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Chapter 7

Estimation of the preference relation —
binary comparisons

7.1. Introduction

This chapter presents the problem of estimation of the preference relation on
the basis of binary comparisons. They can assume three values {0,*1}, but

the form of estimators is similar to those constructed for the equivalence and
tolerance relations.

7.2. Assumptions about binary comparisons

The preference relation, denoted by the symbols ;(fp)*,..., Zi,p " and

T3 (x:,x;), has to be estimated on the basis of comparisons g\’ (x;,x)

(k=1,..,N; <i,j>€R,),defined as follows:

—1if k — th comparison indicates x; € ;((rp)*,xj € ;(E”)*, r<s;

0 if & — th comparison indicates that (x;,x;) are included (7.1)

g(p)(x. x ) —
i . -
b ! in the same subset ;((q” ;

Lif k — th comparison indicates x; € ;((rp)*,x,- € ;(E,p)*, r<s.

The comparisons gﬁ,’k’)(x,-, x;) have to satisfy the assumptions Al, A2 and A3

(Chapter 2), i.e. the probability of correct comparison, 1-06, has to be
higher that the sum of probabilities of incorrect results. In the case of
equivalent elements, it is sufficient to assume that zero is the mode and
median of comparisons errors, i.e. the same as in the case of multivalent
comparisons. The assumption about independence of comparisons can be
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relaxed in such way that comparisons of different pairs, i.e. g;,i)(xi, x;) and

gé’?(x,, xs) (i#r,s; j#r,s) are independent (see Klukowski, 1994).
7.3. The form of estimators and their properties

The estimators 7\”,..., 77 and 7',..., 7" of the preference relation

27, 77" are obtained on the basis of the following minimization

problems:
. ) (»
mint >~ 2|2y Geox))—tf (xi,xj)|}, (7.2)
FQ) <i,j>eR, k=1
where:

F$P) - the feasible set, i.e. the family of all preference relations in the set X,

157 (x;»x;) - the function describing a relation from the set f{’,

and

min{ X g;,p’me)(xi,x_,-)—tgp)(xi,xj)|}, (7.3)

F(Xﬂ <i~./>ERm
where:

gép’me)(x,»,xj) - the sample median in the set {gﬁfl) (05X )5 es gﬁj,) (xisx )} -

The differences g\?(xi,x,)— 5" Gxiox;) and g (i) = 657" (xisx )

can assume five values, i.e. {-2, -1, 0, 1, 2}, and generate more complicated
optimization tasks than the binary tasks. Therefore, it is rational to transform
these variables into the binary form - in the following way:

0 g;i)(xi,x ) =157 (xisx )
gy Geinx ) =18 Ceinx N =1 o ’ ) ’ (7.4a)
Lif g’ (xisx ) = 65 (xi5x7)s

e 0if " (o) =14 (xiox )
@(gzp, )(Xi>Xj) — 17 (xix;) = S J v J (7.4b)
Lif gy (Xiax_j) #= 1y (x,-,x_,-)-

In this case the estimators 7\”,.., 7" and 7', ..., 7'” are obtained on

the basis of the binary problems:
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min{ X Z®(g(p)(xnx,) 157 (xisx )} 5 (7.5)

FQ) <i,j>eR, k=1

min{ ¥ O@" (xisx) =5 (xisx )} - (7.6)

FY§) <i,j>eR,

The properties of the estimators based on original and transformed
comparisons are similar (Klukowski, 1990b).

