ROZWOJU
SPOLECZNO-GOSPODARCZEGO
1 OCHRONY SRODOWISKA

Suplement

( WSPOMAGANIE INFORMATYCZNE



Polska Akademia Nauk e Instytut Badan Systemowych

Seria: BADANIA SYSTEMOWE
Tom 37 '

Redaktor naukowy:
Prof. dr hab. Jakub Gutenbaum

Warszawa 2004



() POLSKA AKADEMIA NAUK

Instytut Badan Systemowych

WSPOMAGANIE INFORMATYCZNE
ROZWOJU |
SPOLECZNO-GOSPODARCZEGO
I OCHRONY SRODOWISKA

Suplement

Redakcja:

Jana Studzinskiego
Ludostawa Drelichowskiego
Olgierda Hryniewicza



Ksiazka wydana dzieki dotacji KOMITETU BADAN NAUKOWYCH

Ksiazka zawiera wybor artykutéw poswigconych omoéwieniu aktualnego
stanu badan w kraju w zakresie rozwoju modeli, technik i systemow
zarzadzania oraz ich zastosowan w réznych dziedzinach gospodarki
narodowej. Wyodrebniong grupe stanowia artykuly omawiajace
aplikacyjne wyniki projektéw badawczych i celowych KBN.

Recenzenci artykutow:

Dr hab. inz. Macicj Krawczak

Dr Grazyna Petriczek

Prof. dr hab. inz. Andrzej Straszak
Drinz. Jan Studzinski

Komputerowa edycja tekstu: Anna Gostynska

© Instytut Badan Systemowych PAN, Warszawa 2004

Wydaweca: Instytut Badan Systemowych PAN
ul. Newelska 6, 01-447 Warszawa

Sekcja Informacji Naukowej i Wydawnictw IBS PAN
tel. 836-08-22

ISNB 83-85847-93-6
ISSN 0208-8029






ZASTOSOWANIE METOD
MATEMATYCZNYCH W INFORMATYCE






ON A NEW WAY TO GRADIENT-BASED NEURAL
NETWORKS LEARNING ALGORITHMS

Maciej Krawczak

Svstems Research Institute - Polish Academy of Sciences
Warsaw School of Information Technology
<Muciej. Krawczak@ibspan.waw.pl>

W artvkule  predstawiono  koncepcje  sprzezonveh  sieci  neuronowvch.
Koncepcja ta oparta jest na teorii grafow skierowanych oraz grafow
odwrotnych. Whwvniku otrzymujemy wyrazenia okreSlajqce algorvim uczenia
sieci  neuronowych —  backpropagation.  Meitodologia ta  moze  byé
wykorzystana do  okreSlania innvch algorvimow wczenia  opartych na
metodach gradientowvch. Nasi¢pnie przedstawiono model siect nogdlnionveh
algorvimu propagacji wstecznej (backpropagation).

Stowa kluczowe: siect ncuronowe, algorytmy propagacji wstecznej, teoria
grafow, metody gradientowe optymalizacji.

1. Introduction

In this paper we will recall the concept of adjoint neural networks that was
described by Krawczak (2002, 2003) as a method for evolution the formulae of the
backpropagation learning algorithm for multilayer neural networks. The
methodology is based on the assumption that multilayer neural networks can be
treated as flow graphs. The analysis leads to the proper equations of the
backpropagation algorithm but in a much simpler manner. The graph methodology
incorporates the reciprocal graphs in which signals flow in opposite directions.
These kind of neural networks are called the adjoint neural networks. Construction
of the adjoint neural networks yields directly the formulae of the considered learning
algorithm, as well as to any gradicnt descent based algorithms.

Using the methodology for modelling complex systems, called the
Generalized Net theory, developed by Atanassov (1991), we will construct such
a model of the adjoint neural networks. In a paper by Krawczak and Aladjov (2002)
we developed the Generalized Net model of the backpropagation algorithm as well

as the first approach to development of the Generalized Net model of the adjoint
neural networks.
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2. Transformation of a Neural Network into a Graph

Since the pioneering work of McCulloch and Pitts (1943) a model of an
artificial neuron is a very simple processing unit, Figure 5.1. which has a number of

inputs ', say N, each input being weighted with an appropriate weight
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Figure 1. An elementary model of a neuron.

