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Proper efficiency via tradeoff directions. Convex
case

Ewa M.Bednarczuk
Systems Research Institute
01-447 Warsaw, Newelska 6

Abstract We investigate tradeoff directions defined as efficient points of the
tangent cone. We give characterization of existence of nonzero tradeoff direc-
tions.
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1 Introduction

Different types of efficiency can be expressed via different cones. The corre-
sponding results are spread out in the literature, see eg [3], [7], [2]. Our aim here
is to locate properly efficient points via tradeoff directions which are, roughly
speaking, efficient points of the tangent cone. However, it is worth noticing that
tradeoff directions have little in common with tradeoff ratios defined for pairs
of objective and expressing maximal possible gain in one objective due to unit
decrease of a second objective.
Let (Y, ]| - ||) be a normed space and let @ C Y be a closed convex pointed cone.
We denote Q2 :=Q\ {0}.
Let A C Y be a subset of Y. The set P(A), of Pareto efficient points of A is
defined as

P(4)={yc A| An(y+92)=0}. :

P(A) is called the Pareto set. The set GP(A), of properly Pareto efficient points
of A is defined as

GP(A)={ye€ A|AN(y+CZ) =0 for some convex cone C with Q2 C intC}.
Let y € A. Vector v € Y is tangent to A at y, v € Ta(y), if
3 ta>0 ta J 0 v, = v such that y+t,v, € A.

The cone of all tangent directions of A at y, Ta(y), is called the Bouligand, or
tangent, cone of 4 at y.



By Da(y) we denote the set of all feasible directions of A at y € A, ie.,
Da(y)={d€Y |y+tde A for somet > 0}.

We have T4(y) C clDa(y) .
If A is convex, the tangent cone T4(y) is convex and

Ta(y) = cl cone(A —y) = clDa(y).

Definition 1.1 ([4]) Let y € P(A). The cone P(Ta(y)) of all Pareto points of
Ta(y) is called the cone of all tradeoff directions and is denoted by PTs(y) =

P(Ta(y)-

Remark 1.1 Let us note that if A is convez andy € A\ P(A), then PT(y) =
0. Indeed, if y ¢ P(A), here ezists an a € A such that a —y € QZ. On the
other hand, since A is conver, a —y € Da(y) C Ta(y), and y cannot be Pareto
efficient.

It is a direct consequence of the fact that Ta(y) is a cone that

PTu(y) #0 & 0€ PTa(y).

2 Basic facts and definitions

We start with the following characterizations of efficiency and proper efficiency.
A similar result was mentioned in [4]. We recall that © C Q is a base of Q if
0 ¢ cl©, and Q = cone(O).

Theorem 2.1 Let @ C Y be a closed convex pointed cone inY . Let ACY be
a convez subset of Y. We have

(i) y € P(A) if and only if Do(y) NQZ =0,
(i) if intQ) # 0, and y € P(A), then Ta(y)Nintd =0,
(iti) Let © be a base of Q. y € GP(A) if and only if Ta(y) N Q2 =0.

Proof. (i). — On the contrary, suppose that there exists a nonzero vector
d € Da(y) N Q. By definition, 3’ = y + td € A for some ¢t > 0. This yields
vy —y € N\ {0} which contradicts the efficiency of y.

+ On the contrary, suppose that y & P(A), ie., thereisany € AN (y +Q),
v’ # y. This entails that §’ — y € Da(y) N Q.

(i1) . Suppose that d € T4(y)Nint$) . By definition of the tangent cone, there exist
Ai >0,;10,and d; — dsuch that y; = y+ \id; € A. Hence, d; € Da(y)NQ,
and, by 2.1 (i), y € P(A).

(#it) . — By definition, y € GP(A) if and only if there exists a closed convex
cone C C Y, int(C) # @, Q2intC, such that y is Pareto with respect to C. Or



equivalently, by (i), Da(y) NintC' = 0. In turn, the latter holds if and only if
Ta(y)NintC = clDa(y) NintC = @, and consequently, T4(y) N Q= = 0.
 Assume that T4(y) N Q2 = 0. Let © C N be a base of Q. For each § € ©
there exists a ball By such that

Ta(y)n U (6+Bg) =0 and consequently T4(y)Ncone(| J(6+ By))Z=0.
oco )

The cone C = cone(Uyeg (6 + Bs)) has a nonempty interior. By (i), y € P(A)
with respect to C.

o
To see that the converse to (i) does not hold it is enough to take A = {(z,y) | + >
0 y<0}and Q= {(z,y) | >0 y > 0}. Here P(A) = 0, while T, (4) NintQ =
0.
Theorem 2.2 PT4(y) # 0 if and only if y € GP(A).
Proof.+ Let y € GP(A). By Theorem2.1 (iii) , T4(y) N Q22 = @, which is true
if and only if 0 € PT4(y).

— Let PTa(y) # 0. This is true if and only if 0 € PT4(y). By definition,
TA(y)NQZ = 0. By 2.1 (ii), y € GP(A).

Theorem 2.3 y € GP(A) if and only if 0 € GPTA(y).
Proof. Follows directly from Theorem 2.1, (iii) .
[u]

Definition 2.1 Let y € P(A). A direction d € Ta(y) is a proper tradeoff
direction of A at y if d € GPTx(y).

Remark 2.1 d € GPT4(y) if and only if Tr,,)(d) N Q= = 0.

Example 2.1 Let us consider an ice-cream cone (or a Lorentz cone)
Ck={yeRF| ( 't‘ ) ue R teR |ul <t}

Some of his nonzero boundary points are not properly efficient with respect to
RE . For instance, in C® the rays (—t,0,t) and (0, —t,t) are not properly efficient.

