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The inclusion-exclusion principle on some
algebraic structures

Maja Kukova
Faculty of Natural Sciences, Matej Bel University
Department of Mathematics
Tajovského 40, Banska Bystrica, Slovakia
kukova@fpv.umb.sk

Abstract

Recently P. Grzegorzewski ([3]) has generalized the well known inclusion
- exclusion principle for IF-events. In the paper the abstract formulation of
the principle is presented.

Keywords: inclusion-exclusion principle, algebraic structures.

1 Introduction

Let’s recall the well-known inclusion-exclusion principle: May ‘R be a lattice of
subsets of a nonempty set 2, 4; € R(: = 1,...,n),m : R — R be a set
function, such that m(A U B) = m(A) + m(B) (A N B). Then

n n n
i=1 i=1 i<j
The principle can be generalized for some other objects as well. Grzegorzewski

([3]) works with IF-sets. An IF-set A on € is an ordered pair A = (pa,v4),
where 114,74 : © — [0, 1] and following condition is satisfied:

pa+rvg <1
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w4 is called a membership function, v4 is a nonmembership function. In addi-
tion, if u4 and v4 are Borel measurable, then A is an IF-event. The union and
intersection of IF-sets are defined by this way:

AUB = (uaV pp,vaAvg), ANB = (s A pp,vaVuvg). (1

Grzegorzewski defines a probability of an IF-event A like a number from interval
or the whole interval

P = | [ padPr = [ vaap|. @

where P is a probability measure on §2. We consider P(A) to be the whole interval
(see also [6]) and thus wee need to apply interval arithmetics. For addition and
substraction will we use following formulas:

[a, B] + [7,6] = [a+ 7,8 + 0]
[Ot,,B] - [775] = [Oé - 57/8 _fY]
Ya, B,7v,0 € R. Within this approach, the following theorem holds:
Theorem 1 May A; = (j14,,va,) be an IF-events. Then
P (U AZ-) =Y P(A) =) _PANA)+...+(-1)"P <ﬂ Ai> .
i=1 i=1 i<j i=1

Riecan ([5]) introduced more general, axiomatic approach to the probability on
IF-sets and Ciungu and Riecan ([2]) have shown, that each probability on IF-sets
has a form

P(A) = [P"(4), PH(4)], )
P’ (A) = /QuAdPJra (1 - /Q(MA +VA)dQ) ;

PHA) = /QNAdR-i-,B (1 - /Q(HA + VA)dS> 7

where P, (), R, S are certain probability measures on €2 and «, 5 € R. There was
shown, that the inclusion-exclusion principle works for this general form as well
in [4]. Moreover, the formula (2) is a special case of (3), where R = S, a = 0
and 5 = 1. In this paper we bring an abstract form of the inclusion-exclusion
principle.
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2 The abstract form of inclusion-exclusion principle

Theorem 2 Let (A, +,-) be an algebraic structure, where A is a nonempty set,
+ and - be commutative and associative binary operations defined on A, m be a

mapping (m : A — [0,1]) and the following conditions hold:
Yee A:c-c=c,

Va,b € A:m(a+b) =m(a)+m(b) —m(a-b).
Then

m(ay + ...+ ap) =

:Zm(al Zm (ai-aj)+ Z m(a; - aj.ay) A (=) <H al-)
i=1 ;

1<J 1<j<k

Proof. We shall use induction. The assertion holds for n = 2.
Let the assertion holds for n € N. Then

m(ay + ...+ ap+ apt1) =

=m(ar + ...+ ap) + mant1) —m((ar + ...+ an).ant1) =

=m(a1+...+an) + mlans1) — m(ag.ape1 + ... + ap.api1) =

n
:Z m(a;) Zm (a;.a;) + Z m(a;.aj.ar) ) 1)t <Ha1>
i=1

1<j 1<j<k
n n
+m(an+1) — Zm(ai.anﬂ) + Zm(ai.aj.anﬂ) — ..+
i=1 i<j
n n n
+(—1)" Zm H ar, | cans1 | + (1) ((H a ) anH) =
=1 k#i 1=1
n+l n+1 n+1
= Z m(a;) — Z m(a;i.a;) + Z m(a;.a;.ax) Lo+
i=1 1<j i<j<k
n+1 n+1 n+1
1)n+1 Z m H ag n+2 <H az) )
i=1 ki
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Example 1 Let (L,V, ) be a distributive lattice and m : L — [0, 1] be a map-
ping such that
m(aVb)+m(aAb) =m(a)+ m(b)

for any a,b € L. Put
+ =V, - =A.

Then all assumptions Theorem 2 are satisfied.

Example 2 May F be the family of all IF subsets of 2, and may AUB and ANB
be defined as in (1). May m : F' — [0, 1] be a Gidel state, i.e.

m(AV B) +m(A A B) = m(A) + m(B).

Then again all assumptions of Theorem 2 are satisfied.
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The papers presented in this Volume 1 constitute a collection of contributions,
both of a foundational and applied type, by both well-known experts and young
researchers in various fields of broadly perceived intelligent systems.

It may be viewed as a result of fruitful discussions held during the Ninth
International Workshop on Intuitionistic Fuzzy Sets and Generalized Nets
(IWIFSGN-2010) organized in Warsaw on October 8, 2010 by the Systems
Research Institute, Polish Academy of Sciences, in Warsaw, Poland, Institute
of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences in
Sofia, Bulgaria, and WIT - Warsaw School of Information Technology in
Warsaw, Poland, and co-organized by: the Matej Bel University, Banska
Bystrica, Slovakia, Universidad Publica de Navarra, Pamplona, Spain,
Universidade de Tras-Os-Montes e Alto Douro, Vila Real, Portugal, and the
University of Westminster, Harrow, UK:

http://www.ibspan.waw.pl/ifs2010

The consecutive International Workshops on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGNs) have been meant to provide a forum for the
presentation of new results and for scientific discussion on new
developments in foundations and applications of intuitionistic fuzzy sets
and generalized nets pioneered by Professor Krassimir T. Atanassov. Other
topics related to broadly perceived representation and processing of
uncertain and imprecise information and intelligent systems have also been
included. The Ninth International Workshop on Intuitionistic Fuzzy Sets and
Generalized Nets (IWIFSGN-2010) is a continuation of this undertaking, and
provides many new ideas and results in the areas concerned.

We hope that a collection of main contributions presented at the Workshop,
completed with many papers by leading experts who have not been able to
participate, will provide a source of much needed information on recent trends
inthe topics considered.
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