The sum of the weighted inputs and the bias (included in the inputs) forms at the
summation point @ the proper input

N N
net; =3 wy ;=) vy (D
i=1 i=1

to the activation function f, (netj). In the model considered an additional element
corresponding to a junction point, which is depicted by O , is included. Figure 1
shows an extended notation of indices, namely we indicate the position of each
neuron in the whole network. For example the weight w;,_;, indicates the

connection between the neuron i belonging to the (I —1)-st layer and the neuron j
from the [ -th layer.
Let us rearrange the neuron’s elements in the following way:

e remove the activation function to the outside of the neuron,

e the removed activation functions are shifted to each of the connections
between the considered neuron and all neurons of the next layer, becoming
thereby the transmittances between neurons,

e the connection between neurons are still weighted,

e the summation point and the junction point make up a node,

e the neural network with the rearranged neurons becomes a flow graph.
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On a new way to gradient-based neural networks

The above rearrangement is pictured in Figure 2.
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Figure 2. The rearranged neuron as a segment of a flow graph.

Now. description of any separate edge takes the following form:
Yiu-wj T Wia-n i Na-y T Wia-nja fz(_{—l)(’w’i(1~l))' (2)

The neural network with the new models of neurons becomes a flow graph.
Comparing the neural network as a flow graph to the respective adjoint neural
network we can notice that the architectures exactly the same (Krawczak, 2002).

Using the graph theory notation a feedforward network topology can be
specified by considering the values of nodes, ie. ner;,, for

I=12...L, j)=12,..N({)

netyg, = Xy for =0
N(©)
2 oo Koy - for [ =1
1(0)=1
_ ) NU-D 3)
net; =
0 S o)
J Zwi(,_l)j(l) floety; ) forl<i <L
i-n=t
N
net jiouy = ZWI'(H,(L) f(”efl(u))’ forl=1L
(D=1

Using the formula for ner;;, we can illustrate flows of signals in a neural
network treated as+a flow graph in Figure 3.
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Figure 3. A schematic exemplary two-layer neural network as a flow graph.
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The generalized delta rule for updating the weights has the following form

v _ »

JE oF anctj(,)
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for j(OH=L2.,N{), ((-)=12,. . NI-1, [=12,.,L, where the factor

delta is expressed bellow

N(L)
/| N .
zf (n()r_/(L))()j[()m) ’lf[:L
J(=1
N) (5
/ N .
51(1—1) = f(/w?l(/-n) ZWI-” i) c)j(,) af2<i< -1 )
jth=l
N(O)
850 = Oiiiny = Z“’um_/(l) Oy it =1
J0)=1

where

n
i i(1-1) ey Y-
oE p

dnet

fiy= (©)

i anerjm

It can be easily noticed that equations describing the signals nef and O have
the same structure, and directions of these signals arc opposite. In Figure 4 we have
presented a counterpart to the example shown in Figure 3.
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Figure 4. An exemplary two-layer neural network as an adjoint NN.

The adjoint neural network was found by application of the same network
architecture, reversal of the direction of signal tlows, replacement of activation
functions by their derivatives, and switching of the positions of summing points with
junction points within each node. It was shown that the transformation of the
original network into the adjoint network is governed by very simple rules described
in Krawczak (2002).
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3. Generalized Net Modelling

The basic difference between Generalized Nets and the ordinary Petri nets is
the place — transition relation (Atanassov, 1991), in the theory of Generalized Nets
the transitions are objects of a very complex nature. The places are marked by O ,
and the transitions by . Generalized Nets contain tokens, which are transferred from
place to place. Every token bears some information, which is described by token’s
characteristic, and any token enters the net with an inirial characreristic. After
passing a transition the tokens’ characteristics are modified.

The transition has inpur and outpur places, as shown in Figure 5.

Formally, every transition is described by a seven-tuple
Z=(L, U 1, t,.r, M, 0) (7)

where:

o L'= {lf, L,... l,'n} is a finite, non empty set of the transition’s input places,
o L'={Il,17,.... 17} is a finite, non empty sct of the transition's output places,
e 1, is the current time of the transition's firing,

e 1, is the current duration of the transition active state,

e 7 is the transition's condition determining which tokens will pass (or transfer)
from the transition's inputs to its outputs; it has the form of an index matrix
described in (Atanassov, 1987),

—O I
—O

191

X

Figure 5. A Generalized Net transition.

e M is anindex matrix of the capacities of transition's arcs,

O is an object of a form similar to a Boolean expression, it may contain as
variables the symbols that serve as labels for transition's input places, and O is an
expression built up from variables and the Boolean connectives A and v, The
following ordered four-tuple
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E=((A e [.6,.0:) (K. @) (T..57), (X.@.b) ) (8)

is called Generalized Net if the elements are described as follows:
A s a set of transitions,

