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IR 81tOV DECXSJ:011 l'LU::J:118 

Hannu Nurai• and Janusz bcprzyk-

-nepart.aent. or Pol.it.ical Science, Universit.y or .Turku, 
SF - 20500 Turlcu, Finland 

-Syst.eas Researcb Inst.it.ut.e, Polish Ącadeay of' ~iences, 
ul. Newel.ska 6, 01 - 4~7 ~arsa•, Poland 

Abst.rac~. St.art.ing rroa individual. <or collect.ive> _f'uzzy 
t.ournaaent.s as pref'erence represent.at.ions, -we ·de1'ine ńew 

solut.i.on concept.s in ,:roup decision aaking whicb are . iaost.l.y 
count.erpart.s of t.hose derived :ror oonf'uzzy - t.ourna11ent.s as, 
e.,:., set.sof undoainat.ed opt.ions, uncovered set.s, and t.he 
Banks set; nonfuzzy and f'uzzy -Jorit.ies are co~idered. 

Keywordll: g-roup decision aaking, social choice, t.ourna11ent., 
f'llzzy t.ournaaent, solut.łon concept., f'uzzy -Jority. 

1. INTJroDUCTION 

Suppose we bave a f'init.e set. of al.t.ernat.ives <options> X 

• <x1 , ••• ,xn> and a f'init.e set. of individuals N• <1, ... ,111}. 

Each individual k provides his or ber Cconnect.ed and 

~ransit.ive> pref'erence relat.ion on X, Pk. The probie• is t.o 

t·ind a solut.ion which is a subset. S s; X of alt.ernat.ives whieh 

are '1110st. aecept.abJ.e• by N as a .whol.e. S should sat.ist·y some 

plausible crit.eria whose diversit.y leads to numerous solut.ion 

c~neept.s: Unf'ort.unat.ely, t.here is no 'ideał• solut.ion [et'. 

Nurai <1987, 198Ba> :ror an analysisl . 

Int.be derivat.ion or a so1ut.i on there are t.wo basie 

approaches: 

a direct. one, i.e. <P1, .. . ,PM> ---> so1ut.ion 

an lndirect. one, i.e. <P1, ... ,Pffl> --> P --> solution 

t.bat. is, direct.ly f'r011 t.be indivu_duaf pret'erence re1at.ions, 

or by conat.ruct.inc first. a collect.ive preference relat.ion, P. 
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A f'ruit.tul point. or depart.ure is t.o st.art.· wit.h individual 

or collect.i~e t.ourna11ent.s • i.e. coaplet.e and assyaet.ric 

relat.ions- on X; see Sec::t.ion 2 tor -ny int.erest.inc t.ournaaent. 

- ba.sed solut.ions. 

In prac_t.ice t.he huaan pi-ef'erences are seldoa elear - · cut., . 

bence f'uzzy preterence relat.ions are of't.en advoc::at.ed. A /u:zzy 

, .. pre/erence relation oC i.ndividual k. 2i,, is a f'uzzy set. · in X , 

x V ~bose 111e•bership f'unct.ion is ~: X x ' X ·--> CO• 11; 

· µX -cx·i.. xJ. > denat.es t.he decree (st.renet.Jl> of' pref'erence or 
k . . 

alt.ernat.ive xi. over xj _ _ telt. by individual k. · f'roa o tor 

tull pref'erence ot x. over x . t.o 1 f'or f'ull pref'erence ot' -x . 
.. • . j ·J 

over xi. .t.hrou,:h .all interaediat.e · values CO.!:! f'or 

indif'terence>. 11' card X is -11. 2i, -y be represent.ed in 
k k aat.rix ~orm 2i, • Crljl; rlj • ~ Cxl, xj>. In generał, it. is 

assullled t.hat. r~. • O and rk · + r~ . • 1 •• , i.j J• • 

The ruzzy pref'erence relat.ions have been widely used 

see, e.g., Blin (197,>, Blin and Whinst.on (1973>, Bezdek, 

Spillaan and Spill111an (1977. 1978, 1979>, Kacprzyk (~9~,. 

