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Abstract

In this paper we discuss the example of catastrophe bond with linear pay-
ment function. The approach based on neutral martingale method is used. In
order to price the catastrophe bond we use fuzzy parameters and apply Va-
sicek model under assumption of independence between catastrophe occur-
rence and behaviour of financial market. Then the Monte Carlo simulations
based on the obtained fuzzy pricing formula are carried out. The presented
fuzzy sets approach may incorporate expertise knowledge to overcome lack
of precise data in the discussed case.

Keywords: catastrophe bond, Vasicek model, neutral martingale method,
Monte Carlo simulations, fuzzy sets.

1 Introduction

During last years, the insurance industry face overwhelming risks caused by nat-
ural catastrophes. Losses from single catastrophic event could reach even 40 — 60
billion $ (Hurricane Katrina, 2005, see [11]). To cope with dramatic consequences
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of such extreme events special, integrated policy based on applying a whole set of
financial and insurance instruments is required.

The classical insurance mechanisms are not prepared to deal with extreme
losses caused by natural catastrophes. Even one, single catastrophe could cause
problems with reserves for many insurers or even bankruptcy of these enterprises.
For example, after Hurricane Andrew more than 60 insurance companies became
insolvent (see [11]). The traditional insurance models (see [2]) deal with indepen-
dent, rather small risks like car accidents. But losses from natural catastrophes
have extremely huge values and their sources are strongly dependent in terms of
time and localization, e.g. single hurricane could start fire in many houses, leads
to robberies, etc. Additionally, classical insurance mechanisms are often criti-
cized because of serious problems with adverse selection and moral hazard. The
primary insurers rely on classical reinsurance markets which are affected by pric-
ing cycles connected with occurrence of huge catastrophes or increasing threats
of terrorist attacks. Therefore it may be profitable to use new insurance instru-
ments in order to stabilize the portfolio for insurance company or even budget of
government.

As it was mentioned, the single catastrophic event could result in damages
measured in billions of dollars. Because daily fluctuations on worldwide financial
markets reach also tens of billion $, securitization of losses may be helpful for
dealing with results of extreme natural catastrophes (see e.g. [4, 7, 8, 10]). One
of possible types of “packaging” the losses is known as catastrophe bonds (Act-
of-God bonds, cat bonds, see e.g. [6, 14, 17]).

In this paper we discuss the example of catastrophe bond with linear payment
function. We apply neutral martingale method. In order to price the catastrophe
bond we use fuzzy parameters and Vasicek model under assumption of indepen-
dence between catastrophe occurrence and behaviour of financial market. Then
the Monte Carlo simulations based on the obtained fuzzy pricing formula are car-
ried out.

There is a need to take into account possible errors and uncertainties which
arise from estimation of rare events with serious, catastrophic consequences like
natural catastrophes. Therefore we apply the approach based on fuzzy sets which
may also incorporate expertise knowledge of assumptions about future behaviour
of catastrophic events or to overcome lack of precise, historical data.

This paper is organized as follows. In Section 2 we present some preliminaries
for fuzzy sets. In Section 3 we discuss the general features of catastrophe bonds,
present example of catastrophe bond with linear payment function, price this type
of catastrophe bond and conduct simulations in order to find appropriate price for
fuzzy approach. We conclude the paper in Section 4.
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2 Preliminaries

In this section we recall some basic facts about fuzzy sets and numbers.

Let X be a universal set and A be a fuzzy subset of X. We denote by u ; its
membership function p 7 : X — [0,1], and by Ay ={z: p i = a} the a-level
set of A, where A is the closure of the set {z : i 70}

In our paper we assume that X = R.

Let a be a fuzzy number. Then the a-level set a,, is a closed interval, which
can be denoted by @, = [aZ,a¥] (see e.g. [20]).