7, 1s a function yielding the priorities of the transitions, ie. 74:A—> N,
where N = {0, 1 2,...}u{oo},

7T, is a function specifying the priorities of the places. i.e. 7, :L— N, where
L=pnAuprA, and pr,X is the i-th projection of the n-dimensional set.

where ne€ N, n=1 and 1<i<n (obviously, L is the set of all Generalized
Net places),

¢ is a function providing the capacities of the places,ie. ¢: L — N,

f is a function that calculates the truth values of the predicates of the
transition'’s conditions (for the Generalized Net described here let the function f
have the value false or true, i.e. a value from the set {0, 1}),

©), is a function specifying the next time-moment when a given transition Z

can be activated. ie. ©(t)=1", where prZ=r1. i'c lT.T+r*J and <15 the

value of this function is calculated at the moment when the transition terminates
its functioning,

©, is a function yielding the duration of the active state of a given transition Z ,

ie. O,(t)=1", where pr,Z=re lT,T +r*J and 120 the value of this function
is calculated at the moment when the transition starts its functioning,
K is the set of the Generalized Net's tokens,

7T 1s a function specifying the priorities of the tokens, i.e. 7 1K > N,

O, is a function producing the time-moment when a given token can enter the
net.ie. @ ()=1 . where e K and re [I.T +1°),

T is the time-moment when the Generalized Net starts functioning; this moment
is determined with respect to a fixed (global) time-scale,

1% is an elementary time-step, related to the fixed (global) time-scale,

t" is the duration of the Generalized Net functioning,

X 1s the set of all initial characteristics the tokens can reccive on entering the
net,

@ is a characteristic function that assigns new characteristics to every token
when it makes the transfer from an input to an output place of a given transition,

b is a function specifying the maximum number of characteristics a given token
can receive, i.e. b: K — N ; for example, if b(a) =1 for some token . then
this token will enter the net with some initial characteristic and subsequently it
will keep only its current characteristic; when b(a) =oo the token ¢ will keep
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all its characteristics; when b(a): k <eco the token « will keep its last &
characteristics (the characteristics older than the last k will be forgotten); in the
general case every token & has b(a)+1 characterisfics on leaving the net.

A given Generalized Net may lack some of the above components. In these
cases, any missing component will be omitted. The Generalized Nets of this kind
torm a special class of Generalized Nets called reduced Generalized Nets.

4. Modelling of the Adjoint Neural Networks

In this part we will determine the Generalized Net model of the adjoint neural
network for the backpropagation algorithm, partially following Krawczak, Aladjov
(2002).

The Generalized Net model of the adjoint neural networks contains four
transitions, see Figure 6. Each transition of thc model represents a separate stage of
the adjoint neural network functioning. These stages are as follows:

e construction of the adjoint neural network

¢ initialisation of connection weights

e propagation of signals

e  back propagation of the error.

Here we will constrain our consideration to some elements of the reduced

Generalized Net form, in order to show how this methodology can be used to
construct the model.

In the considered multilayer neural network each neuron is represented by
a single neuron of & -type, and the token has the following initial characteristic

v, )= (NNL LI, f;,x,, imW,d), for [=0,1,.,L 9)
where  NN1- the neural network identifier,
[ -the layer number,
1 - the number of the token (neuron),
f; - anactivation function of the I -th neuron,
X, - the current value of neuron output,

imW - the index matrix of the weights, which contains the connection,
having the following form

In out

1 Wi, Wi,

imW = 2 W, , W,
N WN,I ’71,N
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where
N - the number of all neurons in the considered neural network,

W, . -the weight connecting the m -th neuron with the 7 -th neuron,

d - description, which can be defined as follows

tin" i (VZE (l,_ ..... N)) (imw, :O) & (316 (1,2,...,N) (imW,J- ¢O))
"out' if (Vie(L,2....N)) (imW,, =0) & (3ie (L.2.....N) (imW, #0))
Y if (i€ (1,2....,N)) (imW,, #0) & (3ie (1,2,....N) (imW,, =0)) 1o
"iso" if (Vie(L2,...N)) (imW,, =0) & (Vi€ (1.2,....N) (imW, =0))

where "in", "out", "int", "iso" denote the input, output, internal and
isolated neurons, respectively. In Figure 6 the considered places are denoted
by Xo,i=5L...8, m;, j=L...7,n, k=1..7.

Figure 6. The Generalized Net model of the adjoint ncural network.
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It i1s worth noticing that the characteristic (9) includes all information
required to estimate the whole neural network, namely the connectivity and
characteristics.

