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The Inclusion-Exclusion Principle in semigroups

Jana Kelemenova
Faculty of Natural Sciences, Matej Bel University
Banska Bystrica, Slovakia
kelemen @fpv.umb.sk

Abstract

This paper contains a generalization of a Grzegorzewski theorem [1]. He
has proved the inclusion- exclusion principle for a special case of [F-events.
We prove it for mappings with values in semigroups.

Keywords: inclusion-exclusion principle, semigroup, IF-event.

1 Introduction

Grzegorzewski [1] has worked the probability version of the inclusion-exclusion
principle and made a generalization for IF-events. He had applied two versions of
the generalized formula, corresponding to different t-conorms and so defined the
union of IF-events. The probability P(|J;;_; Ax) of the union of n (n > 2) IF-
events Aq,..., A, is obtained as a solution of the equation

n/2 n/2

P A+ S5 = > S5,
k=1 p

if n is even and a solution of the equation

(n+1)/2—1 (n+1)/2

P(UAk)‘i‘ Z Sék = Z SQk 1
k=1
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if n is odd.
s — 3 P(A;, N Ay N...NA;).

1<ii<ig<...<ip<n

2 Assumptions

Let (G, +, -) be an algebraic system, where (G, +) be a commutative semigroup,
and - be a commutative binary operation satisfying the following conditions

(a+b)-c=a-c+b-c Va,bjce Ge-c=c Vee G

Let (H,+) be a commutative semigroup, and m : G — H be a mapping satis-
fying the valuation property

m(a+b) +m(a-b) = m(a) + m(b) (1)

We want to generalize the Grzegorzewski theorem for the function -.

3 Examples

Example 1 Let a,b,c € G. Then,
m((a+b)-¢c)=m(a-c+b-c),
hence for n = 3

m((a+0b) +c)+m((a+b)-c)=m(a+b)+ mc)
m(a+b+c)+m(a-c+b-c)+m(a-b) =m(a+b)+m(c)+m(a-b)
m(a+b+c)+m(a-c+b-c)+m(a-b-c)+m(a-b) =
= m(a)+m(b)+m(c)+m(a-b-c)
m(a+b+c)+m(a-c)+m(b-c)+m(a-b) =m(a)+m(b)+m(c)+m(a-b-c)
Example 2 Forn =4
m((a+b+c)+d)+m((a+b+c)-d) =m(a+b+c)+m(d)
m(a+b+c+d)+m(a-c)+m(b-c)+m(a-b)+m(a-d+b-d+c-d) =
=m(a+b+c)+m(d)+m(a-c)+m(b-c)+m(a-b)
m(a+b+c+d)+m(a-c)+m(b-c)+m(a-b)+m(a-d+b-d+c-d) =
=m(a) +m(b) + m(c) + m(d) + m(a-b-c)
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m(a+b+c+d)+m(a-c)+m(b-c)+m(a-b)+m(a-d+b-d+c-d)+
m(a-d-b-d)+m(a-d-c-d)+m(b-d-c-d) =
=m(a) + m(b) + m(c) + m(d) + m(a-b-¢c)+m(a-b-d)+m(a-c-d)+
+m(b-c-dym(a+b+c+d)+m(a-c)+m(b-c)+m(a-b)+m(a-d)+
+m((b-d)++m(c-d)++m(a-b-c-d) =
= m(a) + m(b) + m(c) + m(d) + m(a-b-c)+m(a-b-d) +m(a-c-d)+
+m(b-c-d)

4 Main result

Theorem 1 Let m : G — H satisfying the condition (1) for any a,b € G.
Then for n even we have

n/2 n/2
mlar+as+...+an)+ Y S5 =S85,
k=1 =
where
Sl(cn) = Z m(ail " Qi alk)
1< <2< <1 <n
For n odd we have
(n+1)/2—1 (n+1)/2

m(ay +as+...+a,) + Z Sék = Z Séz 1

where

Slg") = Z m(ai, - iy - .. - Qi)

1< <2< <1 <n

Proof.
We shall prove it by induction. We have seen that Theorem holds for n = 2
(assumption (1)) and n = 3 (Example 1)

Let n be even and the principle holds for n, we shall prove it for n + 1.
Since

n+1
(Z ag) =m((a1 +az + ... +ay) + an+1>
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then, by (1) we have:

m ((Z ap) + an+1> +m (Z ay - an+1> =m (Z ak) +m(ant1) (2)

k=1 k=1 k=1
Since n is even, then

n/2 n/2
m(a1+a2+...+an)+zséz) 22552)_1

Induction assumption:

n/2
(Zak)—i-z Z m (@, - Qg - ...~ Gy, ) =

k=11<i1<12<...<i9 <N
n/2

= Z Z m (ail cQjy et ai%il) (3)

k=11<41<i2<...<t9_1<n

Moreover,

m ((Z ay) - an+1> =m (Z(ak : an+1)>
k=1

k=1

so we get

n n/2
m (Z(ak . an+1)> + Z Z m (@i, - Qi+ .- Qi - A1) =

k=1 k=1 1<i1 <iz<...<igp<n
n/2

- Z Z m (ail TQig et Gy an"‘l) )

k=11<i1<i2<...<lgp—1<Nn

By (2) and (4) we obtain:

k=1 k=1
n/2
+E E m(ail-aiz-...-am-anﬂ):m( )—l—
k=11<41<12<...<i9p <N
n/2 n/2

an—i—l + Z S;Z + Z Z m (ail C Qg et Qg CLn_;,_l) (5)

