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Estimation of the Preference Relation on the Basis
of Medians From Pairwise Comparisons

Leszek Klukowski
Systems Research Institute Polish Academy of Sciences, Newelska 6,
01-447 Warsaw, Poland; (Leszek.Klukowski@ibspan.waw.pl)

The problem of estimation of the weak preference relation, with extension
to partial order, on the basis of multiple pairwise comparisons with random
errors is investigated. The estimators are based on the idea of the nearest
adjoining order — NAO (see Slater, 1961). Two approaches are examined:
comparisons indicating direction of preference and comparisons indicating
difference of ranks. The properties of the estimators are based on distribution
of median from comparisons and some probabilistic inequalities.

Keywords: estimation of the preference relation, multiple pairwise
comparisons, nearest adjoining order method

1. Introduction

The paper presents some estimators of the weak preference relation (in a finite
set) based on multiple pairwise comparisons with random errors. The estimators are
based on the idea of the nearest adjoining order (NAO); it can be expressed in the
following way — to determine the relation (estimate) with minimal number of
inconsistencies with comparisons made (sample). Two types of comparisons are
considered: the first one - indicating the direction of preference in each pair and the
second - indicating the difference of ranks (positions in ranking). The assumptions
about comparison errors are weaker than those commonly used in the literature
(see, e.g., David, 1988; Kamishima and Akaho, 2006). In the case of direction of
preference — each probability of correct comparison have to be greater than %, in
the case of difference of ranks — each distribution of comparison error have to be
unimodal with median and maximum in zero. It is assumed also that comparisons of
the same pair are independent (in stochastic sense). The estimate of the relation is
obtained as a solution of some discrete programming problem, based on
“aggregated” comparisons of each pair. Aggregation is typically done with the use
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of average or median. In the paper the median approach is examined, because it
makes the optimisation problem easier.

The examples of the first approach (direction of preference) are discussed
broadly in the literature (e.g. David, 1988). The second approach (differences of
ranks) can be applied as a second step of estimation for rankings obtained from
comparisons indicating direction of preference or to data in the form: the composer
Y is better than Z for two classes.

The properties of distributions of comparison errors assumed in the paper may
be verified with the use of statistical tests (for unimodality, mode, median,
symmetry, etc.). The properties of the estimators are determined on the basis of

well-known probabilistic inequalities and some properties of the order statistics (see
David, 1970).

The paper consists of 6 Sections. In Sections 2 and 3, the problem formulation
and basic definitions and notations are presented. The estimator corresponding to
the case of direction of preference is discussed in Section 4, the estimator
corresponding to difference of ranks - in Section 5. Last Section summarizes the
results and suggests further research.

2. Formulation of the problem

It is assumed that there exists an unknown weak preference relation R in a finite
set X={x|, ..., xmt (m=3);the relation can be expressed in the form:

R=1UP, (1)

where:
I - the equivalence relation (reflexive, transitive, symmetric),
P - the strict preference relation (transitive, asymmetric).

The preference relation R generates from elements of the set X the family
(sequence) of subsets Z:: e Z:, (n<m), such that each element x;e Z: is preferred

to any element x;e Z; (r<s) and each subset Z; (1<g<n) comprises equivalent

elements only.

The relation R can be characterised by the function T;: X x X — D,
D=4-1,0,1}or I5 : X x X > Dy, Dy = {-(n-1), ..., 0, ..., n-1}, defined as follows:
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—lifx,»el:andxjel:,r<s,
T1(xix) =301 x;,x,€ 1, (1< g<n), (2)

lif ey, and x; €y, r>s,

Tz(x,‘, Xj) = dif = X;€ Z: , XK€ Z: B dif =r-—3_. (3)

The function 7(x; x;) expresses the direction of preference in a pair (x;, x;), the
function T5(x;, x;) — the difference of ranks of elements x; and x;.