We can now introduce the arithmetic of any two fuzzy numbers. Let ® be a
binary operator @, ©, ® or @ between fuzzy numbers a and b, where the binary
operators correspond to o: 4, —, X or /, according to the “Extension Principle”
in [20]. Then the membership function of @ ® b is defined by

Haop (2) = sup  min{ua(z), pz(y)} - (1)
(z,y):woy=2
Let ®;n+ be a binary operator @i;nt, Sint, Qint OF Dint between two closed
intervals [a, b] and [c, d]. Then

[a,b] ®int [e,d] ={z€R:z=x0y,Vx € [a,b],Vy € [c,d]}, ()

where o is an usual operation +, —, x and /, if the interval [c, d] does not contain
zero in the last case. B

Therefore, if a, b are fuzzy numbers, then a © b is also the fuzzy number and
its a-level set is given by
(@& B)a = o Bint ba = [dé + Bg,dg + Bg] )
(@0 b), = da Omt bo = [ak — DY, a — bL] |

(CNL & B)a = Qq Qint Ba =

iL ~LiU ~UiL ~UU
b b b, agbg,

OlONaOé Oé’aOl alr o

(& @ Z;)a = Qo Qint Z;a =

= [min{a% /bE ak /oY, a¥ /ok al b}, max{ak /vt ak /oY, a¥ ok al /plY |

a) o a)) o a) o o) o a)) o o) o

= [min{a },max{a=b, aloy aVbE aVbYY |

if a-level set b, does not contain zero for all o € [0,1] in the case of @.
Triangular fuzzy number a with membership function pz(z) is defined as

r—aq
ﬁ for a1 <z <as
pa(x) = =& for ay <z <az , (3)
0 otherwise
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where [a1, ag] is the supporting interval and the membership function has peak in
as. Triangular fuzzy number a is denoted as

a = (al,ag,ag) .

Triangular fuzzy numbers are special case of Left-Right (or L-R) fuzzy num-
bers (e.g. see [1, 5]), where linear functions used in the definition are replaced by
monotonic functions, i.e.

Definition 1. A fuzzy set A on the set of real numbers is called L-R number if the
membership function may be calculated as

L= for ar <z < ap
pa(z) =4 R ;3__‘;22 for ag <x<asz > “4)
0 otherwise

where L and R are continuous strictly decreasing function defined on [0, 1] with
values in [0, 1] satisfying the conditions

Lz)=R(z)=1ifx=0,L(zx)=R(x)=0ifx=1.
The L-R fuzzy number & is denoted as

a=(a1,a2,a3)LR -

Next we turn to fuzzy estimation based on statistical approach (see [3]). This
approach may be seen as a way to obtain L-R numbers based on statistical data.

Let X be a random variable with probability density function fy(.). Assume
thatparameter € is unknown and are tobe estimated from a sample X1, Xo, ... X,,.
Let 6 be a statistics based on X 1, X2, ... X, which is used for such estimation.
Then for the given confidence level 0 < 5 < 1 we have the 3 - 100% confidence
interval [07,(53),0r(8)] for § which is established by the condition

P (00(8) <0 <0r(B)) =45 . (5)

If we suppose that [01,(0),0z(0)] = [0, 0] then we could construct fuzzy estima-

tor 6 of 6. We place the confidence intervals, one on top of the other, to produce a
triangular shaped fuzzy 6 whose a-cuts are the confidence intervals on 5 = (1—«)
confidence levels. Therefore we have

~

o = [0L(1 — ), 0r(1 — )] (6)
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for e.g. 0.01 < o < 1. In order to “finish” construction of the fuzzy estimator,
we suppose that

O = [0(0.99),07(0.99)] )

for 0 < o < 0.01. It means that we drop the graph of 9 straight down to complete
its a-cuts (see [3] for additional details).

