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Chapter 8

Estimation of the preference relation —
multivalent comparisons

8.1 Introduction

Multivalent comparisons express, in the case of the preference relation,
differences of ranks, i.e. distance in ranking between the elements in a pair.
The approach can be applied also in the case of multiple binary comparisons
— as the second step. Estimates obtained in the first step have to satisfy the
assumptions required by multivalent comparisons. The assumptions about
distributions of comparison errors are weak, especially the probabilities of
correct comparisons can be lower than %%.

8.2. Assumptions about multivalent comparisons

The preference relation, denoted ", ..., 7" or 7% (xi.x;), has to be

estimated on the basis of comparisons gﬁ)(xl—,x_,-) (k=1,.., N;

<i,j>€R,) defined as follows:

W (ix)=d® (dF €{0,...x(m=1}), df -evaluation of the
difference of ranks r—s (ie. 7 (x;,x,)), disturbed by

random error, which satisfy the assumptions Al, A2, A3
(Chapter 2),

g(ﬂ”’me)(xi,x ;) -the  median  in  the set of  comparisons:

{gf(/[jl)(xi,Xj)a ceey gi{[,\/)(xi’xj')} .

The set of values of g(ﬂ’,?(x,», x;) 1s not the same as the set of values

T (xi,x,), because the number n is assumed to be unknown and is
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L. Klukowski: Methods of estimation of relations...

replaced by the number of elements of the set X, equal m. Clearly, that the
maximum distance of elements has to be lower than m.

8.3. The form of estimators and their properties

The estimators ;(('” )y ;(fq’” ) and ;Zip yeens ;(;P ) of the preference relation

Z(P A ;( " are obtained on the basis of the following minimization
problems:

Py NP . 8.1
min{ 2 Zg (o) =68 Ceix |} 5 (8.1
F,{) <i,j>€R,, k=1
where:

F$P) - the feasible set, i.e. the family of all preference relations in the set X,
tﬁf’) (x;>x;) - the function describing the elements of the set F, defined in
the same way as 7'/’ (x;,x,) (Chapter 2),

and

min{ X |V Ginx) = (x|} (8.2)

F@  <i,j>eR,
where:

g me)( i»x;) - the sample median in the set {g (x,,x,) ,g#N(x,,x/)}

The properties of both estimators are based on properties of the random
variables expressing differences between comparisons and the values

determining the relation form - in the case of actual relation, T )(xirx DB

and for any relation, different from the actual one, T i P)(xi0x DE

In the case of the actual relation, any difference can be expressed by one of
the random variables:

0 i g(ﬁ)(x,»,xj) =T (xi,x;) and TP (xi,x,) = 0;

T (riox ) = 84 Geinx ) i 85 (xiox)) < T (xix) and
USSR Geinx)) =T (xisx)) = 0;

gii)(xi,x_,-) —TP (xisx,) if gi,i)(xi,x_,-) > TP (x;,x ;) and
7% (xi,x;) =0,
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Chapter 8. Estimation of the preference relation — multivalent comparisons

(8.3)
0 if g(p)(x,-,x,-)=T(”)(x,-,x,-) and T (x;,x,) <0;

TP (xisx,)— g,,k (xnx,)lfgﬂk (xiox)) < TP (xi>x;) and

V(yi)*(xi’xj)z T(p)(xiaxf)<0' (8.4)
g0 einx ) =T Geiox ) if 88 (xinx)) > T (xiox ) and

TP (xi.x,;) <0,
0 if g(p)(x,-,x,-)=T(p)(x,-,x,-) and T (x;,x,) > 0;

TP (xisx)) — g,,;{ (x”x,) lfg([)(x,-,x_,-)<Tﬁ,”)(xi,x_;);

Geiox ) =T (xioxj) > 0; (8.5)
;’;)(x,-,x_,-) =T (xisx)) if gi,[;z)(x,-,x_,-) > T (xinx));

T (xi,x,) >0,

(ﬂ)*

The sum of such differences assumes, for any £ (1< k < N), the form:

Y UR Gox)+ T VR Gox)+ T Z8 (x)) s (8.6)
<i,j>el'P" <i />eJ(”) <i />eJ(”)
where:

" - the set of pairs {<i, ] > | T (xix,) =0},
JP" - the set of pairs {<1i,j > | TP (xix,) <0},
J¥)" - the set of pairs {<1i,j> | TP (xix,) >0},

while the total sum of the differences - the form:

W(p)* 2( Z Ufuk)(xnx/)"' Z V,uk (xl7x])+ Z Z(p)(xi,x_;))-(8-7)

k=1 <i,j>el®” <i,j>eJi" <i,j>eJ¥"

]

The same random variables, defined for any relation 7\”, ..., 7\, different

from ;((p) N ;(Elp)* , assume the form:
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0 if g Geinx ) =T (xinxy) and T8 (x1,x7) = 05
(xnx]) g,lk)(xnx,)lfgyk (xnx])<T# (xi»x ;) and
0% (xinx)) = i,)(xi,xj)=0'
gmc "(xisx )= Tﬂp)(x,,x,)lfgm (xinx)) > T (xix;) and
7 (xinx;) =0,
(8.8)
0 i gif;?(xiaxj)= P (xi,x;) and T/,)(xl,x,)<0
f(#p)(xl'axj')_gﬁ)(x”x]') ifg,,k (Xisz)<7~‘#p (xi»x ;) and
7 (xix)) = (’”(x,,x,)<0 (8.9)
W G ) =T Geinx)) 1 808 (i) > T8 Gxiox) and
7w u (xisx;) <0
0 if g (xinx) =T (xinx)) and 77 (x;x,) > 0;
T,, '(xinx) - & )(x,,x,) if g )(x,,x,)<T# (xi>x;) and
Zii)(xi,xj)= T (xi,x,) > 0;

g (inx) =T (xinx)) i &) (xisx ) > Tt (xix)) and

Tﬂ (Xian) > 0;

(8.10)
The sum of such differences assumes, for any & (1<k < N), the form:

> U(p)(xi,xj)Jr z V(p)(Xi:Xj)+ z Zﬁ,k)(x,,x]) (8.11)

<i,j>el'?” <i,j>eJ) (py® <i,j>eJy 2
where'
- the set of pairs {<i,;j > | T(p)(xi,x/) =0},
(p)

- the set of pairs {<i,j > |Tﬂ (xi>x;) <03},

Jg”) the set of pairs {<i,j> |7\ (xix,) >0},

while the total sum of the differences the form:
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Chapter 8. Estimation of the preference relation — multivalent comparisons

~(p) Z( > (755{)(361‘7361')"‘ z Nfui)(xi’xj)—i_ 2 NLIJJ{)(XI"X]’))(S-Q)

k=1 />e[N(m <i />€J1 <i, />€JZ

The same random variables, corresponding to the median estimator, assume
the form:

0 if V" (xiox)=T% (xirx,) and T (x;»x ;) = 0;
TP (xiox )= 80" (o ) i 85" G x ) < T (xix)
and T(’ )(x,-,x,-) =0;

(p me) (x; ’xl) T(p)(xl,x,) lf g(p ,me) (xl'an) > T,(up)(Xia.Xj)

and

Tfup)(xi7xj) =0,

Uslﬂ,me)* (xi , Xj) =

(8.13)
0 if " (xiox ) =T (xi»x,) and T (x;»x;) < 0;
T Cxirx ) = g(” me)(x”x;)lfg(/7 " (i) < T (xisx)
Ve (xi,x ) =4 and TP (x1,x;) <0
(pme)( )~ T( (x,,x,)lfg,,k (x,,x,)>Tu (xi>x)
and TP (x;,x,) <0,
(8.14)
0 if g (eiox ) =T (xiox;) and T (xivx,) > 0;
TP G )= 807" e ) 1 €47 G ) < T (o)
Z" (e x ) =y and T (xinx ) > 0;
8" (xix )= TL Griox ) i 0" (o ) > T (xiox)

and T,(up) (XDX_[) > 07

(8.15)

The total sum of such differences assumes the following form:
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Wﬁlp’ME)*(xi5Xj) - Z U(p mE)*(.XI 5.XJ) + Z V(p e (xl ’x]) +

<i,j>eJiP”"

<i,j>el”
(8.16)
> ZVm (xisx))-
<i ]>5J“’)
The random variables, defined for any relation ;?ip Z(f ), different from
Z“’)*, . ;( " assume the form:
0 if g™ (xinx ) =T (xinxj) and T (xinx;) =0;

Tﬂ )(x,,x,) g(p me)(x,,x,)lfg(p me)(x,,x,)< (x,,x,) and

( ) )
U#Pme (xl’xj) (P (xl,xj) 0

( ) (p.me) ~
I i x )= T G )i &0 Geinx ) > T (xiox ) and

T,u (xi,x_j):()s
(8.17)

0 if g(pme)(xnx,) 7 (xinxy) and T8 (xi2x) < 0;
73 (xinx)) = g(pm)(xnx]) lfg(pme)(xnx,)< 77 (xi,x,) and

)
Vﬁlpme (xtax/)_ (p)(xtaxj)<0

e X))~ Tﬂ '(xisx;) lfg(pme)(xf,x‘,-)>]N’5f)(xi,x_,~)and

Tﬂ (xia.Xj)<0;
(8.18)

0 if g™ (xinx ) =T (rinx)) and T4 (xivx)) > 0;

7 (xinx))— g(p " (x1x 1) lfg(p " (xinx ) < T (xinx,) and
0" (xisx ) =T (xix ) > 0;

g0 einx ) =T Geinx ) i 0" (xiax ) > TV (xiox ) and

Tlglp (xiax_j) > 07

(8.19)

The total sum of such differences assumes, for any £k (1<k<N), the

following form:
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Chapter 8. Estimation of the preference relation — multivalent comparisons

" Gx)= X TR Gox)t X R Gox)

<i,j>el®" <i,j>eJ\?
(8.20)
> 70" xx)).

<i,j>eJ(’)
It can be shown that:
Theorem 5
The following relationships are true:
EWR —w'h) <0, (8.21)
EW """ <0, (8.22)
lim Var(+w'%)) =0, (8.23)
N—w
lim Var(+w %) =0, (8.24)
N—>w©
lim Var(W%;’"e)*) =0, (8.25)
N—w
hm Var(W(p me>) 0. (8.26)

The probability P(w'R)" < pf/;’;\,)) satisfies the inequality:

P <) 21~

(X ZE(g“”(x,,x,) T (e x )|~ \gﬁk Geinx ) =T Genx D)
exp{ ON <i,j>eRk=1

Q29(m—1))’

(8.27)
where:

9 - the number of elements of the set {(x;,x,) | 79 (xjox)# T (#’)(x,,x,)}
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which implies

lim Pov " <) =1.

N—>w

In the case of the median estimator the following relationship is true:

lim POV " <" =1. (8.28)

N—>o

The proofs of the relationships (8.21)—(8.27) are given in Klukowski
(2008b). The inequality (8.27) is based on Hoeffding’s (1963) inequality for
bounded random variable.

The convergence of the variances (8.25), (8.26) and the probability (8.28)
results from the formula establishing the distribution of the sample median
(David, 1970):

P(g(r mE)(x“x]) T(r me)(x”x]) O)_ J‘ Z(N 1)/2(1 t)(N 1)/2dt

(V- 1)/2)‘)

(8.29)
where:
G(-) - the cumulative distribution function of the comparison error for the

pair (xi,x;) -

Inequality (8.28) based on the relationship (8.29) has been obtained in
Klukowski (2008b).

The existence of distributions of both estimators (8.2), (8.3) can be proven in
the same way as in Chapter 2.

The minimization problems (8.2), (8.3) require for solving more complex
algorithms than those for binary problems. For m<12 complete

enumeration can be applied. Validation of estimates is discussed in Chapter
10.

The convergence for (8.27), (8.28) is obvious in the case of identical

distributions of comparisons of each pair, but is also valid for different
distributions.
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Chapter 8. Estimation of the preference relation — multivalent comparisons

Thus, the estimators based on optimal solutions of the tasks (8.2), (8.3) are
consistent.

Inequality (8.27) is applicable for known distributions of comparison errors

and for fixed relation ;75” ), Z(ZP ). If the distributions are unknown, they

can be replaced by quasi-uniform (upper bound) distributions, similar to
those for the tolerance relation and multivalent comparisons (Chapter 7). An
example of such distribution is given in Klukowski (2008b). For a sufficient
N, at least several, the distributions of comparison errors can be estimated.

The properties of the estimators have been examined through simulation; the
results are presented in the next chapter. In general, the survey shows good
efficiency of the estimators proposed and the advantage of the estimator
based on sums of differences between the comparisons and the relation form.
Especially, the first estimator requires 5 to 7 comparisons in order to
guarantee the frequency of errorless comparison close to one. The second
estimator requires approximately two comparisons more.

The approach can be also developed for the case of partial orders, i.e. the
relations which are not complete. For this purpose it is necessary to
introduce an additional result of comparison, corresponding to incomparable
elements.

8.4. Summary

The estimators of the preference relation, based on multivalent comparisons,
have good statistical properties, obtained in the analytical way. Additional
properties, expressing the precision of estimates, have been investigated in
the simulation study, presented in Chapter 9. The results confirm good
efficiency and allow for determining the respective parameters, especially
the number of comparisons N, guaranteeing an appropriate precision of
estimates.
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The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type — equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.

ISSN 0208-8029
ISBN 9788389475374

SYSTEMS RESEARCH INSTITUTE
POLISH ACADEMY OF SCIENCES
Phone: (+48) 22 3810246 / 22 3810277 / 22 3810241 / 22 3810273
email: biblioteka@ibspan.waw.pl