The relation 1:, Z; 1s to be determined (estimated) on the basis of pairwise

comparisons, of elements of the set X, disturbed by random errors. Each pair
(x;, x;)eX 1s compared independently (in stochastic sense) N times; the result of k-4
comparison (k=1,...,N; N=2wtl; w=1,...,)is the wvalue of the function
gu: X x X = Dy, Dyg={-1,0, 1} (direction of  preference case) or
g X x X = Dy, Dyy={-(m-1), -(m-1)+1, ..., m-1} (difference of ranks case),
defined as follows:

—1Lif an assesment of direction of the prefernce in a pair (x;,x;)
. . * *
indicates x;€ y,and x;€ y ,r<s,

0if an assesment of direction of the prefernce in a pair (x;,x;)

g (X',x ) = . . *
e indicates x;, x; € ¥ ,(1<g<n),
Lif an assesment of direction of the prefernce in a pair (x;,x )
indicates x; € Z: and x; € Z:, r>s;
ng(xi, xj)zcijk s (5)
where:

c; 1s an assessment of the difference of ranks in a pair (x;, x;), in k-th comparison.

The set D,, can include integers from the range: -(m-1), ..., m-1 because the
number #n of relation subsets is assumed unknown.

It is assumed that the comparisons gu(x;, x;) (=1, 2; k=1, ..., N) are disturbed
with random errors. The following assumptions are made about comparison errors.
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The case of direction of the preference:
P(g, (xisx))=T\(x;»x;) 21=-06, (k=1,...,N), J €(0,1/2). (6)

P((g (xisx ) = Ti(xi x DOy (x5 x0) = Ti (x5 x5))) =

7
P(glk(XhXj):Tl(xiaxj))P(g”(erxs):Tl(xraxs)) (k il)? ( )

the distributions of the errors T(x;, x;) — gi{x;, x;) — the same for each k (k=1, ..., N),
the value of & - known.

The case of difference of ranks:

2 P(ToAxi, x;) — gonl(xi, xp) = 1)>112, (8)
1<0
2 P(Tax;, xp) = gailxs, xp) = 1)>1/2, %)
120
P(To(xi, x;) — galxs, X)) = 1) 2 P(T> (33, x;) — g Xs, X)) = 1+1); 120, (10)
P(To(xi, x)) — garlxi, ;) = 1) 2 P(To(x;, X)) — gailxi, X)) = I-1); 1<0, (11)

P((galxis xj):ci/k)m(gZI(xn xg)=crsn) =P(gaulxs, xj)zcijk)P (g21(%y, X:)=Crs1) (k#1); (12)
the distributions of errors 7>(x;, x;}-g(x;, X)) - the same for each & (&=1, ..., N).

The relationships (6) - (7) mean that: e correct comparison is more probable than
incorrect, ® comparisons gx(x;, x;) and g,/(x;, x;) are independent. The relationships
(8)-(12) mean that: eecach distribution of comparison error is unimodal
with median and mode in zero. Expected value E(Tx(-}-ga(-) can differ from zero.

The problem of estimation of the preference relation can be formulated in the
following way. To determine the sequence of subsets Z:, s Z:, or equivalently
the form of the function T'(x;, x;) or T»(x;, x;) on the basis of pairwise comparisons

gulxi, X)) or gaf(xi, x;) ((xi, x)eX x X; k=1, ..., N).
3. Basic definitions and notations
The following definitions and notations are necessary for further considerations:

® 1{x;, x;) (f=1,2) - the function which determines the preference in each pair
(x» x)eX x X, for any preference relation y,,..., y, intheset X,ie.
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—lifx,-elrandxjels, F<s,
t(xisx) =01 x;,x;€ 7, (1Sg<n), (13)

lif x;e y,and x;€ g, r>s;
fz(x,‘, xj)=d,»,~<:>xi €EXYis K E€X,s d,'J:k—l, (14)

oy s 2,0 Pily sy ¥.) P x,, ... x,) - the sets of pairs of indices <i, j>,

characterizing preferences in any relation y, , ..., %, ,1.e.

Ky, se 2,)={<i, > | thx, x)) = 0; j>i}, (15)
P gy s 2,)=1<i, > L tfx x)) < 0; i}, (16)
Po( 7,y s s 2, V=<0, 5> Lt x) > 051} (17)

Ry, s 7, WP gy 5.y g, )IPA Xisoor X )={<i,j>‘ 1<i, j<m; j>i}. (18)

The basis for construction of the estimators of the preference relation examined
in the paper are the random variables U{}(xy,...7,), Ve (xin2,)s

Z8 (15 2, s WP (21505 7,) defined, as follows:

U(k)(‘Z P )_{Olfglk(xlsx'l):()for<isj>el(lly"'slr)s
lif 13" "