3 Catastrophe bonds

3.1 Features of catastrophe bonds

Because of problems with coverage of losses by insurance enterprises, dependen-
cies among sources of risks, potentially unlimited losses, problems with adverse
selection, moral hazard and reinsurance pricing cycles applying alternative finan-
cial or insurance instruments may be profitable. The problem is to ”package” nat-
ural disasters risk and appropriate losses into classical forms of tradable financial
assets, like bonds or options. The most popular catastrophe-linked security is the
catastrophe bond, known also as cat bond or Act-of-God bond (see [6, 9, 14, 17]).
Cat bonds were introduced in 1992, and become wider known in April 1997, when
USAA, an insurer from Texas, initiated two new classes of cat bonds: A-1 and A-2
(see [12]).

There is one important difference between cat bonds and “classical” bonds —
the premiums from cat bond are always connected with additional random vari-
able, i.e. occurrence of some natural catastrophe in specified region and fixed
time interval. Such event is called triggering point (see [9]). For example, the
A-1 USAA bond was connected with hurricane on the east coast of USA between
July 15, 1997 and December 31, 1997. If there had been a hurricane in men-
tioned above region with more than $1 billion loses against USAA, the coupon of
the bond would have been lost. As we can see from this example, the triggering
point changes the structure of payments for the cat bond. The other types of cat
bonds may be related to various kinds of triggering points — e.g. to magnitude of
earthquake, the losses from flood, insurance industry index of losses, etc.

As usually, the structure of payments for cat bonds depends also on some pri-
mary underlying asset. In case of A-1 USAA bond, the payment equalled LIBOR
plus 282 basis points.

The main aim of cat bonds is to transfer risk from insurance markets or gov-
ernmental budgets to financial markets. Apart from transferring capital, a liquid
catastrophe derivatives market allow insurance and reinsurance companies to ad-
just their exposure to natural catastrophic risk dynamically through hedging with
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those contracts at lower transaction costs. If the triggering point is connected with
industry loss indices or parametric triggers, the moral hazard exposure of bond
investors is greatly reduced or eliminated. Cat bonds are often rated by an agency
such as Standard & Poor’s, Moody’s, or Fitch Ratings.

The cash flows for catastrophe bond are managed by special tailor-made fund,
called a special-purpose vehicle (SPV) (see [18]). The hedger (e.g. insurer) pays
an insurance premium in exchange for coverage in case if catastrophic event oc-
curs. The investors purchase an insurance-linked security for cash. The men-
tioned premium and cash flows are directed to SPV, which issues the catastrophe
bonds. Usually, SPV purchases safe securities in order to satisfy future possible
demands. Investors hold the issued assets whose coupons and/or principal depend
on occurrence of the triggering point. If the pre-specified event occurs during the
fixed period, the SPV compensates the insurer and the cash flows for investors
are changed, i.e. there is full or partial forgiveness of the repayment of principal
and/or interest. If the triggering point does not occur, the investors usually receive
the full payment.

3.2 Example of catastrophe bond

We present an example of a catastrophe bond with a piecewise linear stucture of
the payoff function. This catastrophe bond was also considered in [16], where it
was a part of an insurance company portfolio.

We introduce two finite sequences of constants:

0<Kyg=k<Ki<..<K,,

0<w; <wy <..<wy, Yy w <1 n>1L
i=1

Definition 2. We denote by 1B, (T, Fv) catastrophe bond with face value F'v,
maturity and payoff date T, and which payoff function has a form

n—1

VIB,(T,Fv) = Fv | 1 — Z
=0

NT /\Kj+1 — NT /\Kj
Kjt — K;

Wj+1

The catastrophe bond I B, (T', F'v) satisfies the following properties.

1. The payoff function is a piecewise linear function of losses Nr.

2. If the catastrophe does not occur in the period [0, 77, i.e. (NT < Kj), the
bondholder receives the payoff equal to the face value F'v.
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3. If Ny > K, the bondholder receives F'v (1 — 31" w;).