k=11<i1<i2<...<ig <N

n+1 n n/2
m (Z ak) +m <Z(ak . an+1)> + ZSS,? +
k=1
S
k=1
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By (5). (3):

n+1 n/2
(Z ak> + ZS%Z +m (Z ay - an+1>
n/2

+ E E m (@i, - Qig -« .- iy, ~ Opg1) = M(Apt1) +
k=11<i1<iz<...<iz<n
n/2 n/2

+ZS§Z 1+Z Z m(ail'aiQ""'aizk'an+1) (6)

k=11<i1<i9<...<i9x<n

By (6) and (4) we get

n+1 n/2
m (Z ak) + Z Séz)
k=1 k=1
n/2 n/2

+Z Z m (ai1 TQig et Qg a”""l) = ZSéz)—l -
k=1

k=11<41<i2<...<igp_1<n
n/2

m(an+1) + Z Z m(aiy * iy -+ Qg - Apg1)  (T)

k=1 1<i1<i2<..<igp<n

hence

n+1 (n+2)/2—-1
m<zak>+ Z m(ail'aiz""'ai%):
k=1

1 1<ii<is<...<igp<n+1
(n )/2

= Z m (CLZ'1 CQjy et ai2k71)

k=1 1§i1<i2<...<i2k,1§n+l

wll

So,

n+1 (n+2)/2-1 (n+2)/2-1
m<zak>+ oS S s
k=1

Let n be odd, hence the induction assumption gives
n (n+1)/2—-1 (n+1)/2
AR SRS o 3 ®
k=1
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Induction assumption implies

(n+1)/2—-1

+ Z Z m(ail'aiE"“'aizk'an-i-l):

k=1  1<i1<i2<...<igp<n
= E m (ail Ty e Qg 'an+1) . ©))
k=1 1<i1<iz<...<igp_1<n

From (2) we have:

+ Z Z m(ail'aiQ""'aizk'an-i-l):

(n+1)/2—-1

Z Z m (ail T Qg t et gy, a(n+1)) +m(any1) (10

k=1  1<i1<ig<..<igp<n

By (10), (9) and (8)

(n+1)/2 n/2
(n)
E E m (ai1 SOy e Gy ~an+1) + E Sop. =
k=1 1<i1<ig<...<igp_1<n k=1
n+1/2

Z Z m (@i - iy .- iy, * Gpp1)

k=1  1<i1<iz<..<igp<n
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Hence,

n+1 (n+1)/2
(Zak>+ Z Z m(ail-aig-...-am):

k=1 1<i1<i2<...<t9p<n+1
(n+1)/2

= Z Z m(ail-aiQ-..uai%A).

k=1 1<ii<ip<...<igp_1<n+1

(n+1) (n+1)/2 (n+1)/2 ®)
m| D an ]+ Z sg =3 s
k=1 k=1

5 Conclusions

The inclusion- exclusion principle works for semigroups, but we can see many
applications also on IF-events as in the paper [1],with Godel connectives.

5.1. Godel connectives
Let use the operations

AV B = (max(pa, i), min(va, vg))
ANB = (min(pa, pp), max(va,vg)) .

For any Ay,...,A, € F,n € N there holds

n n k

PO\ A4) =) (D)t > PN A

i=1 k=1 1<j1<...<jp<n  i=1

Another application is on the algebraic system with two binary operations:
(M, +,-), and a mapping m : M —< 0,1 >, where M is any commutative and
associative algebraic system.

5.2. Algebraic system (M, +, -), where
e The operations +, . are commutative and associative

e The distributivity law holdsand c-c =¢ Vce M
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Foray,...,a, € M we have

n n
m(ay + ... +ap) = Zm(ai) - Zm(ai ~aj) +
i=1 i<j
n n
+ Z m(a; - a;-ag) — ...+ (=1)""m <H aZ') .
i<j<k i=1

For the proof see [3].
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The papers presented in this Volume 1 constitute a collection of contributions,
both of a foundational and applied type, by both well-known experts and young
researchers in various fields of broadly perceived intelligent systems.

It may be viewed as a result of fruitful discussions held during the Ninth
International Workshop on Intuitionistic Fuzzy Sets and Generalized Nets
(IWIFSGN-2010) organized in Warsaw on October 8, 2010 by the Systems
Research Institute, Polish Academy of Sciences, in Warsaw, Poland, Institute
of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences in
Sofia, Bulgaria, and WIT - Warsaw School of Information Technology in
Warsaw, Poland, and co-organized by: the Matej Bel University, Banska
Bystrica, Slovakia, Universidad Publica de Navarra, Pamplona, Spain,
Universidade de Tras-Os-Montes e Alto Douro, Vila Real, Portugal, and the
University of Westminster, Harrow, UK:

http://www.ibspan.waw.pl/ifs2010

The consecutive International Workshops on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGNs) have been meant to provide a forum for the
presentation of new results and for scientific discussion on new
developments in foundations and applications of intuitionistic fuzzy sets
and generalized nets pioneered by Professor Krassimir T. Atanassov. Other
topics related to broadly perceived representation and processing of
uncertain and imprecise information and intelligent systems have also been
included. The Ninth International Workshop on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGN-2010) is a continuation of this undertaking, and
provides many new ideas and results in the areas concerned.

We hope that a collection of main contributions presented at the Workshop,
completed with many papers by leading experts who have not been able to
participate, will provide a source of much needed information on recent trends
inthe topics considered.
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