1985a, c, 1986a, 1987>, Kacprzyk and Fedrizzi (1986, 1988), 

~uzmin <1982>, ~uzmin and Ovchinnikov C1980a. b>, Kont.ero and 

Tejada (1986), Nur• i (1981>. Tanino (198,, 1988). et.c. An 

ext.ensive account. of' t.his t.opic is Kacprzyk and Roubens 

(1988). FrÓIII t.he .viewpoint. ot t.his paper, i.e. t.he derivat.ion 
I,; 4' 

ot a solut.i.on, Lacprzyk <198,, 1985a, c, 1986a> and Nur111i 

(1981) are t.he 1110st. relavant.. 

Here we st.art. f'rOIII f'uzzy individual and ·collect.ive 

t.ournament.s, and propose some count.erpart.s ot t.he solut.i.on 

concept.s proposed in t.he _case of' nonf'uzzy t.ournament.s . 

1 . SOLUTIONS IN THE CASE OF ·NONF'UZZY .TOURNAl'IENTS 

A tournaJlle'nt P Cor Pic 11' it. concerns individual k> is a 

complet.e Ceit.her x . Px . or x . Px. > ~nd assymet.ric 
• . J . J " 

<x. Px . o 
• J 

-ocjPxl> relat.ion on X. ; It, may . be int.erpret.ed as a Cst.rict.> 
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pre:ference relat.ion on t.be set. o:f alt.ernat.ives, If' eacb 
y 

individual · bas a complet.e, t.ransit.ive and . , a~et.ric 

pre:ference rel,at.ion on X and the :nu,nl:,er of'· ·i .ndividuals is 

odd, t.hen a t.ournament. may be _const.ruc~ed ,-by pairwise 

comparisons or alt.erria~ives · in ·. t.he · part.icular pref'eręnce_ 

orders Ccorrespondinr; t.o pref'e~nce _relc1t.ions>, i.e. in · t.hat. 

t.ourna111ent. x . Px . iff" t.he number of i_ndividuals pref'errinr; x: 
L J L 

't.o xj is larr;er t.han of' t.hose wit.h t.he oppos_i _t.e pref_~rence. 

Let. us now brief'ly review same ,b_asic solution ·concepts: 

1'be Condorcet. winner. This solut.ion concept comprises t.ha~ 

a lt.ernat.ive whicb is pref'erred by a niajorit.y of' individuals. 

Un:fort.unat.ely, it. need not. exist. Csee, e.r;., ·_Fishburn · (1974.> 

·•:for t.his and related issuesl. 

The Copeland winnin; set.. This <and the next. ones> is one of' 

the so - called Condorcet extensions Csolut.ion concept.s t.hat. 

r educe t.o t.he Condorcet. winner if it. exist.s> . It. is denot.ed 

by UCc and consist.s o:f t.hose alt.ernat.ives t.hat. have t.he 

maxi•u• number of' 1's in t.heir correspondinr; rows i.n t.he 

t.ourna111ent. aat.rix. 

The uncovered set.. Denot.ed by UC Cftiller C1977, 1980)1, t.his 

solut.ion concept. consist.s o:f t.hose alt.ernat.ives t.hat. are not. 

covered by any ot.he~ one wbere the coverin& relat_ion , C ~ _X x 

X, is def'ined as: x i Cxj Cxi. covers xj> i:ff' xjPxk ~ xi. _Pxi.: , t·or 

all xi, x j e X; xk e X , <x,i., xj >, i. e. xi covera xj i:f all 

t.he alt.ernat.ives def'eat.ed by xj are also def'eat.ed by xi. . 

The Banks set. . It. consist.s of' t.he endpoint.s or t.he· · Banks 

chains whicb are de:fined as f'ollows: start.inr; rrom x i. we f'ind 

an x j such t.hat. x j Pxi., t.ben an xk such t.hat. xkPxj, et.c . If' no 

such an xk exist.s , t.hen x j is t.he endpoint. o:f t.he so - called 

Banks chain. For each x l e X we obt.ain a Banks chain, and the 

set. o:f t.heir endpoint.s is called t.he Banks set. 

For an analysis of various pro~rties of ~he above 

solut.ions, and de:finitions of many ot.ber ones, see, e .g., 
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Nurmi (1983, 1987, 1988a). 

