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Chapter 6

Estimation of the tolerance relation on
the basis of multivalent comparisons

6.1 Introduction

Multivalent comparisons reflect, in the case of the tolerance relation,
quantitative attributes of elements compared; they can be interpreted as the
number of common features of both elements. The approach can be also
applied in the case of multiple binary comparisons — as the second step; the
estimates obtained in the first step have to satisfy the assumptions required
by multivalent comparisons.

6.2. Assumptions about multivalent comparisons

The tolerance relation, denoted !\, ..., 7' or 79 (xi-x;), has to be

estimated on the basis of comparisons g(;{)(x,-, x;) (k=1,..,N;

<i,j>€R,) defined as follows:

g(#;)(x,-, x)=d% (d€f{0,...,m}) - 4% evaluation of the number
#(Q); N Q) - defined in (2.11) with random error satisfying the
assumptions Al, A2, A3 in Chapter 2. (6.1)

The values of individual comparisons gi;)(x,», x;) are determined by the

number of elements m, because the number of subsets n is assumed not
known.
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L. Klukowski: Methods of estimation of relations...

6.3. The form of estimators and their properties
The estimators 7\7,.., 7'? and 7'”,.., 7\ of the tolerance relation

27, 7\7 are obtained on the basis of the following minimization

problems:

mind T 2gDex) — 19 x|} (6.2)
FE  <i,j>eR, k=1

where:

FY) - the feasible set, i.e. the family of all tolerance relations in the set X,

£ (x;»x;) - the function describing the elements of the set F§’, defined in
the same way as 77 (x;,x,) (Chapter 2),

and

min{ ¥ g0 G ) =25 Genx )} » (6.3)

F©  <i,j>eRn
where:
g\” me)( i»x;) - the sample median in the set {gf,)l(xi’x.j)v v gz\),(xi,xj)} .

The properties of both estimators are based on properties of the random

variables (7" and w;"", corresponding to actual relation 27

* N *

w'= ¥ SURCx)) (6.4
<i,j>€R, k=1

where:

0 g% x) =T (xiox)):
U;?*(Xiaxj'): gi;()(xiixj)_Tl(ur)(xi,xj) if gifk)(xz‘,x_,-)>T(;)(xi,xj);
Tﬁj)(Xisz)_g(;k)(Xi,Xj) lfoj)(Xi:Xj)>gi;()(Xi:Xj)a

W‘(sz\’/me)* — Z Ug,me)*(x[_ , Xj) , (65)
<i,j>€Rp
where:
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Chapter 6. Estimation of the tolerance relation on the basis of multivalent comparisons

0 if g(rme)(xivx/')szuT)(xhxj);
Uf;,me)*(xl_’xj)z - me)( nx]) T( (X”X/) lf‘ g(T mE)(xi9X_j)>T,(uT)(xi7xj);

T/;)(x”.X]) g(rmE)(x”xl) lf‘T// (x;»x;)>g(rm6)(xl'zx_j)v

and random variables W(;z\)/: I/IN/SN * corresponding to a relation }((T), WX ff)

different from the actual one, defined in the same way:

VIN/(;]; = 2 Z ~(T)(x“x,) (6.6)
<i,j>€R,, k=1
where:

0 if g(T)(Xian):TS)(Xi,Xj);
ﬁi;c)(Xi’Xj): gﬂk (Xi,Xj)_YN"S)(Xian) if gi;)(xi’xj)>ff)(xi’xj);

T Cernx )= 8% Geinx)) 3 T4 (i) > 815 Geinx )

ﬁ ,(uTNme) Z Uf;’ me)( l’x]) (67)
<i,j>Rn
where:

0 if g(T me)(xi’xj):ff)(xi’xj);

~(7,me)

( ) ( ) ~ .
5" Gix ) =185 Giox )= 7% (eiox ) i 85" Geinx ) > T (o))

)(xl7xj) g(rme)(xnxj) lny)(xt’xj)>g(rme)(Xi,Xj)'

* () ( ) .
The variables W', W& and V> Wa can be expressed in the

form corresponding to the optimization tasks (6.2), (6.3), i.e.:

W= X Zg '(xix)) =T

<i,j>€R,, k=l

,me)* (7,me)
WI(UT me)* = ‘g,u (XHX/) T;z

<i,J>€R,

61



L. Klukowski: Methods of estimation of relations...

W= X Zgﬂk)(x,,x,) 7y

<i,j>€R, k=l

W‘(J,me) — Z

<i,J>€R,

g (einx ) =T (i x )| -

It can be shown that:

Theorem 3

The following relationships are true:

EW<EG), (6.8)

EW G ") <), (6.9)

lim Var(=w'3) =0, (6.10)

lim Var(:w'y) =0, (6.11)

Jim Var(w';"") =0, (6.12)

lim Var(7\i")=0. (6.13)
~(7)

The probability P(W'" <j7 ) satisfies the inequality:

uN
PO <) 21-

( 2 ZE(g(T)(x,,x,) TS (x,,x,)l ‘g (xi>x,)— Tﬂ)(x,,x,)|))

exni—2N <i,j>€R, k=1
Pt (29(m—1)) }

which implies that
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Chapter 6. Estimation of the tolerance relation on the basis of multivalent comparisons

lim POV <p'w) =1, (6.14)

N—oow

where: 9 - the number of elements of the set
{T(r me)*(x”xj) i Tilz;vme) (XI ,xj)}

In the case of the median estimator the following relationship is true:

lim POV 5" < 7'y =1. (6.15)

N—oow

The proof of inequality (6.14) is given in Klukowski (2007b), based on
Hoeffding’s (1963) inequality for bounded random variables. The
convergence of the wvariances (6.12), (6.13) and the probability
P 5" < W(T ")) results from the formula determining the distribution of

the sample median (David, 1970, Klukowski, 2007¢):

(z,me) N1 oo N-1)/2 (N-1)/2
P(g,” (xisx))— 745" (xisx;) =0) = [CEET ) t( V2(1-1) dt,
G(-1

(6.16)
where:
G(1) - the value of the cumulative distribution function of the comparison

error of the pair (x;,x;) .

Equality (6.16) has been established in Klukowski (2007). The right-hand
side of the (6.16) converges to 1 for N - .

The existence of distributions of both estimators (6.2), (6.3) can be proven in
the same way as in Chapter 2.

The question of efficiency of both estimators is addressed in the simulation
survey (Chapter 9). Higher efficiency of the estimator based on the sum of
inconsistencies is shown. The computation cost, required by the median
estimator is lower than for the estimator based on the total sum of
inconsistencies; it is also more robust with respect to outliers in
comparisons.

The evaluation (6.14) requires distributions of comparisons errors and

corresponds to the fixed relation form 7\”,..,7'”. However, some
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evaluation of the right-hand side of the inequality can be determined on the
basis of the concept of the quasi-uniform probability function, proposed in
Klukowski (2006b). The quasi-uniform distribution is based on the
following assumptions:

— it is determined on the basis of 7 or n, corresponding to estimates

~(T)* ~(0)* ~(0)*
n

~(0)*
A i OU 0 e X

b

— the probabilities in the left and right tie of each distribution are

equal, e.g.
P(g') (i ox )= 1% (riox ) < 0= P(g'y) (xiox ) = 4 (xix) > 0)

(for f“(ﬂr) (xi>x;)#0, fﬁj) (xi>x;)#n); in the cases
TA(;) (xi>x,)=0, TA(;) (x;,x;)=m) errors assume — respectively

positive and negative values),

— the probabilities in the left tie are equal and in the right tie are equal,
e.g.
P(g(ﬂ?(xi X)) =T (xiox)=—1)= P(gijjg(Xi X)) =T (xiox))=-2),

(7)

— the probabilities P(g; (xix;)=T% (x;»x;) have to imply

satisfying of the assumption on the mode and median of the
distribution.

The above assumptions determine in a unique way the probability function;
an example of such a distribution is presented in Klukowski (2007b) and in
Chapter 10.

In the case of appropriate N, at least several, the distributions of comparison
errors can be estimated.

The minimization problems (6.2), (6.3) require much more computations
than binary problems. For m <12 full examination can be applied.
Validation of estimates is discussed in Chapter 10.

The estimator examined in this chapter is based on the measure of similarity
of elements from a pair (the number of common features). In Klukowski
(2007, 2008a) it is presented a more general approach, with the use of
dissimilarity measure. This measure expresses the number of lacking
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Chapter 6. Estimation of the tolerance relation on the basis of multivalent comparisons

features of elements from a pair. The component, including the measure is
included into the criterion function. The use of comparisons expressing
lacking features can improve the efficiency of estimates, because it increases
the number of data.

6.4. Summary

The estimators of the tolerance relation, based on multivalent comparisons
have good statistical properties and can exploit the quantitative form of data.
It is important that probability of correct comparison of each pair can be
lower than 1/2. However, the computational cost of estimation is higher than
in the case of binary estimators.

The simulation study (Chapter 9), concerning the estimators of the
preference relation, based on multivalent comparisons, demonstrates high
efficiency of the approach. Therefore, it is valid to apply multivalent
estimators also in the case of multiple binary comparisons — using the two-
stage estimation, i.e.:

— N - binary estimates in the first stage,

— N - multivalent comparisons based on binary estimates,

— application of multivalent estimators.

The multivalent comparisons, resulting from binary estimates have to satisfy
the assumptions required.
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Appendix 2. The idea of proofs of relationships (6.8) — (6.15)

The proof of the inequality (6.8) is based on the fact that the expected value
of each difference U/} (x;.x,) - (7(;;3 (xi»x;) (ff)(xi X ) ET (xxp)) is
negative, i.e.:

E(Ufu‘;{)*(xi ,X_j)_ﬁ(;,;)(Xi 5xj)) =

(7)

(A2.1)
E(gﬂk

Grioe ) =T e )| =[@2 Gri o ) = 5 Getoe ) <.

The proof of inequality (A2.1) is elementary, but cumbersome (Klukowski
2007b). It results from the fact that the value 7' (x,,x,) is the median of

distribution of any comparison gzg (xi>x;)-

The proof of inequality (6.9) is similar.

The idea of the proofs of inequalities (6.10)—(6.13) is similar to the case of
binary comparisons (see Appendix 1). The inequalities (6.12), (6.13), for the

median estimator, are obtained with the use of relationship (6.16), resulting
from the properties of order statistic (David, 1970, Ch. 2):

G(0)
- ' _ (N-1)/2
P&y ™ Care) = T3 Cerox ) S 0) = s 0200
: 0

The proof of inequality P(Wf,\),*<u7z\),) is based on Hoeffding’s (1963)

inequality:
N N ) P

P(Xy, - L E(Y;)2 Ni) < exp{-2Ni*[(b-a)’} (A22)
i=1 i=1

where:

P(a<y;<b)=1,

a<b,t>0.

It is applied to the random variables:
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Chapter 6. Estimation of the tolerance relation on the basis of multivalent comparisons

> Uﬁ})*(xi,xj)—ﬁi;)(xi,xj):
T uCxinx =T, (xisx )
() — mp(7) | (D) _ =)
> & (xi>x;)— Ty (xi,x_,-)| S (Xi>x))—T, (x,-,x_,-)|
TuCxinx =T, (xisx )
(k=1,..,N).

It is clear that such random variables are independent and bounded, and
therefore provide the basis for application of inequality (A2.2).
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The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type — equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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