. . (19)
Lif g, (x1,x2)#0 for <i,j>el(y, ... ¥,)
0if g, (xi,x2)=—1for<i,j>€P/(x,5- X,
Vo) =g, S (20)
lif g, (x1,x2)20 for <i,j>e Pi(x, s ¥,)s
0i Axi,x2)=1for<i,j>e P.(x, .., ¥.), ,
2 ey = ] SO TSI P 1) 1)
‘ llfg”,(xl,xz)SOf07‘<l,] >€P2(l19'"’lr)>
wi(= ¥ UvlO+ T vPeO+ T zZR0, (22)

<i,j>el(-) <i.j>epy(-) <i,j>ep.()
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and the random variables UY) (1. 2,), V(x5 1) ZE (s 2,)
WS (.- x,) defined, as follows:

U (s 2,) = L gl x) | <i, ;> (g1 %,) (23)

V(zl;?j)(ll, o X = | t2(x,, x;)- ganl(xi X)) |, <i,jre PZys- X)) (24)

21/ My 2,) = ‘ t2(xs, X7) — @aulxs, X;) | <L, j>€Py (¥ X)) (25)

wPO= ¥ U+ T orRHo+ £ z%90. (26)
<i j>el() <i,j>eP() <i,j>ePa()

The random variables and other symbols corresponding to the relation R

(errorless result of the estimation problem) will be denoted: U, )", Z\&", I,

~

Pi, P, W”")‘, while symbols corresponding to any other relation 7, ..., 7;,

different than errorless one, will be denoted: U(fk,) 7 fj , Z(f];), I, P Pys W(fk "

4. Estimator based on medians from comparisons indicating
direction of preference

The basis for the estimation of the relation form are medians Uy o (755 %,) s
Vigme(Xyseos X2 s Zigme(X1s-s ¥,) from the comparisons (random variables) —

respectively US (s 2,) Vi (s 2, Z s )
(=1, ..., N; N=2w+1), defined as follows:

N
0if YU (x)s o xS0,

k=1
Ulij.me(ll’"'! Z;-): N (27)
likalUL‘,'-)(zp---’Zr)>w;

0if ZVl,, (Xps e X,) S O,
lej.me(l[a--‘, Z,‘)_ (28)
Lif AZVL‘})(J:I,---, z,)> o

=1
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N
0if ;1255’(11, s X) S @,

Zlij,me(lp---a Z,‘): N_ (29)
lif Elzgg’(ll, s X)) > 0.

The random variables U{}’(-), ¥{}’(), Z{;’() can assume the values zero and

one and, therefore, their medians (formulas (27) — (29)) are equivalent to majority
in the sets including values zero and one.

The random variables W), and 7, . (defined with the use of variables (27) —

(29)), corresponding to the relations — respectively - ,1/:, ooy ,1/; and 7,,..., 7;
satisfy the following

Theorem 1

If the assumptions (6) — (7) and on identity of distributions of comparisons
gidx;, x;) (=1, ..., N) for any pair (x;, x;)e X x X are satisfied, then

E(W e =W ime ) <0, (30)
P(W e W ime ) > 124w, (31)

where: Ay=exp{-2N(5-¢ Y.
Proof - see Klukowski (1994), point 5.2.
The inequalities (30) — (31) indicate that: e expected value of the variable W1,.

corresponding to the relation |, ..., z, is lower than the variable .,

corresponding to any other relation J,,..., ¥,, ®the probability of the event
{ Wime <Win } converges exponentially to one for N—. The results indicate the
form of the estimator — to determine the relation y,, ..., 7., which minimize the
value of the wvariable  W,,.(x,,..., ¥,) for given  comparisons

g1 (xirx;)s e & n(xinx;) ((xi, x)e X x X). The optimisation task for determining
the estimate of the relation assumes the form:
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. (1 (1)

HI’IfllIl { Z(\,’ )UIZ/me(Z . ak’,-)'*

2 peFy < jmel (0 2
@) (1) ) (1) (32)
! !

2 Vi, me(x o Xy ) b VATR .V ARy gus | B
<i,j>epP (A" ') <i,j>ePy(z)s e 2Y)
where:

Fy— the feasible set, i.c. the family of preference relations in the set X,

20, 7 - 1-th clement of the feasible set.

The number of solutions of the problem (32) may exceed one; the unique
solution can be determined randomly or with the use of additional criterion, e.g.
minimization on the set of indices <i, j>e P(-)UP:(-).

