — equivalent elements, 3)
(x; € ;(5"’)*) N(x; € ;(ie)*) = x;,x; — hon-equivalent elements for i # j,r#s.
4
The tolerance relation generates the family ;(I(T)*, vees /gff)* with the property
(1) and the properties:
Ir,s (r # 5) such that 7"~ 77" = {0},
xisx; € 27" = x;, x; — equivalent elements, (5)
(xi€ 2N (x ;€ ;(ET)*) = x,,x; —non-equivalent elements for i # j

and (x;,x;) & ;(57)*0 ZET)*, (6)

each subset ;(5”* (1<r<n) includes an element x; such that x; ¢ ;((S’)* (s=r).

(7)

P’ with the prop-

The preference relation generates the family #\”", ..., z*
erties (1), (2) and the property:

(xie 7" N (x;€ 7P = y; is preferred to x; for r<s. (8)

The relations defined by the conditions (1) - (8) can be described by some
functions 7% (x;,x;) ((xi»x;) € XxX;le{p, e, t},v e {b, u}), where symbols
b, u denote — respectively: binary and multiple-valued set of values. The func-

tions can be defined as follows:

(e)*

T ©)

- 0if exists r such that (x;,x,) € ¥
Ty (-xi9xj) =
1 otherwise;

e the function 79 (x;,x ;) expresses the fact if a pair (y;,x;) belong to a

common subset or not;

0if exists r, s (r = s not excluded) such that
Tgr)(Xian)z (Xiaxj)el(rr)*mlgr)*’ (10)

1 otherwise;
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e the function 79" (x,;,x,) expresses the fact if a pair (x;, x;) belong to any

conjunction of subsets (also to the same subset) or not; the condition (7)
guarantee uniqueness of the description;

T4 (einx ) =#(Q N QY)), (11)

where:
Q; - the set of the form Q= {s| x/ € 2

s

#(Z) - number of elements of the set = ;

e the function Tﬁf)(xi, x;) expresses the number of subsets of conjunction
including both elements; the condition (7) guarantee uniqueness of the de-
scription;

(p)*

. . C (12)
Flif x;e 77 ,xje;(ip) and r<s (r > s);

T Gerox,) = 0if there exists r such that (x;,x;) € ¥

(more precisely — the value —1 reflects the case r<s, 1 — the case >s);

e the function 74" (x;,x ;) expresses direction of preference in a pair or equi-

valency of its elements;
* )* .
Tﬁ{’)(xi,xj) =d; < x € }(E.p) » X € ng sdj=r—=5; (13)
e the function 7% (x,,x,) expresses difference of ranks of elements y; and

Xj-

The estimation problem

The relation form has to be estimated on the basis of N (N>1) comparisons
of each pair (x;,x;) € X x X, under the following assumptions.

Al. The relation type, i.e.: equivalence or tolerance or preference, is known.
A2. Each pair of elements (x;,x;) € XxX is compared N times; any compari-

son gy,

(xi»x;) (L efer,p}; vefb,u; k=1,..,N) evaluates the value of
the function 7% (x,;,x;) and can be disturbed by random error. The probabili-

ties of errors 7 (x;,x:)— 2'* (x:,x,) have to satisfy the following conditions:
v Ag guk A] y g
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P(TS (xiox ) = 8 (xiox ) =0) 215 A5 (0, 1,)), (14)

P (i) = 8 Cxisyy =D > 1o (15)
TP o) = 8 x> 1o (16)

P14 (xiox )~ 845 (einx ) = D) 2 P(TY (xiox ) — 84 (xinx ) = 1+1) (1>0),

(17)
P(T%)(Xi’Xj)_g,(jk)(Xian) =0z P(T§f>(xi,xj)—gi2(xi,xj) =1-1) (I<0),
(18)

P& (iox) = T Ceox DOEL (o) =T e =

P(g5) (eiox) =TS (i x NP Goroxy) =T (xr0x0) (k= 1).