The process of the adjoint neural network construction is based on changes of
the neurons features, that is - the neurons must be able to propagate the signals in the
forward direction as well as to propagate the error in the back direction, and to
possess all the information required for the connection weights evaluation. These
changes of the new neuron features are represented by generation of the new

characteristics of the tokens in the place X, , which are as follows
v(a, ) =(NNLLI, f,, fl.x,,8,,imW ,imW,,d d,) (11)
where the new components of the characteristics have the following meaning

fl’(lzell):ai(_’_lﬁz_[)_

12
onet, (2
where net, is related to Equation 3, and
oE
o, =- (13)
onet,

which is related to Equation 5,

imW, has the same components as imW but the weights of inputs are
replaced by the weights of outputs and vice versa, that is

n out

1 Wl.l Wl,l

imW, = 2 W, Wy,
N WI.N WN,I

d, describes the connectivity of the neurons within the adjoint neural
network, and can be obtained from d in the following way

“in" if d="out"
“out" it d="in"
= 14
4 "int" if d="int" (14)

"iso" if d ="iso".
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From the Generalized Net point of view, the process of the adjoint neural
network model can be represented by the following transition Z,

&
Z =X L{X,), X, ‘ true Y- (15)

The next transition Z, describes the first stage of the training process,
namely the initialisation of weights

‘ X1 niy
Zz:({}.(‘l,nll},{}f},nzz}, X2 frue false 5. (16)
"y false frue

In the place m, a token associated with the performance index enters the
Generalized Net with the following initial characteristic

y(B)=(NNLE,E,.) (17)

where  NN1- the neural network identifier,

E - the performance index of the neural network learning,

E, ..« - the threshold value of the performance index, which must be
reached.

In the place m, this token does not change this characteristic.
The transition Z; associated with the pattern recognition process has the
form

Zy= <{X3,XAA‘,X.7,I712,H16,Ill},{X4,X5,nl3,lll4,}12}, (18)

X X m; m, n,

X, v, false false false false

X, |false v, false false false

X, vV, false false false false )
m, | false false I7A -V, false

m, | false false 'V, -V, false

mg | false false 'V, -V, false

n, | false false false false 'V,
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where

V| = “the neuron has assigned the input signal”,

V, = “the neuron has assigned the output signal”,

V, = “all neurons of the network have assigned the output signals™.

The tokens y,, p=12...,P, where p is the number of the training

pattern enter the place #, with the initial characteristic

Wy, )=(X,0).D,,p) (19)

where X, (0) - is the inputs vector of the neural network, and D, - is the vector of
desired network outputs.
The tokens of ¢ -type enter the place X4 for the purpose of calculation of

the neuron outputs, and next the tokens are transferred to the place X, where the

tokens ¢ form the output layer (for d ="out"), and obtain the new characteristics
in the following form

o )=(NNLL L, p, fi. f.x,, 8, ,imW ,imW,,d.d,) (20)

related to the nominal values of connection weights and the pattern p. The factor

9, can be viewed as representing the inputs for the adjoint neural network.
In the place n1; the token S obtains the new characteristic

V(B)=(NNLE' Ep) o

The next transition Z, is responsible for the error propagation via the adjoint
neural network, and the weights correction process, and has the form

Zy= <{X5’X6 ’"3»”2”"7}’{X-o’i%ng"’sams,m7,n3}> (22)

X, X, X mg Mg m;,  n
X'S Vi  false false false false false false

n= X false Vs Vs fualse  false  false false
my | false false false —Vs Vs&=Vs Vo false
m, | false false false —Vs Vs&=Vs Vi false

n, | false false false false  false  false true
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where

=
I

“the adjoint neuron has assigned the input signal”,

Vs = “the new pattern for learning must be applied”,

o=
I

“there exist adjoint neurons with unassigned outputs™.

In the place Xo the new values of the parameters &, are assigned to the

adjoint neuron outputs, and the weights can be corrected, in details according to the
following rule

Ay 0y =116,y Xigr) -

Other details of the transitions, places and tokens are very similar to those
considered in the previous sections and we will not repeat them.

5. Conclusions

The process of the backpropagation learning algorithm of the multilayer
neural networks can be simplified by introducing the adjoint neurons. Such neurons
enrich the ordinary neuron capabilities with some mechanism for error
backpropagation and self-modification of the connection weight changes. It seems
that the new structure of the neurons (the ncuron combined with the adjoint neuron)
gives the possibilities for hardware implementation of the neural network including
the mechanism of the backpropagation learning algorithm or other learning
algorithms based on gradient descent.
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