4. If K; < Np < Kji1dlaj=0,1,...,n, the payoff is equal to

NrAKiv1— NpAK;
Fol|l- sz’—i-l_ 4 It 4 Lwjp1

0<i<j AR J

The payoff function of the presented example of a catastrophe bond precisely
reflects possible losses caused by a catastrophic event.

3.3 Pricing of catastrophe bond

Let (92, F, P) be a probability space.

Let (W3),e(0,7) be a Brownian motion. Let (U;);2; be independent, identi-
cally distributed random variables with bounded second moment. We assume that
each Uj; describes the value of losses in case of single catastrophic event.

We define compound Poisson process by formula

~ Nt
Ny=> Ui, te[0,T],
=1

where NNV, is Poisson process with intensity «. Then Nt describes the value of
losses caused by catastrophes till time ¢.
The filtration (F3),¢(q 1) is given by formula

Fo=0(F)UF}!) F) =0 (W, s<t),

Fl—o (Ns,s < t) te[0,17].
We assume that

Fp=0c({Ae€eF:P(A) =0})

and that (W3),c(0 7)» (Nt)yepo,v and (U;);Z, are independent. Then the filtered

probability space (Q, F, (Ft)te[o,T'} ,P) satisfies the standard assumptions, i.e.
o-algebra F' is P-complete, the filtration (F}),ciq v is right continuous, what
means that for each ¢ € [0,7")

Fy=(F.=F

s>t

and Fj contains all the sets in F' of P-probability zero.
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We denote by (Bt)te[o,T'} banking account satisfying the following equation:
dBt = T'(t)Bt dt, BQ = 1,

where r is a risk-free spot interest rate. The solution of the above equation has the

form: .
B; = exp </ r(u)du) , L€ [O,T’] .
0

We denote by B (¢, T') the price at the time ¢ zero-coupon bond with maturity date
T < T’ and the face value equal to 1.

Definition 3. B (¢,T), t < T < T is called the arbitrage-free family of zero-
coupon bond prices with respect to r, if the following conditions are satisfied:

a) B(T,T) =1foreachT € [0,1"].

b) There exists a probability Q,equivalent to P, such that for each T € [0,T"]
the process of discounted zero-coupon bond price

B(t,T) /By, t €[0,T],

is a martingale with respect to (). Then we have the following pricing
formula

B(t,T) = EC (e— ftT’“<“>du|FtQ) telo,T].

Let A, = —\ denote the risk premium for risk-free bonds. The following
Radon-Nikodym derivative defines a probability measure (), equivalent to P:

a 1 2
_Q = _Z -a.s.,
P exp </0 AudW, /0 A du | P-a.s

such that B (t,T") /By, t € [0,T1], is a martingale with respect to Q.
We assume the Vasicek model of the risk-free spot interest rate r. The interest
rate satisfies the following equation

dr (t) =a(b—r(t))dt + odW,

for positive constants a, b and o.

We also assume that financial market is independent from the catastrophe risk
and investors are neutral toward nature jump risk.

The following theorem and lemma were proved in [16]. In our approach,
described in [16], we used methodology from [18].
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Theorem 1. Let IB (0) be the price of a IB), (T, Fv) at time 0. Then

IB(0) =Fv e_TR(T’T(O))EPU[BP(T,Fv), (8)
where
o 1 —ab 02 —ab 2
R<9’”—R°o‘@{<3w‘” (1=e) =gz (=) }
and 9
Ao o
Foe =0~ g

The lemma below is usefull for the numerical computation of the catastrophe
bond price.

Lemma 1. Let ~
cpm:P(NTgKm>,m:O,1,...,n 9)

and let .
em:ENTI{Km<NTSKmH},m:0,1,...,n—1. 10)

The following equality holds

EPvip (750 = Fv [1 = (1= n) 5 w;

-1
- Zgl:o {(‘Pmﬂ — ¥m) ZO§j<mwj+l

€m — (Spm—l-l - (Pm) K, }:|
Wm+1 .