3. SOLUTIONS IN THE CASE OF FUZZY TOURNANENTS 

We will no1ot • det'ine some new solut.ion concept.s, lliainly 

count.erpart.s or t.hose from Sect.ion · . 2, st..art.ing f'rom ruzzy 

t.ournament.s, and proceeding f'irst. .due t.o "<~,···,R,,.> ·--> R 

--> sol ut.ion concept. •· , and t.hen due t.o "<R:t, •••• R,,.> --> 
solut.ion concept." • 

3.1. Solut.ions derived f'rom a collect.ive fuzzy t.ournament. 

We assume t..hat. a collect.ive f'u'zzy t.ournament., R., is 

obt.ained by pairwise comparisons, i.e. 

R. • Crijl • Ccard<k e N: xiPkxj> / ml <1> 

A strong c.overing relation, C8 ~ X x X, is def'ined as 

x,c„xi - ril ~ rjt & r,j ~ rji 

for each 1, ·j, 1 e <1, .•• ,n>. Clearly, x. C x. =- x. Cx .• 
LCIJ L J 

t.herefore a st.rengt.hening of' C, hence t.he set of 

(2) 

C is .. 
C 
" 

uncovered elements, UC,., is a superset. of' t.hat. of C 

uncovered ones, UC. 

A weak fuzzy covering reLation, c.., ~ X x X, is defined as 

x.c..,xi ca::, rij ~ .rji & 

& card<xq EX: riq > rjq> ~ card<xp e X: rjp > rip> <3> 

for each xi, xi EX. 

Obviously, xiC„xj =- x . C x .. Thus_, t.he · set of 
'; .. .., J 

C .,, 
UC..,, is always a subset. of UC8 ; 

import.ant. propert.ies, a Condorcet. winner 

uncovered elements, 

Ast.o same more 

Cif' it. exist.s> C covers all t.he ot.her alt.ernat.ives. It. is 
V 

impossible f'or a Copeland winning alt.ernat.ive t.o be C .. 
covered, but. it. may be C.., covered. 

Example 1 .. Let. X • <a, ·b, c, d, e>, m • . 11, and · t.he 

collect.ive f'uzzy preference relat.ion Cin f'act., mR> be 

u 
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a b C d e 
a 

[ 
o 7 5 3 

l b 6 9 7 6 
111R • C ' 2 (I 7 

d o 4 5 9 
e 8 o ' 2 

'l'.hus, UC • · X but. bC C Which i111plies UC C UC • This i is 
C ' • V "' C 

however not.· al.ways the case as shown bel.ow . 
, 

Exaap.le z. Let. now X • <a, b, c, d, e, t'}, m - 5, and 

a b C d e f' 
a 

[ 
.. 3 2 1 3 

l b 1 ' 3 2 3 

mR -
C 2 1 3 3 2 
d 3 2 2 ' ~ 
e ' 3 2 1 3 
f' 2 2 3 1 2 

Tbus, UC -<a, b, d, e> and UC -X, 1.e. UC C UC • In 
C ,,, C V 

f'act., OC aay even cont.a1n covered eleinent.s as shown bel.ow. 
V 

E:xaapl.e 3 . Let. X = <a, b, c, d, e, f'}, .. ,.. 6, and 

a b C d e f' 

a 

Ii ' 3 2 2 4 

l b 4 3 3 2 
111R = C 1 3 3 2 

d 2 2 ' 3 
e 2 2 1 3 
f' 3 3 2 2 

Hence, UC -<a, b, c; d}. 
V 

3.2. Solut.ions derived f'rom individual f'uzzi t.ournament.s 

First., we introduce t.he concept. ot· an a - do11tinance 

re lat ton on X, Da ~ X x X, det'ined as 

x,D<1xj c:::> r~j ~ a Cł) 
:t·he set of Da-undollr'inated alternat-ives , UDa, is obviously 

a plausible so1ut.ion concept. Cequ1valent. t.o the set. of' 

a-consensus winners pro~sed by Nurmi <1981:>, and t.o the 

Pareto s e t. r or a • 0 .5 - see, e.g. Nur•i (1987, 1988a)l .. 

ftoreover, a~< a 2 < ~- 5 • tJDa 1 ~ UDa 2 ~ UD0 • 5 • Hence, one can 

reduce t.he choice set. t.o a -nacable s i ze by reducing a. 

