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Abstract

Recently P. Grzegorzewski ([3]) has generalized the well known inclusion

- exclusion principle for IF-events. In the paper the abstract formulation of

the principle is presented.

Keywords: inclusion-exclusion principle, algebraic structures.

1 Introduction

Let’s recall the well-known inclusion-exclusion principle: May R be a lattice of

subsets of a nonempty set Ω, Ai ∈ R(i = 1, . . . , n),m : R → R be a set

function, such that m(A ∪B) = m(A) +m(B)−m(A ∩B). Then

m

(
n⋃

i=1

Ai

)
=

n∑

i=1

m(Ai)−
n∑

i<j

m(Ai ∩ Aj) + . . . + (−1)n+1m

(
n⋂

i=1

Ai

)
.

The principle can be generalized for some other objects as well. Grzegorzewski

([3]) works with IF-sets. An IF-set A on Ω is an ordered pair A = (µA, νA),
where µA, νA : Ω → [0, 1] and following condition is satisfied:

µA + νA ≤ 1.
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µA is called a membership function, νA is a nonmembership function. In addi-

tion, if µA and νA are Borel measurable, then A is an IF-event. The union and

intersection of IF-sets are defined by this way:

A ∪B = (µA ∨ µB, νA ∧ νB), A ∩B = (µA ∧ µB, νA ∨ νB). (1)

Grzegorzewski defines a probability of an IF-event A like a number from interval

or the whole interval

P(A) =

[∫

Ω
µAdP, 1−

∫

Ω
νAdP

]
, (2)

where P is a probability measure on Ω. We consider P(A) to be the whole interval

(see also [6]) and thus wee need to apply interval arithmetics. For addition and

substraction will we use following formulas:

[α, β] + [γ, δ] = [α+ γ, β + δ]

[α, β] − [γ, δ] = [α− δ, β − γ]

∀α, β, γ, δ ∈ R. Within this approach, the following theorem holds:

Theorem 1 May Ai = (µAi
, νAi

) be an IF-events. Then

P

(
n⋃

i=1

Ai

)
=

n∑

i=1

P(Ai)−
n∑

i<j

P(Ai ∩ Aj) + . . . + (−1)n+1P

(
n⋂

i=1

Ai

)
.

Riečan ([5]) introduced more general, axiomatic approach to the probability on

IF-sets and Ciungu and Riečan ([2]) have shown, that each probability on IF-sets

has a form

P(A) =
[
P♭(A),P♯(A)

]
, (3)

P♭(A) =

∫

Ω
µAdP + α

(
1−

∫

Ω
(µA + νA)dQ

)
,

P♯(A) =

∫

Ω
µAdR+ β

(
1−

∫

Ω
(µA + νA)dS

)
,

where P,Q,R, S are certain probability measures on Ω and α, β ∈ R. There was

shown, that the inclusion-exclusion principle works for this general form as well

in [4]. Moreover, the formula (2) is a special case of (3), where R = S, α = 0
and β = 1. In this paper we bring an abstract form of the inclusion-exclusion

principle.
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2 The abstract form of inclusion-exclusion principle

Theorem 2 Let (A,+, ·) be an algebraic structure, where A is a nonempty set,

+ and · be commutative and associative binary operations defined on A, m be a

mapping (m : A → [0, 1]) and the following conditions hold:

∀c ∈ A : c · c = c,

∀a, b ∈ A : m(a+ b) = m(a) +m(b)−m(a · b).
Then

m(a1 + . . .+ an) =

=
n∑

i=1

m(ai)−
n∑

i<j

m(ai · aj)+
n∑

i<j<k

m(ai · aj.ak)− . . .+ (−1)n+1m

(
n∏

i=1

ai

)

Proof. We shall use induction. The assertion holds for n = 2.

Let the assertion holds for n ∈ N . Then

m(a1 + . . .+ an + an+1) =

= m(a1 + . . .+ an) +m(an+1)−m((a1 + . . .+ an).an+1) =

= m(a1 + . . .+ an) +m(an+1)−m(a1.an+1 + . . . + an.an+1) =

=
n∑

i=1

m(ai)−
n∑

i<j

m(ai.aj)+
n∑

i<j<k

m(ai.aj .ak)− . . .+(−1)n+1m

(
n∏

i=1

ai

)
+

+m(an+1)−
n∑

i=1

m(ai.an+1) +
n∑

i<j

m(ai.aj .an+1)− . . .+

+(−1)n
n∑

i=1

m








n∏

k 6=i

ak



 .an+1



+ (−1)n+1m

((
n∏

i=1

ai

)
.an+1

)
=

=
n+1∑

i=1

m(ai)−
n+1∑

i<j

m(ai.aj) +
n+1∑

i<j<k

m(ai.aj .ak)− . . .+

+(−1)n+1
n+1∑

i=1

m




n+1∏

k 6=i

ak



+ (−1)n+2m

(
n+1∏

i=1

ai

)
. 2
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Example 1 Let (L,∨,∧) be a distributive lattice and m : L → [0, 1] be a map-

ping such that

m(a ∨ b) +m(a ∧ b) = m(a) +m(b)

for any a, b ∈ L. Put

+ = ∨, · = ∧.

Then all assumptions Theorem 2 are satisfied.

Example 2 May F be the family of all IF subsets of Ω, and may A∪B and A∩B

be defined as in (1). May m : F → [0, 1] be a Gödel state, i.e.

m(A ∨B) +m(A ∧B) = m(A) +m(B).

Then again all assumptions of Theorem 2 are satisfied.
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