The inequalities (14) — (19) reflect the following properties of distributions

of comparison errors:

the probability of correct comparison is greater than incorrect one, in the
case of binary comparisons (the inequality (14));
zero is the median of each distribution of comparison error (the inequalities

(14) - (16)),

zero is the mode of each distribution of comparison error (the inequalities
(14) - (18));
0)

k-th and [-th (k) comparisons gf}k (xisx))s g(j) (x,,x,) are independent

(the relationship (19).

It is clear that:
expected value of any comparison error can differ from zero,

comparisons gfj() (xisx;)» gf)i) (x,,x,) (indexes: i, j not the same as: r, s) are
not assumed independent;

number 7 of subsets of any family ;(5/')*,..., ;(ff’)* is not assumed known;
therefore it is also estimated parameter;

the application of estimators proposed below is possible in the case of un-

known distributions of comparison errors; it is sufficient that the assump-
tions about the distributions are satisfied.
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The assumptions about estimation problem are weaker than those com-
monly used in literature. Determining properties of estimates require the form of
distributions of comparison errors, which can be unknown. In the case of appro-
priate value of N, at least several, the distributions can be estimated. In opposite
case the properties can be roughly evaluated with the use of simulation ap-
proach (see Klukowski 2008b, Section 5).

3 The form of estimators

Two types of estimators are presented in the paper. The first one is based on
total sum of inconsistencies between relation form (expressed by the function

T4 (xi,x,)) and comparisons g(ui) (xi»x;), the second — based on inconsisten-

cies between relation form and medians from comparisons of each pair. The

properties of both estimators are determined under assumption that distributions
: ( (

of comparisons g(u I(x,»,xj), ves g(m}(x,-,xj) ((xi»x;) € XxX) are the same. The

assumption simplifies formulas and can be relaxed (see Klukowski 1994, 2007,
2008b).

3.1 Estimator based on total sum of inconsistencies

The form of the estimator based on the total sum of inconsistencies results from
the properties of the random variable:

N
2 X

<i,j>€R, k=1

Tff)(xi,xj)—gi?(xi,xj)l, (20)

where: R, - the set of indices R,, = {< i,j>| 1<i,j<m;j>i},

corresponding to the actual relation ;(}“*, wes ;(ﬁf)* and the variable:

N )
~(/ Y4
Y 2TV Gx )-8 Gx,)

<i,j>€R, k=1

; 21

corresponding to some relation ;?ié), s ;?ff) , different than actual, described by

the function 7! (x;,x,) - defined similarly as 7 (x;.x,) -

The variables (20) and (21) satisfy the following inequalities:

114



N
T Genx ) =84 Gox D <EC X 2IFS Genxe ) = g Geinx) D))

<i,j>€R k=1

(telez, pl,veib, u}), (22)

N
EC ¥ X

<i,j>€R, k=1

N ) N, /
PC Y S Gax) =gl Gox )< X 2|7 Goox) - gl (oo, D 2

<i,j>€R k=1 <i,j>€R k=1
1-exp{-2N(+-35)%} (L ele, 7, p}),
(23)

N, , No oo /
PO Y X0 Gex) =g x| < X I (ix) =gl (o ) 2

<i,j>€R, k=1 <i,j>€R k=1
1-—
- E (|T U ETEDETRETe b ’7%) Cxir)) = o Grio ) )
exp{=2N OO0 !
Q2H(m-1))’
(Lelez,p}), (24)
where:

T () =7 () denotes the set
<i,j> | T%)(xiﬂxj) # TEf)(x,‘axj); (xi>x;) € XxX; j>1i},
4 ~(0)
& - the number of elements of the set 74, () =7, () .