The properties of the estimators (7.5), (7.6) are based on properties of the
random variables:

W= X Z®(g D (xisx ) =T (xisx7)) » (7.7)
<i,j>€R,

Wi = % 0" (xinx) — T Gxinx))) » (7.8)
<i,j>€R,

corresponding to the actual relation, ;((p A ;(;p " and the random

variables:
ng]z') = Z Z:®(g.bk (x17XJ) Tgl)(xij)) (79)
<i,j>€R,, k=1
W;;ﬁme) Z @(g(P e (xl7~x]) pr)(xlle)) (710)
<i,J>€R,

corresponding to a relation 77, ..., 7', different from the actual one.
It can be shown (Klukowski, 1994), that

Theorem 4

The following relationships are true:

EwR <pp?h)<0, (7.11)

EWE™” <" <0, (7.12)

]ym Var(LwR" =0, (7.13)
—>0
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lim Var(+-7 %) =0, (7.14)
N—ow
lim Var(w'%m") =0, (7.15)
N>
lim Var(y 5" =0. (7.16)
N>

The probabilities PR <w'?), PWwE" <p'h"?)  satisfy the

inequalities:
PR <)) 21-exp{-2N(£-6)’}, (7.17)
P( 5" < b ) > 1 - 2exp{-2N (4 - 5)%} . (7.18)

The proofs of relationships (7.11) — (7.18), based on Hoeffding inequality
and Chebyshev inequality for expected value, are given in Klukowski
(1994).

The properties expressed by relationships (7.11) — (7.18), which constitute
the basis for estimators (7.5), (7.6), are similar to the case of the equivalence
and tolerance relations.

The existence of distributions of both estimators (7.5), (7.6) can be proven in
the same way as in Chapter 2.

The tasks (7.5), (7.6) can be solved using the binary algorithms discussed in
Chapter 2. Validation of estimates obtained is discussed in Chapter 10.

The properties of estimates obtained with the use of simulation are presented
in Chapter 9; they allow for determining the parameters, especially the
number of comparisons N, guaranteeing the probability of errorless estimates
close to one.

The approach can be also developed for the case of partial orders, i.e. the
relations which are not complete. For this purpose it is necessary to
introduce the additional result of comparison, corresponding to incomparable
elements.

72



Chapter 7. Estimation of the preference relation — binary comparisons

7.4 Summary

The estimators of the preference relation have similar form and properties as
the estimators of the equivalence and tolerance relations for binary
comparisons. The properties of estimates for binary and multivalent
comparisons have been examined using simulation; they are discussed in
Chapter 9. Estimates obtained on the basis of binary comparisons can be
used in two-stage estimation. In the first step it is necessary to determine N
estimates of the relation form, in the next step we determine the differences
of ranks and finally we apply the estimator based on multiple multivalent
comparisons, presented in Chapter 8. Simulation survey shows good
efficiency of multivalent estimators and, therefore, the second stage can
improve the initial binary estimates.

A significant advantage of efficiency of the estimator based on the sum of
differences should be emphasized. The number of comparisons guaranteeing
good precision of estimates is moderate, from 3 to 7; the median estimator
requires the number of comparisons increased by two.
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The book presents the estimators of three relations:
equivalence, tolerance, and preference in a finite set of data items,
based on multiple pairwise comparisons, assumed to be disturbed by
random errors. The estimators were developed by the author. They can
refer to binary (qualitative), multivalent (quantitative) and combined
comparisons. The estimates are obtained on the basis of solutions to the
discrete programming problems. The estimators have been developed
under weak assumptions on the distributions of comparison errors; in
particular, these distributions can have non-zero expected values. The
estimators have good statistical properties, including, especially
importantly, consistency. Therefore, they produce good results in cases
when other methods generate incorrect estimates. The precision of the
estimators has been established with the use of simulation methods.
The estimates can be validated in a versatile way. The whole estimation
process, i.e. comparisons, estimation and validation can be
computerized. The approach allows also for inference about the
relation type — equivalence or tolerance, on the basis of binary data.
Thus, it has features of data mining methods.

The estimators have been applied for ranking and grouping of
data from some empirical sets. In particular, estimation of the tolerance
relation (overlapping classification) was applied for determination of
homogenous shapes of functions expressing profitability of treasury
securities and was used for forecasting purposes.
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