UD_a is not. based on any aajorit.y relat.ed pref'erence 

relat.1on. l'tore "'aajorit.arian•• so1ut.ion concept.s will be 

discussed below . 

We def'ine t.he concept. of' an a BCJjorit;y do•inance 
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relatio_n on X, łll> .. i,; X x X, aa 

· xił'ID4xj - ~ card<k EN: r~j >a>~ 0.5 C5) 

Evident.ly: a:1. i!:: a 2 o .[xi. PID41 xj ~ xi._ł'IDa2xj, V xi., xj J . 

The set of a - lfłajority undo•inated oi>tions _is clearly a 

plausible solut.ion concept.. 

Naw, we can define t.be concept of an a 

relation on X, nc„ i,; X x X, as 

coverin~ 

xiKCaxj - xi.KD0 _~~j & xił'IDaxlc 

!'or a.ll. Xie E X such t.hat. x/1D4 xlc. 

(6) 

The set of a - uncovered oi>tions , Uł'IC4 , consist.s t.hen of' 

those alt.ernatives which are not. a - covered by any ot.her 

one. 

Not.ice that., first, xi.Cxj - xi.ł'IC0 _ 8 , and second, a:1. < a 2 

o Uł'IC41 i;; unc„2 • Thus, an obvious solution concept would be 

an UMC • 9 wit.h a minimal a. a. 

Exaap1e ,. Let. X a <a, b, c}, and t.he individual f'uzzy 

t.ournament.s be 

a b ·C a b C a b C 

:1. a[- .8 .6] [r~ . l a[- .2 . 31 a[-
.6 . 3] Cr .. J .,. b .2 - .9 '"; b .8 .8 Cr3 . J = b . 4. .2 

'-J C .4. .1 •J C .7 .2 I, J 
C .7 .8 

Then: aNCq_ 4 b, bKC0 _~c• and cKC0 _ 2 a, i.e. when a a 0.2, all 

the alternatives are 0.2 - covered, hence UKC0 _ 2 is empt.y. 

Yhen a = 0.3, 

.. o ... , UMC 
0.4 

should be <a, 

b is 

= X. 

c}. 

covered, i.e. 

Theref'ore, it. 
u 

Ul'ICo~ 3 

s .eems 
"' <a, c>, and •hen a 

t.hat · a chcice· set. 

The a - Banks set. may be similarly const.ruct.ed. For any 

Xi. e X we t· ind an x j such t.hat. x j KD 4 xi. , t.hen an xle such t.hat. 

xlcMD4 xj and xlcKD4 x1 , t.hen an xl such t.hat. xlKD4 xk, xlł'IDaxj 

and xll'IDcXi.• et.c. Each sucha sequence xi, ~j ; xle , xt• ··· 

f'or111S an o - Ban/UJ chain; and the a~ Banks set is t.he set. of' 

endpoint.s of' t.hose cbains. 0bviously, t.he 0.6 - Banks set. and 

the Banks set. are ident.ical. 

Clearly, the larger t.he value of' at.he aere st.roncly . t.he 

alternat.ives have t.o be pr~ferred, t.o t.he previous ones int.he 
. . ), 
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cbain by a majorit.y or individuals. One should t.her.erore 

st.art. f'ro• · larł:e values o:f a and proceed t.owards t.he smaller 

ones. 

3.3. Remarks on ruzzy majorit.ies 

The above ment.ioned solut.ion concept.s were based i ·on 

nonruzzy majorit.ies. Let. us nowconside:r t.be _ case or /UZzY 

aajority Csee Kacprzyk (198ł, 1985b~c• 1987), and ~acprzyk 

and NllI'llli <1988) f'or more det.aill. 

First., we const.ruct. a fuzzy aajority relation Rl'I: X x X 

-> to, 11, labelled "'is preferred t.o 

individual.s"' , t'or 1.nst.ance as f'oll.ows 

v<x. Rl'lx . > • 1 
L J 

• 2n .. - 0 . 6 
L J 

• O 

f'or 

ror 

t'or 

n . . ,!: 0.8 
LJ 

0.3 < n. 
L} 

n .. s o.·a 
LJ 

by IIIOSt. 