5. Estimator based on medians from differences of ranks

The basis for estimation of the relation form are random variables
U2ij me(Z]ﬂ’--: Xr)’ VZij.me(Z]a'“: Zr)a ZZij,me(Z]a-'-e Zr)s deﬂned Similarly as

UG, V8O, z8)()  (see (23) — (26)), but with replacement of individual
comparisons gx(-) with their medians g,,..(-). More precisely, each random variable
Zame(xi, X)) 1s the median in the set {gi(x;,x)), ..., gam(xi X)) (x5 x)e X x X;
N=2wt1; 1, ...,). The distribution of the median results from the properties of
order statistics (see David, 1970, point 2.4). The properties of the estimator

proposed below are based on random variables W5, and J7,,,, defined with the

use of the medians g,,..(-) (see (27) - (29)). The properties are presented in the
following

Theorem 2

If the assumptions (8) — (12) and on identity of distributions of comparisons
ga(x;, x;) (k=1, ..., N) for any pair (x;, x;) X x X are satisfied, then:

E(W;me-WZme)<0> (33)
ECY )) Q‘,‘,} »

P(Wine <1730) > s , (34)
. /ll(m—l)+2/1:(m—1)+/13(m—2)
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where:

O e =Uriime 7 2.me»$1 =4<i, j> | <i, el (B, - P},

0 e =Usime= Zamer S =1<i, j> | <i el (B, - P3)},

O o=V ime~Tayme S =1<i, j> | <iyj>e P (T -1},

08 =V~ Faymer Sa=1<i, > <i, j>€ PLO(By- PY)},

08 e =V 5itme =P agme s S5=1<i, j> | <6, >€( P} 0 BOO(Talx )% 7 (xiax)
0 o= Zaime=Tayome »Ss ={<inj> | <i, j>e Py (T -1},

O3 e = Zayme ™ Vayme» S1=1<i, > | <iyj>€ Py (B - PO,

O o= Zhime ™ Fagme» Se={<i, j> | <i, > € Py OB ATl 1) T2 (xi0x ) )}
AL =H(51U 50 S50 S6); A =#(S40 57); Az =#H(SsL Sy);

#(Z) — number of elements of the set =Z;

For the proof of the inequalities (33), (34) — see Klukowski (2007), Appendix.

Interpretation of the inequalities (33) — (34) is similar to those from Section 4.
The optimisation problem for the case under consideration assumes the form:

min { X

0 XUWEF Y <ij>eR,,

tf’ll)(xi’xj)_gzme(xiﬁxj)l 3 (35)

where:
Fy—the feasible set — a family of all preference relations in the set X;

,ﬁ'), s If_’,,’, - an element of the set Fy;

15" (x;,x;) — the function characterizing the relation xi”, - Iﬁ_"f) .

The number of solutions of the problem (35) also can exceed one.

Let us notice that the right-hand side of the inequality (34) does not guarantee
the exponential convergence of the probability P(W,,. < ,,,. ) to one, for N—x.

However, such type of convergence can be achieved in the following way. On the
basis of the formulas expressing the distribution of the sample median (see
Klukowski, 2007), Appendix) it can be determined a minimal value (integer)
K, (k<N), which guarantee, for each pair (x;, x;)eX x X, the condition:
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P(To(x, x)- QL) o (i) =0) > 14, (36)

where: g

D ety () - the median in the subset of x consecutive comparisons, ¢.g.

{gll(')s cees glh()} .

Let us define the random variables Uy, (1), ¥,)> Voye(Xiso X0)s

Z2i:(x15 - ¥,) n the following way:
[0; %) (xivx)) =ta(x X)) for <i,j>e (g, 7,)5

Usire (s oo 2,) =0 (37)
U; Q(zr,,),e(xf,xj) #t(x;, x;)  for<i,j>el(y,,... 7,),

(05 G, CGeivx ) =t X)) foOr <i, j>€ P10 2,)5
Vi (s 2,) =S (38)

Lla g(zz;y),e(Xi5Xj) 7“_l‘l(xh xj) for <i5j>€Pl(Zl7"-’ Z,.)5

(0, ghne(xinx ) =tlxi, ) for <i,j>€ Py(x5m0 2,) 5

Loy (s e 2= (39)
(15 gl xiox) #0003 ) for <i,j>€ Pa(zys o 1,) 5

where:

Q(f,,:e(x,-,xj) - the median in the subset of comparisons {g»z1,x1(:), .-, 82.2:(*)}

(=1, ..., #); the expression a-b - (index in g>,,(-)) means the product
of a and b,

& - integer part of the quotient N/x (odd number), i.e. $=ent(NV/«).

