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A convergence theorem on effect algebras

Beloslav Riecan and Lenka Lasova
Institute of mathematics and informatics, Matej Bel University
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Abstract

There is a method of the local representation of a sequence of observables by
a sequence of random variables. It was successfully used in the probability
theory on MV-algebras. In the paper the method is extended from MV-
algebras to effect algebras.

Keywords: ergodic, effect algebra, observable.

1 Introduction

The classical Kolmogorov probability theory works with a probability space
(Q,8,p) and sequences (), ; of random variables &, : @ — R. In quan-
tum structures ([3]) some other approach is convenient: sequences (a:n)zo:l of
o-homomorphisms from the Borel family B (R) to the quantum structure are con-
sidered. Very interesting example important in multi-valued logic as well as in
quantum structures is an MV-algebra ([1],[8], for the probability theory on MV-
algebras see [12]). One of the effective methods of the probability theory on
MV-algebras is the local representation of a sequence (z,,),- , of observables by
a sequence (&), ; of random variables in an appropriate probability space. This
method was used for the first time in [9] (see also [13]. It was successfully used
in probability theory on MV-algebras ([7], [5], [10], [14], for a review see [12],
[3]), in ergodic theory [6], in topology ([11]), etc. From the a.e. convergence of
the corresponding se- quence in the Kolmogorov space the a.e. convergence of
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the original sequence follows. In the paper we present a variant of the local repre-
sentation method in effect algebras ([4], see also [3], an equivalent structure is a
D-poset ([2])). It seems that by the method many results of the classical probabi-
lity theory could be transpose to the quantum probability theory even in the effect
algebras case.

Definition 1 Let E be a nonempty set, @ is a partially binary operation on E and
O, 1g are elements of E. When the following conditions are fulfilled:

1. ifa ®bexists, thenb® aexistandaGb=bD a

2. if (a @ b)@cexists on E, then a® (b @ c) exists and (a ® b)Bc = ad(b® c)
forall a,b,c € £

3. if (a ® 1) is defined then a = O
4. for every element a in E exists elementbin E: a b= 1g

then the system (E,®,0p, 1) is called effect algebra.

In the following text we will use the notation:

S={(—o00,t)}U{R}U{D};t e R
B (R) = Borel set

We want to introduce probability on effect algebras. We need to define two
basic mappings on F for this aim. The first is called observable and the second
usefull mapping is state on m.

Definition 2 The mapping x : S — FE is called observable, if the following
statements are fulfilled:

1. z(R)=1g;x (0) =0,
2. ACB=xz(A) <z(B)forall A,B € S,
3. Ay A= (Ay) S x(A) forall Ay, A €S,
4. B, /0= x(B,) \(0.
Definition 3 The mapping m : E — (0, 1) is a state if the following rules holds
1. m(1g) =1,m(0g) =0
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2. s<t,m(s) <m(t), forall s,t € R

Definition 4 The mapping F will be defined as a composite mapping of state and
observable

F:R—{0,1): F(t) =m(z(—00,t))

Theorem 1 The mapping F' introduced in previous definition is a distribution
function.

Proof: We will prove the four properties of distribution function

1. let a, b be element of R and a < b then by using properties of observable
and state holds:

F (a) =m (x(—00,a)) <m(z(—00,b)) = F (b)
So the function F' is nondecreasing

2. a€ R: lim F (z)= F (a) This property results from the third properties

r—a
of states and observables.

3. lim F(a) = lim m(z(—o00,a)) =m(z(R)) =1

4. aEIElooF (a) = aEIEloom (x (—o00,a)) =m(z(0)) =0

Definition 5 The sequence of the observables ().~ is called regular, if Vn €
N there exists an observable h,, : B(R™) — E with the following property:

hy, (Al X Ay X ... X An) = (Al) N Zo (AQ) N..N\Nxy (An) .
The sequence of mappings h., is called regulating sequence.

It is easy to see that it holds:

m (Bt (A x R)) = m (hy (4)).
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2 Kolmogorov construction

Let (xy,),-; be a regular sequence of the observables in E and for all n € N the
mapping h,, be the observable from the previous definition.

Let C = {m,' (K),K € B(R"),n € N} be a set of all cylinders, where
the function 7, : RV — R" defined by m,, ((u;)]°) = (u1, ..., uy) is called the
n-th coordinate random vector.

Then there exists a mapping such that P : o (C') — (0, 1)

Pom,' =moh,:B(R") — (0,1).

foreveryn € N.
Let for every n € N the function g,, : R™ — R be Borel measurable function.
For each n € N the function &, : RN — R is given by

We define the mapping 7,, by this way:

In = gn (517627 7§n) =0gn O Tp

for all n € N and for every Borel function g,,. So we can write for the mapping
n, L B(R) — B(R") the following formula:

m (A) =7, (9, (A))

foralln € N,VA € B(R).
By y,, we denote the mapping from B (R) to the effect algebra E given by the
equality:

Yn = hy o 97;1 :
Then for the mapping m o y,, : B (R) — (0, 1) there hold the equalities:

1

Poﬁﬁlzpoﬁﬁlogﬁ :mohnog;l:moyn

for every natural number n.