* Km+l - Km

Our aim is to present the catastrophe bond pricing formula in case when the
parameters of the spot interest rate are not precisely known. To model this uncer-
tainty we introduce fuzzy numbers @, b, & and 7 in place of a, b, o and r (0). We
also treat the market price of risk as a small fuzzy number. Therefore we replace
the parameter A by its negative fuzzy counterpart A

Let F (R) the set of all fuzzy numbers. The proposition below was proved in
[19].

Proposition 1. Let f : R — R, for which the inverse image of any value is
compact, induces a fuzzy-valued function f : F (R) — F (R) via the extension
principle and the a-level set of f(A) is f(A), = {f(z) : x € A }.

Applying Proposition 1, we obtain the following fuzzy version of the pricing
formula.
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Theorem 2. B ~
IB(0) = Fvee T @ B v 1 py), (11)

where

R(T)=Rs © { (Roo e fo) ®(leoe ™) osnse (1oe ) (12)
@(lee®)o(dwazd)} o (@eT)

and
R =bOARF 000606 O (20004a) . (13)

To calculate the a-level sets of IB (0) we use formulas similar to (11), (12)
and (13), replacing the operators &, ©, ®, @ by @int, Oints Qints Dint-

3.4 Monte Carlo simulations for fuzzy approach

In order to find the price of the catastrophe bond described in Section 3.2 accord-
ing to Theorem 2, the appropriate simulations were conducted.

It was necessary to apply two kind of sets in Monte Carlo simulations. First
set was used for approximation of parameters (9) and (10) in calculation of value
EPy, B,(T,Fv)- In this case we assume that quantity of losses is modelled by Pois-
son process with expected value « and the value of each loss is given by random
variable from Gamma distribution with scale parameter ¢ and shape parameter /3.
Other types of distributions for modelling the value of losses are also possible,
e.g. Weibull distribution.

The second set of simulations was used for generation of trajectories of the
risk-free spot interest rate for the Vasicek model with fuzzy parameters. We as-
sume that parameters are described by a-sets which may be derived e.g. from
triangular fuzzy numbers or L-R numbers (see Section 2). The approach for ap-
plying Monte Carlo simulation in case of intervals based on a-sets was presented
in [15].

We assume that for each considered example of catastrophe bond the trading
horizon is set on 5 years and we generate n = 1000000 (one million) simulations.

In case of Example I — III we analyse the estimators of cat bond price for
extending limits of a-sets. We assume that k = 0.05, ( = 10, § = 20, therefore
the generated losses have catastrophic nature, i.e. they are rare, but with high
value. The catastrophe bond was described by parameters

Fv=1,A=-01,w; =03,wy=0.2,
Ky=5,K1=10,Ky=15. (14)
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Then based on equation (11) we obtained estimators for price of catastrophe bond
presented in Table 1. As we could see, the average and median behave rather sta-
bly. Minimum, 1% quantile and 5% quantile decrease in constant way. The same
applies for first quartile, but in this case the decreasing is not so fast. Maximum,
95% quantile, 99% quantile and third quartile increase in constant way. The same
applies for standard deviation which means that the error caused by uncertainty,
i.e. widen intervals for a-sets, is also higher. Based on these numerical experi-
ments we may examine the dependency between the level of error for estimators
and the width of a-sets connected with uncertainty level o.

Table 1: Numerical estimators for price of catastrophe bond in Example I, 11, 111

Example 1 Example 11 Example 111
G, [0.02,0.03] | [0.015,0.035] | [0.01,0.04 ]
ba [0.05,0.06] | [0.045,0.065] | [0.04,0.07]
Oa [0.01,0.02] | [0.005,0.025] | [0.005,0.03]
r4(0) [0.05,0.07 ] | [0.045,0.075] | [0.04,0.08 ]
Average 0.6511 0.652089 0.651655
First quartile 0.635761 0.628966 0.620808
Median 0.650879 0.651559 0.650661
Third quartile 0.666293 0.674975 0.682049
Standard deviation | 0.0177032 0.0266988 0.0355123
Minimum 0.618231 0.601944 0.586333
1% quantile 0.621041 0.606673 0.591928
5% quantile 0.62389 0.611391 0.597849
95% quantile 0.678962 0.69423 0.70817
99% quantile 0.682045 0.699594 0.715074
Maximum 0.685385 0.706107 0.723928