Now, the approach, presented in Section 4, can be applied to the random
variables  Usj (x50 %) Vo o(Xioo ) Lo 1) (=1, 9).
As aresult, one can obtain the variables 37}, V7<), 757 defined as follows:

4
[0; zl Usie(Zpoor 2,) <312 fOr<i, j>€ Iy, 2,);
UL s s 2,) =1 (40)

4
L S Unjs(gpon ) > 812 for<i,j>e Iy, 1,)

r=|
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9
(07 Z VZU',T(Zli“W Zr) <‘9/2 fOI' <i,j>€P1(,'{’1,..., /’(r)ﬂ
r=]

VS (Koo 2) = (41)

9

L1; z_;l Vaie(psos 2,) > 32 for <iyj>e Pi(xy, 0 2,)
‘9 - ..

[0; S Loy 2) <812 for<ij2€ Pazyss )

290 (s oo X)) =S (42)

9
;Y Zoye(xpom ) >312 for<i,j>e Py(#yrer 7,) -

=]

Let us apply the convention used in the previous Sections to the variables:
Usza (), V), 75, ie. the symbols corresponding to the actual relation

(me)* (me)*

X1s e 2, will be marked with asterisks: USze), Vi), zom), while the symbols

corresponding to any other relation ¥, , ..., ¥, — with tildas: U(,';’e;, \7(2’;'6;, N(Z';e;.

~(me)

Finally let us define the random variables W% and W5y~ :

* )* * *

wigh= I U+ I VeSSt XN (43)
<i,j>el <i,j>eP| <i,j>eP,

N(me)_ ~(me) ~(me) ~{(me)

Wag 2 Uyst Z Vot Z Ioje- (44)
<i,j>el <i,j>eP <i,j>eP

On the basis of the results presented in Theorem 1, Section 4, it is clear that:

P(WSE" - Wiy <0)>1-2 44 (45)
where:

As=exp{-29(1/2-5%%)"} (46)

Stk = max AT, )2 et (i x) 3.

If x>1, then the convergence obtained as a result of the zero-one transformation
is weaker, than in Section 4, because $<N in the equality (46) (in other words the

exponent in the right-hand side of relationship (45) “decreases with the step «).
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The case k=1 is not excluded, in general, but it is satisfied only in the case
P(T5(-)-g(-)=0)>1/2 for each pair (x;, x;)eX x X.

It seems viable to prove, that efficiency of the median approach in the case of
difference of ranks is not worse than those based on the transformations (37) — (42),
i.e. exponential “with the step x”’; the problem needs further investigations.

7. Summary

The paper presents two approaches to estimation of the preference relation on
the basis of medians from multiple pairwise comparisons. The results obtained are
based on weak assumptions about distributions of comparison errors; they can be
verified with the use of statistical tests. The important property of the estimator
based on “the direction of preference approach” is exponential convergence of the
probability P(W|,.<W,,.) to one, for N—w. The convergence of the estimator

based on differences of ranks is probably similar, but needs further investigations.

The approach presented above is applicable for complete relations with ties
(represented by a complete graph). However, it can be easily extended for the case
of partial order. For comparisons expressing direction of preference it can be
achieved in simple way, i.c. assuming additional result of comparison — a pair of
elements without connection. In analytic way such situation can be represented by
a value of the function T3(x;, x;)=2 (Y¢{-1,0, 1}, T,() € D1y, Dir={-1,0, 1, I},
corresponding to non-connected elements (i.e. without arc or path), and a random
variable:

;) _ 0 l]r glk(Xiaxj) =Y and TI(Xi’Xj) :Ya
YL gy (ox)) = Y and Ty(xinx ) # Y

such that P(T\(x;, X;)=gi(x;, X;))=1-6. The variable y{} have to be incorporated into the
formulas (22) and (32).

In the case of differences of ranks the formalization is more complex, especially
assumptions about probability distributions of comparison errors have to be
modified; the way of solving such problems will be the subject for further research.
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