< 0.8 (7) 

wbere 100n . . 
L J 

o_r· individuals pref'erring X. 
\ 

is the percent.ał:e 

over xj , and or pref'erence by IIIOSt 

individuals. 

vC.} is t.he int.ensit.y 

And analogousl.y f'or , e.ł:., " •.• pref'erred by 

alillOSt all t.he individuals .• . " . 

Now , we det'ine a Cnonf'uzzy) .. covers by a fuzz:y a 

Majority" relation, ·N s;; X x X, a s 
4 

x . M x . - vcx.Rtlx . > .!: a & 
L O. J L J 

& Lv<xjRJ'lxk> .!: a~ v <x,Rl'lxk) .!: a , V xk e Xl <8) 

Obviously, x,Mo.xj - x,Cxj. 

The Juzz:y a majority uncovered set , UM.,. s;; X, is t.hen 

UM = {x. E X: 3 X. e X, x . M x . } (9) o. L J J O. L 

Evident.ly, UM is a nonfuzzy set.. Not.ice also t.hat. UM 
4 o. 

depends cruciall.y on t.he membership f'unct.ion Cint.ensit.y> or 

El'l given by (7)., and hence not. much can be generally said 

about. t.he relat.ion bet.ween UM4 and ot.ber solut.ion concept.s. 

It. may be somet.imes viewed .count.erint.uit.ive t.hat. UM 4 is a 

nont'uzzy set., we can derine the /uzz:y a - aajority uncovered 

fuZZY set, UFM4 5 X, as f'ollows .. 
UF!te1 • t'Cn4<x1)/n)/X1 + + f'<n Cx )/n)/X 

4 n n 
(10) 
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where f': {1/n, 2/n, ••. ,cn-a>/n> --> CO, 11 • aps t.he sizes o:f 

relat.ive majorit.ies t.o der;rees o:f membership in UFl'tG as, 

e.g. , C7> or even f'Cx> • x. 

ł. CONCLUDIN8 REl'l.ARKS 

In t.bis ·paper we t.ried t.o develop SOllle . new solut.ion 

concept.s in group decision • aking st.art.ing f'roa individual 

and collect.ive f'uzzy _pret'erence . relat.ions Ct.ourna111ent.s> . 

These solut.fon concept.s were meant. t.o be count.erpart.s of' 

t.bose developed by st.art.ing f'rom nonf'uzzy t.ournalilent.s. 

The purpose was, f'irst., t.o overcome soae inherent. 

dif'f'icult.ies relat.ed t.o t.he use of' t.he convent.ional solut.ion 

concept.s as, e. g., t.oo large choice set.s, i. e. insu:ff'icient. 

decisive~ess, and second, t.o provide means t.o employ some 

more realist.ic and human consist.ent. represent.at.ions of' 

pret'erences. 

And, indeed, severa! newly developed solut.ion concept.s 

are applicable in cases when• t.heir convent.ional count.erpart.s 

do not. ex1st. or are not. decisive enough. Un:fort.unat.ely, t.here 

are also some plausible propert.ies ~:f cert.ain non :fuzzy 

solut.ion concept.s t.hat. do not. necessarily parallel t.hose of' 

t.heir :fuzzy count.erpart.s. In part.icular t.his concerns t.he 

st.at.egic propert.ies of' t.he uncovered Śet. and t.he Banks set.. 

Namely, t.he sophist.icat.ed vot.ing out.comes in simple majorit.y 
1; ,· 

vot.ing games are all int.he uncovered set. , and in part.icular 

comprise it.s subset. - t.he Banks set. . This cannot. be said f'or 

t.he a~ uncovered set., a Banks set., f'uzzy a R1ajorit.y 

uncovered set. , _and :fuzzy a - maJori t.y uncovered :fuzzy set.. 

Basically, t.he :fuzzy count.erpart.s would rat.her be 

recommended in non- st.rat.egic vot.ing cont.ext.s where inst.ead 

o:f 1ndividuals we have equally import.ant. crit.eria 

We hope t.hat. t.his int.roduct.ory paper on :fuzzy t.ournament.s 

· in group decision Rlaking would t.rigger :furt.her research in 
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t.bis int.erest.ing and iaport.ant t.opic. Thi s should provide a 

deeper analysis oC properties oC , and relations bletween the 

new and conventional solut.ion c~nc:ępt.s,. • a nd · lllclybe eve n, 

addit.ional solut.i on c once pt.s. 
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