3 Upper and lower limits

In the next step we modify the almost everywhere convergence with help of lim
sup and lim inf and the construction of translations formulas for these limits. This
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modification gives us the possibility to proved the convergence theorem. You can
see that:

‘ 0o 00 00 . - _1
llqrgifolipnn(w)<t@w€UUﬂnn << 0o, t p>>

p=1k=1n=k

This relation justifies the following definition.

Definition 6 The sequence (x,,),., of observables on o-complete effect algebra
E has lim sup if there exists a mapping T : (S) — E such that

n—oo

for everyt € R. If such observable exists, we write T = lim sup x,.
n—oo

Definition 7 The sequence (x,,),. | of observables on o-complete effect algebra

FE has lim inf if there exists a mapping x such that
n—oo

for every t € R. If such observable exists, we write t = liminf z,,.
n—oo

Proposition 1 If a sequence (x,,),. | of the observables on an effect algebras
E has limsup z,, and lim inf x,,, then the following inequality holds for every
n—00 n—oo

t € R:

lim sup z,, ((—o0,t)) < liminf z,, ((—o00,t))

n—00 n—00

Proof: Letw € Qand k > 1,k € N.
Evidently the following inequalities hold:
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It is clear then for every k € N:

Ao(()= ¥ ((=03)

n=k+1

So we have for all p € N

VA=) AV ()

and that is what we need.

Theorem 2 Let E be an effect algebra. Let (x,,),., be a regular sequence of
the observables in effect algebra E with state m, (&,,).-_, be a sequence of cor-
responding projections, g, : RN — R be Borel measurable function for every
natural number n. Then the following inequalities holds:

P ([ ((—00,t)) <m (g ((—o00,t))) forall t € R
P (7 ((—00,1))) = m (y ((—o0,t))) forall t € R.

Proof:
From the equality:

P (@ ((=o0,1)) = lim lim lim P (ﬁ"gl <<_°°’t ) 1%)))

and by using previous results we have:

(0 (ee=2)) =t (O (Coe-3)))-
m (hkﬂ- (kﬁ {(tl, tis) 100 (o) <1 — ;1)})) <

(o (=D (R (~-3)

As you can see the first part of the theorem is proved.
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From the equality:

kti
1
—1 . _ . . . —1 o =
P (ﬂn (( oo,t))) —phm khm Z,hm P (l_kl m, << 00, t p>>>

and by using previous results we have:

(U () (U ()
R )
(Vo (2 (= 2)))) = (Vo (- 2)

4 The convergence theorem

v

Now we extend the convergence m-almost everywhere by the following way.

Definition 8 The sequence (yy),. | of observables on effect algebra converges
m-almost everywhere, if

1. Vte R:m (g ((—o0,t))) =m (g((—oo,t)))
2. The function F (t) = m (g ((—oo,t))) is a distribution function.

Theorem 3 Let (x,,),- | be a regular sequence of observables x,, : S — E, hy,
be a regulating sequence and for alln € N g, : R — R be a Borel function.
We define a sequence (ny,).-, for every natural number n by this way: 1, =
gn (&1,&9, ..., &), where &, @ RN — R is n-th coordinate random vector. If
the sequence (ny),-, converges P-almost everywhere to 1), then the sequence
Yn = hn o g, ! converges m-almost everywhere and

P (77_1 ((—oo,t))) =m (g ((—o0,t))), forany t € R.

Proof:
We have seen that the following equalities hold

P (77 ((—00,1))) < m(F((—00,1))) < m (y((—o0,1))) <
P (Q_l ((—o0,t))) forallt € R.
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therefore the equality for the limes superior and limes inferior is satisfied.
So we have the required equality: P (n~* ((—o0,t))) = m (7 ((—o0, t))), for
any t € R.
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The papers presented in this Volume 1 constitute a collection of contributions,
both of a foundational and applied type, by both well-known experts and young
researchers in various fields of broadly perceived intelligent systems.

It may be viewed as a result of fruitful discussions held during the Tenth
International Workshop on Intuitionistic Fuzzy Sets and Generalized Nets
(IWIFSGN-2011) organized in Warsaw on September 30, 2011 by the Systems
Research Institute, Polish Academy of Sciences, in Warsaw, Poland, Institute
of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences in
Sofia, Bulgaria, and WIT - Warsaw School of Information Technology in
Warsaw, Poland, and co-organized by: the Matej Bel University, Banska
Bystrica, Slovakia, Universidad Publica de Navarra, Pamplona, Spain,
Universidade de Tras-Os-Montes e Alto Douro, Vila Real, Portugal, and the
University of Westminster, Harrow, UK:

Http://lwww.ibspan.waw.pl/ifs2011

The consecutive International Workshops on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGNs) have been meant to provide a forum for the
presentation of new results and for scientific discussion on new
developments in foundations and applications of intuitionistic fuzzy sets and
generalized nets pioneered by Professor Krassimir T. Atanassov. Other topics
related to broadly perceived representation and processing of uncertain and
imprecise information and intelligent systems have also been included. The
Tenth International Workshop on Intuitionistic Fuzzy Sets and Generalized
Nets (IWIFSGN-2011) is a continuation of this undertaking, and provides many
new ideas and results in the areas concerned.

We hope that a collection of main contributions presented at the Workshop,
completed with many papers by leading experts who have not been able to
participate, will provide a source of much needed information on recent trends
inthe topics considered.
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