The inequality (22) shows that the expected value of sum of inconsisten-

N ,
cies X 2T 9 (xinx )—g f,? (xi»x;)|, corresponding to the actual relation
<i,j>€R k=1
;AO*, - ;(ff)* (the errorless estimate), is lower than the expected value of sum
N
~ i . .
> 3FVGix)—g5 (xisx;)|,  corresponding to any other relation

<i,j>€R k=1

;?{m, s ;?f{/') . Moreover, the probability of the event

N
Tff)(x,-,xj)—gl()?(xi,xj)|< DI

<i,j>€R k=!I

N
{2 X

~(/ 4
t f,)(x[,Xj)—gf)k)(xi,xj)|}
<i,j>€R, k=1

satisfies the inequality (23), in the case v =5, and the inequality (24), in the
case v = u. The right-hand sides of both inequalities include the terms converg-

ing exponentially to one for N—co.
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The inequalities (22) — (24) indicate the form of the estimators based on to-

tal sum of inconsistencies: to determine the relation fd[ ey ;(ff), which mini-

, Where:

mizes the sum of inconsistencies t(”()(xi, ) =25 Gisxy)

<i,j>€R, k=1
19" (x;»x,) the function describing « -th relation form (their number is finite)

of 7 -th type in the set X. Thus, the minimization task assumes the form:

>l (xirx )€l (25)

min
(1K) M)

nnx epg() <i,j>eR k=1

where:
FY (L efe,r, p}) - the feasible set (the family of all relations of ¢—th type),

7, ;((ff)) - xk -th element of the feasible set.

The solution of the task (25) may be not unique, because of its discrete
form; the unique solution can be selected in random way or with the use of ad-
ditional criterion.

Determination of the right-hand side of the inequality (23) requires only the
value of 6. Determination of the right-hand side of the inequality (24) is more
cumbersome. It requires the form of distributions of comparison errors - actual
or estimated; estimation is efficient in the case of appropriate N — at least sever-
al. In the case of unknown distributions (actual or estimated) it is possible to
obtain some rough evaluation of the right-hand, with the use of simulation ap-
proach (see Klukowski 2008b).

3.2 Estimator based on inconsistencies with medians from compari-
sons

The estimator based on medians from comparisons of each pair is applicable in
the case of uneven N, i.e. N=20+1 (@=0, 1, ...,). The median g'""(x;, x;)

: ‘,

((xi»x;)eXxX) is the value gf)((’xl?l) /2y (xisx;),  where  symbols
/ / ¢

g f,(lr;m) (Xisx7)s -5 & f,(;vn)e) (xi>x;) denote comparisons g (U; (Xisx7)s 0 & 5,13 (xi>x;)

ordered in non-decreasing manner. Replacing N comparisons of each pair by
their median leads to the problem similar to those discussed in point 3.1, but
with single comparison of each pair. However, the distribution of each median

gy " (xi»x;) and comparison error T((x;,x;)— gy " (x;x,) is not the same
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as the distribution of 4-th comparison gf)? (xi»x;) and error
T8 Coisx ) = 8 (o) (1kSN; N23).

In the case of binary comparisons ggf)(x,», x;) ({ele,7,p}) the probabili-
ties P(T5 (xi»x;) = 5" (xisx;)=0) ((x;»x;) € XxX) can be determined di-
rectly on the basis of binomial distribution or its evaluations (see Klukowski
(1994), Section 5). They converge to one for N—oo (because 0 € (0, 5) ).
In the case of multiple-valued comparisons the probabilities
P(T(;f)(x[,xj)—gif’me)(x[,xj):0) ((xi»x,;) € XxX) assume the form (see David
1970, Klukowski 2007, 2008b):

(¢,me) N!

G(1)
P(T%)(xi,xj)—g,, (x,-,xj)Zl) I Z(N_l)/z(l—[)(N_l)/zdt,

(N =D/ i
(26)
where: G(I) = P(Tﬁf)(xi,xj) - g’(u[k)(Xi,Xj) <I).

The probability (26) is determined on the basis of beta distribution B(p,q)
with parameters p=¢q=(N+1)/2 (see David 1970). The expected value and
variance of the random variable with such distribution assume the form, respec-

+ and 0 1\;+2) . The assumptions about distributions of comparison errors

tively:

Tﬁf)(xis X))~ gifk)(xi, x;) (see (14) —(19)) guarantee convergence of the probabil-

.. ’,

ities P(T (x;,x,) — gi, "e)

convergence of distributions of comparison errors
(¢, me)

P(T (xisx)— g, " (xisx;)=0) (Le{b, u}), i.e. binary and multiple-valued,

(xi>x,)=0) ((x;;x;) € XxX) to one for N—oo. The

indicates the inequalities:

(0,me)

E(C ¥ |T§)k)(xl"xj)_gz[,me)(xi’xj)l)<E( )3 T(f)(xi,xj)—gu (xisx;)
<i,j>ERn <i,J>€Rp
(27)
lim EC 2|78 Genx) = g0 ™ (uiox)))) <
N—ow <i,j>e
7SR (28)

lim E( X

N—w <i,j>€R,

790x) =80 " (x ) (Lefe,, ph; ve b, u}).
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These results indicate the estimator form in the case of medians from com-
parisons:

X Gx =g ™ Gonsx )| (teler,p}). (29)

_ min
1 2 eFY <ij>eRn

The task (29) is, for N>1, simpler than the task (25), because includes
m(m—1)
2

solution of the task (29) can be also not unique.

In the case of binary comparisons it can be determined the evaluation of
probability of the event (see Klukowski 1994,  Section 5):
X 0 Gixp—gy ™ Gox )< T |7 Guox) =gy ™ G )Py which

<i,]>€Rp <i,j>€R,

m(m—1)
2

decision variables, while the task (25) includes N variables. The

converges to one, for N—o.

It assumes the form:

P( Y |T§,¢)(xi,xj)—gﬁf’me)(x,»,xj)|< > ’72[)()@,)6,')—gg,/”me)(xi,xj)p2

<i,j>ERy <i,j>€Rp (30)

I—Zexp{—ZN(%—é‘)z} (Cele, 7, p}).

The comparison of efficiency of estimators (25) and (29), in analytic way,
seems difficult and can be performed with the use of simulation approach.

4 Conclusions

The paper presents the unified approach to estimation of the equivalence rela-
tion, tolerance relation and preference relation on the basis of multiple pairwise
comparisons with random errors. They are based on the idea of minimization of
inconsistencies between relation form and comparisons. Two types of estima-
tors are considered: the first one based on total sum of inconsistencies and the
second — based on medians from each pair comparisons. Two kinds of compari-
sons can be used — binary and multiple-valued. The important feature of the
estimators proposed are weak assumptions about distributions of comparison
errors. The estimators based on total sum of inconsistencies have good statistic-
al properties, in particular the convergence of the probabilities (23), (24) to one,
for N—oo. The estimators based on medians are simpler than those based on
individual comparisons and also posses asymptotic properties - expressed by
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inequalities (26), (28). Some properties of the estimators are difficult to deter-
mine in analytic way; they have to be determined with the use of simulation
approach.
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The papers presented in this Volume 1 constitute a collection of contributions,
both of a foundational and applied type, by both well-known experts and young
researchers in various fields of broadly perceived intelligent systems.

It may be viewed as a result of fruitful discussions held during the Eighth
International Workshop on Intuitionistic Fuzzy Sets and Generalized Nets
(IWIFSGN-2009) organized in Warsaw on October 16, 2009 by the Systems
Research Institute, Polish Academy of Sciences, in Warsaw, Poland, Centre for
Biomedical Engineering, Bulgarian Academy of Sciences in Sofia, Bulgaria,
and WIT — Warsaw School of Information Technology in Warsaw, Poland, and
co-organized by: the Matej Bel University, Banska Bistrica, Slovakia,
Universidad Publica de Navarra, Pamplona, Spain, Universidade de Tras-Os-
Montes e Alto Douro, Vila Real, Portugal, and the University of Westminster,
Harrow, UK:

http://www.ibspan.waw.pl/ifs2009

The Eighth International Workshop on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGN-2009) has been meant to commence a new series
of scientific events primarily focused on new developments in foundations and
applications of intuitionistic fuzzy sets and generalized nets pioneered by
Professor Krassimir T. Atanassov. Moreover, other topics related to broadly
perceived representation and processing of uncertain and imprecise
information and intelligent systems are discussed.

We hope that a collection of main contributions presented at the Workshop,
completed with many papers by leading experts who have not been able to
participate, will provide a source of much needed information on recent trends
in the topics considered.
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