In case of Example I and Example IV —V we analyse the estimators of cat bond
price for increasing values of ¢ and £, i.e. higher expected value and variance of
single catastrophic event. We assume that a-set were described by intervals

aa = [0.02,0.03] , by = [0.05,0.06] ,

0o = [0.01,0.02] , 74 (0) = [0.05,0.07] (15)

and the catastrophe bond was the same as in previous scenarios, i.e. parameters
were given by (14). The obtained estimators may be found in Table 2. As we
could see, all of the estimators, including average, are lower for higher values of
scale and shape parameters. However, the differences are not so significant.
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Table 2: Numerical estimators for price of catastrophe bond in Example I, IV, V

Example I | Example IV | Example V
¢ 10 15 20
I3 20 30 40
Average 0.6511 0.651101 0.651012
First quartile 0.635761 0.635729 0.635649
Median 0.650879 0.650856 0.65074
Third quartile 0.666293 0.666311 0.666261
Standard deviation | 0.0177032 | 0.0177192 | 0.0177149
Minimum 0.618231 0.618144 0.618102
1% quantile 0.621041 0.621078 0.620989
5% quantile 0.62389 0.623936 0.623834
95% quantile 0.678962 0.679018 0.678894
99% quantile 0.682045 0.682084 0.681977
Maximum 0.685385 0.685491 0.685286

Table 3: Numerical estimators for price of catastrophe bond in Example I, VI, VII

Example I | Example VI | Example VII

Ky 5 5 5

K 10 15 20
Ko 15 30 40
Average 0.6511 0.651484 0.651512
First quartile 0.635761 0.636083 0.635955
Median 0.650879 0.651268 0.651253
Third quartile 0.666293 0.666758 0.666555
Standard deviation | 0.0177032 | 0.0177386 0.017723
Minimum 0.618231 0.618443 0.618275
1% quantile 0.621041 0.621393 0.621271
5% quantile 0.62389 0.624239 0.624124
95% quantile 0.678962 0.679363 0.679218
99% quantile 0.682045 0.682444 0.68227
Maximum 0.685385 0.685815 0.6858

In case of Example I and Example VI — VII we analyse the estimators of cat
bond price for increasing values of triggering points K; and K. We assume that
a-set were described by intervals (15) and the parameters of catastrophe bond
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were given by (14) apart from values of triggering points. The obtained estima-
tors may be found in Table 3. As we could see, all of the estimators, including
average, are higher for higher values of triggering points K; and K». However,
the differences are not so significant. It may be explained by the fact, that first
triggering point K — the most often realized event in case of catastrophe — was
the same for all scenarios.

4 Conclusions

In this paper we discuss the example of catastrophe bond with linear payment
function. The approach based on neutral martingale method is used. We use fuzzy
parameters and apply Vasicek model under assumption of independence between
catastrophe occurrence and behaviour of financial market. Because of possible
errors and uncertainties which arise from estimation of rare events with serious,
catastrophic consequences and lack of precise, historical data, the fuzzy set ap-
proach is applied. Then appropriate simulations for the obtained fuzzy pricing
formula are generated. We analyse output from some numerical experiments for
various sets of parameters.
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The papers presented in this Volume 2 constitute a collection of contributions,
both of a foundational and applied type, by both well-known experts and young
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imprecise information and intelligent systems have also been included. The
Ninth International Workshop on Intuitionistic Fuzzy Sets and Generalized
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new ideas and results in the areas concerned.
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inthe topics considered.
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