Proposition 2.1 Let Q be a closed convex pointed ordering cone. Let K be a
closed convez cone such that KNQZ =0. If K C —Q, then {0} = P(K).



Proof. Suppose that there exists d € K, d # 0, d € P(K). That is, (K —d) N
()2 =0, and consequently, d ¢ —Q.

]

Theorem 2.4 Let Q C Y be a closed convez pointed ordering cone in'Y . Let
A C Y be a closed conver cone in Y. Let y € GP(A). If Ta(y) C Q, then
GP(A) = {0}.

Proof. Follows directly from Proposition 2.1.

3 Main results

P
In this section we prove necessary and sufficient conditions for a tangent direc-
tion to be a tradeoff direction. We start with necessary conditions. To proceed
we need some existence results for efficient points. We start by recalling the
following existence result.

Theorem 3.1 (Th.6.3 of [5]) Let S be a nonempty subset of a partially or-
dered topological linear space Y with a closed ordering cone Q. If the set S has
o compact section, there ezists at least one efficient element of S.

Lemma 3.1 Let Q C Y be a closed convez cone in Y with a compact base © .
Let ACY be a closed bounded subset of Y. Then P(A) #0.

Proof. We start by showing that for any y € A the section Ay = (y+ Q)N A
is compact. Indeed, take any sequence z, € A, . We have

Zn =Y+ Anbn. (1)

Since A is bounded and © is compact, the sequence {\,} is bounded. Hence,
there exist subsequences 0, — 0y € ©, and A,, — Ag. By closedness of A,
the sequence {2n,} converges to zo € A. This proves that each section A, of
A is compact. By Theorem 3.1, (see also Borwein [1] , and Luc [7], Cor.3.8),
P(A)#0.

o

Theorem 3.2 Let @ C Y be a closed convez cone in Y with a compact base © .
Let ACY be a closed convez subset of Y, and y € GP(A).

If d € Ta(y) is a tradeoff direction, ie., d € PTa(y), then there is a representa-
tion d = limp dn , hndn = Yn — y, with hn L0, yn € P(A).



Proof. Let d € Ta(y). Suppose on the contrary that for each representation
d=limpd,, hndn = yn —y, where h, L 0, and y, € A we have y,, & P(A).
This means that

(A = ya) Ncone(©) # 0.

There exists a, € A, 0, € ©, A\, > 0 such that

Qn = Yn = Anbn, (2)
and
Gn =Y = hndn = Anbn. (3)
Dividing (3) by A, we get
@n =Y hn,
/\n - A_d" - gn . (4)

Firstly, if hy < An, then fﬂ < 1, and, since, without losing generality, we can
assume that 6, — o #0 € O, by (4), we get

i‘-",\;” —dy € Tay).
n

If f: — 0, then d, € , and y € GP(A), contradictory to the assumption.
If -'x‘: — Ao # 0, then, by passing to the limit in (4), we get

dl—/\od=9oeﬂ,
and d & PT4(y), which is a contradiction.
Secondly, if hp, > An, then dividing (3) by k, we get

an — A
e~ dn = 320,
and, by passing to the limit, we obtain
" Gn -y
B TR T U el

If,;n—-)o then d, = d. This means that any sequence a, € A, a, € Yo +
leads to the same tangent direction d in the sense that for any a, € [A —y,|N$

we have
&Y
hn
Since Ap < h, and h;, tends to zero, each set (A—y,) NN is closed and bounded.
Hence, by Lemma 3.1, there exists a, € P([A — yo) N Q). Clearly, a, € P(A),
and the direction d can be represented as d = lim, v, , hnvn = @n — ¥, contrary
to the assumption.

—d.



If 32 — Ao # 0, then
dy—d=Xbp €N,

and d & PT4(y), which is a contradiction.
a

In the next theorem we express tradeoff directions as limit points of sequences
of directions {dn} with y + hnd, € GP(A). To this aim we use the existence
result of properly efficient points proved by X.D.H.Truong [8].

We recall that Y is a weakly complete space if every fundamental sequence in
the weak topology has a weak limit. The spaces R", ¢, Lﬁ,’l', 1< p < +oo,
are weakly complete. Following Krasnoselskii [6] we say that a cone K C Y of
a topological vector space Y is completely regular if any bounded increasing net
contained in K and in a complete subset of E has a limit. It can be shown that
in a weakly complete space Y complete regularity of a cone K C Y is equivalent
to the normality of K . A subset A of Y is Q—bounded if there exists a bounded
subset M C Y of Y such that AC M - Q.

The following result holds.

Theorem 3.3 ([8]) Suppose that Y is a weakly complete Banach space, and
Q C Y is a completely reqular cone with a closed base. Let ACY be closed and
Q—bounded subset of Y. Then GP(A) #0.

With this result we can formulate the following variant of Theorem 3.2.

Theorem 3.4 LetY be a weakly complete Banach space. Let Q C Y be a closed
conver cone in Y which is completely regular and posseses a compact base ©.
Let ACY be a closed convez subset of Y, and y € GP(A).
Ifd € Ta(y) is a tradeoff direction, ie., d € PTA(y), then there is a representa-
tion d = lim, dn , hndn =yn —y, with h, 1 0, y, € GP(A).

Proof. Let d € Ta(y). Suppose on the contrary that for each representation
d = limp dp, , hndn = yn — ¥y, where h, L 0, and y, € A we have y, € GP(A).
This means that "
(A = yn) Ncone(® + ;B) #0,
where B is the unit ball in Y . There exists a,, € A, 8, € ©, A\, >0,and b, € B
such that 1
Gn = