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Abstract

In this paper we discuss the problem of catastrophe bond pricing with a
stepwise payoff function. An approach based on the martingale method is
applied. In order to price the catastrophe bond we use fuzzy parameters and
apply the Vasicek interest rate model. We assume replicability of interest
rate changes by financial instruments existing in the market as well as inde-
pendence between catastrophe occurrence and behaviour of financial mar-
ket. Then the Monte Carlo simulations based on the obtained fuzzy pricing
formula are carried out. The presented fuzzy sets approach may incorporate
expertise knowledge to overcome lack of precise data in the discussed case.

Keywords: catastrophe bond, Vasicek model, martingale method, Monte
Carlo simulations, fuzzy numbers.

1 Introduction

During last years, the insurance industry face overwhelming risks caused by nat-
ural catastrophes. Losses from a single catastrophic event could reach tens of
billion $ (see e.g. [16]). Therefore new insurance mechanisms have been devel-
oped.
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The classical insurance mechanisms are not adequate to deal with extreme
losses caused by natural catastrophes. Even one, single catastrophe could cause
problems with reserves for many insurers or even bankruptcy of these enterprises.
In case of natural catastrophes the sources of losses are strongly dependent in
terms of time and localization. Additionally, losses from such events are ex-
tremely huge.

In contrary, classical insurance approach assumes that losses are modelled by
independent and identically distributed (iid) random variables. Additionally, value
of each claim is small comparing to whole portfolio of insurer, like in case of car
accidents. Therefore it may be useful to use new insurance instruments in order
to stabilize the behaviour of portfolio for insurance company or even budget of
government.

As it was mentioned, a single catastrophic event could result in damages mea-
sured in billions of dollars. Because daily fluctuations on worldwide financial
markets reach also the same scale, securitization of losses (i.e. packaging” losses
into form of tradable assets) may be helpful for dealing with results of extreme
natural catastrophes (see e.g. [6, 10, 11, 13]). One of possible instruments of
this type is known as catastrophe bonds (Act-of-God bonds, cat bonds, see e.g.
[9, 21, 25]).

In the financial literature dedicated to catastrophe bonds the problem of their
pricing is not widely discussed. Many authors underline advantages of invest-
ing in catbonds. Pricing methods in [1, 11] are very simplified and probabilistic
model proposed in [11] has its limitations. [14] is devoted to cat bond pricing,
using behavioral finance method. In [27] probability transforms and the Sharpe
ratio are used to evaluate the risk-adjusted performance of cat bonds. There are
several advanced stochastic pricing models with discrete and continuous time. In
some of them utility function is incorporated to the pricing model (see [5, 24, 8]).
However, choosing a well-suited utility function can be an additional problem
in practice. The first interesting approach was presented by Vaugirard in [26].
The author applied the arbitrage approach for cat bonds pricing. He overcome
the problem of non completeness of the market and non-traded insurance-linked
underlyings in Merton’s manner (see [15]).

This paper is dedicated to the problem of catastrophe bond pricing with a
stepwise payoff function. We continue and extend the Vaugirard’s approach. In
our approach the martingale method is applied. In order to price the catastrophe
bond we use fuzzy parameters and apply the Vasicek interest rate model. We
assume no arbitrage, replicability of interest rate changes by financial instruments
existing in the market as well as independence between catastrophe occurrence
and behaviour of financial market. Then the Monte Carlo simulations based on
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the obtained fuzzy pricing formula are carried out.

There is a need to take into account possible errors and uncertainties which
arise from estimation of rare events with serious, catastrophic consequences like
natural catastrophes. Therefore we apply the approach based on fuzzy sets which
may also incorporate expertise knowledge of assumptions about future behaviour
of catastrophic events or to overcome lack of precise, historical data.

This paper is organized as follows. In Section 2 we present some prelimi-
naries for fuzzy sets. In Section 3 we discuss the general features of catastrophe
bonds, present catastrophe bond with a stepwise payoff function, price this type
of catastrophe bond and conduct simulations in order to find appropriate price for
fuzzy approach. We conclude the paper in Section 4.

2 Preliminaries

2.1 Fuzzy and interval arithmetics

In this section we recall some basic facts about fuzzy sets and numbers.

Let X be a universal set and A be a fuzzy subset of X. We denote by 1 j its
membership function p 5 : X — [0,1], and by A, = {z : pu; > a} the a-level
set of A, where Ay is the closure of the set {z : 11 ; # 0}.

In our paper we assume that X = R.

Let a be a fuzzy number. Then the a-level set a,, is a closed interval, which
can be denoted by @, = [a%,aY{] (see e.g. [29]).

We can now introduce the arithmetic of any two fuzzy numbers. Let ® be a
binary operator &, &, ® or @ between fuzzy numbers & and b, where the binary
operators correspond to o: 4, —, X or /, according to the “Extension Principle”
in [29]. Then the membership function of @ ® b is defined by

Hawp (2) = sup  min{ua(x), uz(y)} - (D
(z,y):xoy==2

Let ®;n+ be a binary operator @;nt, Sint, Qint OF Dint between two closed
intervals [a, b] and [c, d]. Then

[a,b] ®int [e,d] ={2z €R:z=2xz0y,Va € [a,b],Vy € [¢,d]}, )

where o is an usual operation +, —, x and /, if the interval [c, d] does not contain
zero in the last case.

Therefore, if @, b are fuzzy numbers, then a © b is also the fuzzy number and
its a-level set is given by

(CNZ@ B)a = Ao Dint Ba = [55 +l~)(§7dg + Bg] ’
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(a@i))a = Ao Oint Ba = [55 _Bgvdg - Bé] ’
(EL ® Z;)a = Gqo Qint Z;oz =
Ly Ghil GUBk. alsy LEL aLiy aUsk aUily)

aVarUaVarPaVasr Yo a%arYaVarYaVas Ya Vo
(a@b)a:aa®intba:

= [min{a% /bE ak /oY, a¥ /ok al b}, max{ak /vl ak /oY, a¥ ok al /pl) |

a) o a)) o a) o o) a)) o o)

= [min{a }, max{a

if a-level set b, does not contain zero for all o € [0,1] in the case of @.
Triangular fuzzy number a with membership function pz(z) is defined as

r—al
ﬁ for a1 <z <ay
pa(z) =< =2 for ag<z<as , 3)
0 otherwise

where [a1, ag) is the supporting interval and the membership function has peak in
as. Triangular fuzzy number a is denoted as

a= ((11,(12,(13) .

Triangular fuzzy numbers are special cases of Left-Right (or L-R) fuzzy num-
bers (e.g. see [2, 7]), where linear functions used in the definition are replaced by
monotonic functions. For such numbers the membership function may be calcu-
lated as

L ;’22__51 for a1 <z <as
pa(r) =9 R e for as <x<ag - 4
0 otherwise

where L and R are continuous strictly decreasing function defined on [0, 1] with
values in [0, 1] satisfying the conditions

Lz)=R(z)=1if 2=0,L(z)=R(z)=0if z=1.
The L-R fuzzy number a is denoted as
a=(a1,a2,a3)LR -

Next we turn to fuzzy estimation based on statistical approach (see [4]). This
approach may be seen as a way to obtain L-R numbers based on statistical data.

Let X be a random variable with probability density function fy(.). Assume
that parameter 6 is unknown and are to be estimated from a sample X3, Xo, ... X,,.
Let § be a statistics based on X 1, X2,... X, which is used for such estimation.
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Then for the given confidence level 0 < 5 < 1 we have the 3 - 100% confidence
interval [07,(53),0r(8)] for  which is established by the condition

P, (0L(8) <0 <0r(B)) =5 . (5)

If we suppose that [07,(0), 0 (0)] = [0, 0] then we could construct fuzzy estima-

tor § of 6. We place the confidence intervals, one on top of the other, to produce a
triangular shaped fuzzy 6 whose a-cuts are the confidence intervals on 5 = (1—«)
confidence levels (see [4] for additional details).

2.2 Stochastic and financial preliminaries

We begin with notations and basic definitions concerning catastrophe bonds and
their pricing. We define stochastic processes describing dynamics of the spot
interest rate and aggregated catastrophe losses.

We apply stochastic models with continuous time and time horizon of the form
[0,7"], where T” > 0. Date of maturity of catastrophe bonds T is not later than
T’,ie. T < T'. We consider two probability measures: P and ) and we denote
by EF and E¥ the expectations with respect to them.

We define stochastic processes and random variables with respect to probabil-
ity P.

Let (Wi),e(o,7+ be Brownian motion. It will be used in stochastic model of
the risk-free interest rate.

Let (U;);2, be a sequence of identically distributed random variables. We
treat Uj; as value of losses during ¢-th catastrophic event.

We also define compound Poisson process by formula

~ Nt
Ny=> Unte[0,T7],
=1

where IV, is Poisson process with an intensity x > 0.
For each t € [0, T"] value of process N is equal to the number of catastrophic
events till the moment ¢. In particular,

No=0 P-as,,
EPN; =kt for t€[0,7'] and
t— k
P(N;,— Ny =k) = e‘”“‘ﬁu, k=0,1,2,..

k!

Moments of a jumps of process (Nt)te[o 1) are interpreted as moments of catas-
trophic events.
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For each t € [0,7"] process N; describes the aggregated catastrophe losses
till the moment ¢. (Nt) 0T is a nondecreasing stochastic process, with right
tel0, 17

- continuous trajectories of a stepwise form. Heights of its jumps are equal to
values of losses during catastrophic events.
All the above processes and random variables are defined on a filtered proba-

bility space (Q, F, (Fy)sepom ,P). The filtration (F%),¢(o 1) is given by formula

te|

F=0(FUF!) F) =0 (W, s<t),
F} :a(.@sﬁt) te[0,7].

We assume that
Fo=0c{A€F:P(A)=0})

and that (Wy),c(0 7 (Vt)ye(o7) and (U;);2; are independent. Then the prob-
ability space with filtration satisfies standard assumptions, i.e. oc-algebra F' is
P-complete, filtration (F}),c[ 7 is right continuous and Fy contains all the sets
from F' of P-probability zero. Moreover, we assume that random variables Uj,
1 =1, 2,... have bounded second moment.

We denote by (Bt)te[o,T'} banking account satisfying the following equation:

dBt = TtBtdt, BO = 1,

where r = (r¢),¢(o 1) is a risk-free spot interest rate.

We assume that zero-coupon bonds are traded in the market. We denote by
B (t,T) the price at the time ¢ of zero-coupon bond with maturity date 7' < 7"
and with the face value equal to 1.

We price catastrophe bonds under the assumption of no possibility of arbitrage
in the market. We also make two additional assumptions. We first assume that
investors are neutral toward nature jump risk (Assumption 1). This assumption has
practical confirmations in the market (see e.g. [1], [26]). Secondly (Assumption
2), we assume that changes in interest rate r can be replicated by existing financial
instruments (especially zero-coupon bonds).

3 Catastrophe bonds

3.1 Features of catastrophe bonds

As it was mentioned before, there are many problems with classical insurance
mechanisms. We may mention troubles with coverage of losses by insurance
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enterprises, dependencies among sources of risks, potentially unlimited losses,
problems with adverse selection, moral hazard and reinsurance pricing cycles.
Therefore alternative financial or insurance instruments may be useful for insur-
ers. The problem is to “package” risks caused by natural disasters and appropriate
losses into classical forms of tradable financial assets, like bonds or options. One
of the most popular catastrophe-linked security is the catastrophe bond, known
also as cat bond or Act-of-God bond (see [9, 12, 21, 25]).

There is one important difference among cat bonds and more classical types of
bonds. The payment function of cat bond depends on additional random variable,
i.e. occurrence of some natural catastrophe in the specified region and the fixed
time interval. Such event is called triggering point (see [12]). For example, the
A-1 USAA bond introduced in 1997 by insurer from Texas, was connected with
hurricane on the east coast of USA between July 15, 1997 and December 31, 1997.
If there had been a hurricane in mentioned above region with more than $1 billion
loses against USAA, the coupon of the bond would have been lost. Catastrophe
bonds may be related to various kinds of triggering points — e.g. to magnitude
of earthquake, the losses from flood, insurance industry index of losses, some
parameters of catastrophe event, etc.

As in case of classical bonds, the structure of payments for cat bonds depends
also on some primary underlying asset. For mentioned A-1 USAA bond, the
payment equalled LIBOR (London Interbank Offered Rate) plus 282 basis points.

The main aim of cat bonds is to transfer risk from insurance markets or gov-
ernmental budgets to financial markets. Apart from transferring capital, a liquid
catastrophe derivatives market allow insurance and reinsurance companies to ad-
just their exposure to natural catastrophic risk dynamically through hedging with
those contracts at lower transaction costs. If the triggering point is connected with
industry loss indices or parametric triggers, the moral hazard exposure of bond
investors is greatly reduced or eliminated. Cat bonds are often rated by an agency
such as Standard & Poor’s, Moody’s, or Fitch Ratings.

3.2 Catastrophe bond with stepwise payoff function

Let
O<Ki<..<K, n>1

be a sequence of constants.
Let; : © — [0,7], 1 < i < n be a sequence of stopping times defined as
follows

) — . < ) / <<
7i (w) tel[l&gl}{N(t)(w)>Kz}/\T, 1<i<n.
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Let
wy] < wy < ... < Wy

be a sequence of nonnegative constants, for which > | w; < 1. Let

b = zn: wiCDZ',
=1

where ®; are cumulative distribution functions of 7;.

Definition 1. We denote by IB (T, F'v) a catastrophe bond satisfying the follow-
ing assumptions:

a) If the catastrophe does not occur in the period [0,T], i.e. 71 > T, the
bondholder is paid the face value F'v;

b) If T, < T, the bondholder receives the face value minus the sum of write-
down coefficients in percentage » ;" | w;.

c) If 1 < T < 1,1 < k < n, the bondholder receives the face value
minus the sum of write-down coefficients in percentage Zf:_ll Wj.

d) A cash payments are done at date of maturity T.

3.3 Pricing of catastrophe bond

Thefirststep in our considerations is to obtain the valuation formulafor IB ;(T,Fv),
assuming the Vasicek model of the spot interest rate. This model is very popu-
lar and often used for modeling of the risk-free interest rate in the market. We
apply the following theorem from [19] for a general form of catastrophe bond
IB ot (T, Fv) with a payoff function v;p_, (7 F.) depended on T, Fv and the
compound Poisson process N.

Theorem 1. Let IB (t) be the price of a IB.q; (T, F'v) at time t. Then

T
IB (t) = E@ <exp <— / ruudu> |Ft> E® (vip,(r.ro)| ) - (6)
t

In particular,

T
IB (0) = E© <exp <— / ruudu>> E9vp...(7Fv)- (7)
0
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In the above theorem measure () is defined by the Radon-Nikodym derivative:

dQ T 1T,
— = wdWy, — = P-as.
Ip = &P (/0 AudW, 2/0 Ay du a.s

for a predictable process \,,, connected with the risk premium for risk-free bonds.
The interest rate satisfies the following equation

dr (t) =a(b—r(t))dt + cdW, (8)
for positive constants a, b and o.
The following theorem (proved in [19]) gives the pricing formula for IB (T, F'v).
Theorem 2. Let IB (0) be the price of a IB4 (T, Fv) at time 0. Let

P = zn: wi@i,
i=1

where ®; are cumulative distribution functions of 7;. Then

IB (0) = Foe  T"ETrO) 11 — @ (1)}, 9)
where
_ 1 —af 02 —af 2
R(Q,r)—Roo—@{(Roo—r)(l—e ) 4th(l e )}
and \ )
o o
Boo=b="r 5

Sketch of the proof. From Theorem 1 it follows that

IB(0) = E© <exp <— /OT ruudu>> FuE“ {1 - zn:wiITi<T} :

i=1
From zero-coupon bond pricing formula for the Vasicek interest rate model (see
e.g. [26]) it follows that

T
E“ <exp <—/ ruudu>> = ¢ T-R(Tr(0)),
0

Since 7 and W are independent, I, <7 and % are independent. Therefore

n n
EQ {1 - ZwiITiST} 1-— Z’UJZEP (ITiST) =1-9 (T) .
=1 i=1

Finally, the pricing formula at time ¢ = 0 has the form (9). O
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The lemma below (formulated in [18]) gives the form of the cumulative distri-
bution functions of 7; and can be applied to computations of the catastrophe bond
price.

Lemma 1. The value of the cumulative distribution function ®;, 1 < i < n, at
the moment 'T' has the form

= Z _HT(I)Uj (KZ),

j=0

where <I>U is the cumulative distribution function of the sum U Z 0 Up-
In the above formula we assume that Uy = 0.

Our aim is to present the catastrophe bond pricing formula in case when the
parameters of the spot interest rate are not precisely known. To model this uncer-
tainty we introduce fuzzy numbers @, b, & and 7 in place of a, b, o and r (0). We
also treat the market price of risk as a small fuzzy number. Therefore we replace
the parameter A by its negative fuzzy counterpart A

Let F (R) the set of all fuzzy numbers. The proposition below was proved in
[28].

Proposition 1. Let f : R — R, for which the inverse image of any value is
compact, induces a fuzzy-valued function f F (R) — F (R) via the extension
principle and the a-level set of f(A) is f(A), = {f(z) : € Ay}

Applying Proposition 1, we obtain the following fuzzy version of the pricing
formula.

Theorem 3. 3 3
IB (0) = Fv@e ") @ Evip (7, pu), (10)

where
R(T) = ke {(Bxoi)® (o™ osrie (10eT) (D
®(lee®)o(dwazd)} o (@sT)

and
R =bOARF 000606 O (20004a) . (12)

To calculate the a-level sets of IB (0) we use formulas similar to (10), (11)
and (12), replacing the operators &, ©, ®, @ by @int, Oints Qints Dint-
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3.4 Numerical examples of fuzzy approach

In order to find the price of the model of catastrophe bond described in Section
3.3 according to Theorem 3, the appropriate simulations are conducted.

In our simulations we use two sets for parameters. First set is used for mod-
elling of losses. In this case we assume that quantity of losses is modelled by
Poisson process with intensity « and the value of each loss is given by random
variable from Gamma distribution with scale parameter ¢ and shape parameter /3.
Other types of distributions for modelling the value of losses are also possible,
e.g. Weibull distribution, lognormal distribution.

The second set of parameters is used for generation of the risk-free spot inter-
est rate trajectories for the Vasicek model. In this case we use fuzzy parameters,
i.e. we assume that parameters are described by a-sets which may be derived e.g.
from triangular fuzzy numbers or L-R numbers (see Section 2). The more detailed
approach for applying Monte Carlo simulation in case of intervals based on a-sets
was presented in [22].

We assume that for each considered example of catastrophe bond the trading
horizon is set on 5 years and we generate 1000 interest rate trajectories for 10000
simulations of Poisson process.

In case of Example I — Il we analyse the estimators of cat bond price if the
limits of a-sets are extended. We assume that k = 0.05, ( = 5, 8 = 10, therefore
the generated losses have catastrophic nature, i.e. they are rare, but with high
value. The catastrophe bond is described by parameters

Fv=1,A=-01,w; =01,wy=0.2,w3 =03,
Ky=10,K; =30, K =60. (13)

Then based on equation (10) we obtain estimators for price of catastrophe bond
presented in Table 1. As we could see, the average and median tend to decreasing.
Minimum, first quartile, 1% quantile and 5% quantile decrease. Maximum, 95%
quantile, 99% quantile and third quartile increase. The same applies for standard
deviation which means that the error caused by uncertainty, i.e. widen intervals
for a-sets, is also higher.

Then (Example I and Example IV — V) we analyse the estimators of cat bond
price if values of ¢ and 3 are increased, i.e. expected value of single catastrophe
and its variance are higher. We assume that a-set are described by intervals

e = [0.02,0.03] , by = [0.05,0.06] ,
7o = [0.01,0.02] , 7, (0) = [0.05,0.07] (14)
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Table 1: Numerical estimators for price of catastrophe bond in Example I, 11, 111

Example 1 Example 11 Example 111
G, [0.02,0.03] | [0.015,0.035] | [0.01,0.04 ]
ba [0.05,0.06] | [0.045,0.065] | [0.04,0.07]
Oa [0.01,0.02] | [0.005,0.025] | [0.005,0.03]
7o (0) [0.05,0.07 ] | [0.045,0.075] | [0.04,0.08 ]
Average 0.838605 0.840329 0.830122
First quartile 0.828917 0.820693 0.805097
Median 0.837279 0.840307 0.830691
Third quartile 0.848429 0.860893 0.853687
Standard deviation | 0.0129151 0.024689 0.0305631
Minimum 0.80987 0.788846 0.769381
1% quantile 0.812674 0.793393 0.773218
5% quantile 0.817523 0.800249 0.781488
95% quantile 0.85927 0.880068 0.879264
99% quantile 0.864803 0.890673 0.894962
Maximum 0.870979 0.901888 0.91128

and the catastrophe bond is the same as in previous scenarios, i.e. parameters are
given by (13). The obtained estimators may be found in Table 2. As we could see,
estimators for higher values of ¢ and /3 tend to be lower.

In case of Example I and Example VI — VII we analyse the estimators of cat
bond price for increasing values of triggering points K, Ko, K3. We assume
that a-set are described by intervals (14) and the parameters of catastrophe bond
are given by (13) (apart from values of triggering points). The obtained estimators
may be found in Table 3. As we could see, all of the estimators, including average,
are higher for higher values of triggering points.

4 Conclusions

In this paper we discuss the problem of catastrophe bond pricing with a stepwise
payoft function. The stochastic approach based on martingale method is applied.
We use fuzzy parameters and apply Vasicek interest rate model. In order to obtain
catbond valuation formula we assume no arbitrage, replicability of interest rate
changes by financial instruments existing in the market as well as independence
between catastrophe occurrence and behaviour of financial market. Because of
possible errors and uncertainties which arise from estimation of rare events with
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Table 2: Numerical estimators for price of catastrophe bond in Example I, IV, V

Example I | Example IV | Example V
¢ 5 10 20
I3 10 20 40
Average 0.838605 0.792859 0.792998
First quartile 0.828917 0.783671 0.783463
Median 0.837279 0.792791 0.793391
Third quartile 0.848429 0.80131 0.802
Standard deviation | 0.0129151 | 0.0122199 | 0.0123183
Minimum 0.80987 0.766055 0.823057
1% quantile 0.812674 0.768511 0.768826
5% quantile 0.817523 0.774009 0.772971
95% quantile 0.85927 0.813689 0.813814
99% quantile 0.864803 0.820323 0.818425
Maximum 0.870979 0.826507 0.823057

Table 3: Numerical estimators for price of catastrophe bond in Example I, VI, VII

Example I | Example VI | Example VII

K 10 10 10
Ko 30 40 50
Ks 60 80 100
Average 0.838605 0.856291 0.868028
First quartile 0.828917 0.846251 0.85794
Median 0.837279 0.856378 0.867994
Third quartile 0.848429 0.866102 0.878155
Standard deviation | 0.0129151 | 0.0129288 0.013136
Minimum 0.80987 0.827617 0.837584
1% quantile 0.812674 0.831855 0.841295
5% quantile 0.817523 0.835124 0.846545
95% quantile 0.85927 0.877042 0.889667
99% quantile 0.864803 0.883296 0.894722
Maximum 0.870979 0.887066 0.898591
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serious, catastrophic consequences and lack of precise, historical data, the fuzzy
set approach is applied. Then appropriate simulations for the obtained fuzzy pric-
ing formula are generated. We analyse output from some numerical experiments
for various sets of parameters.
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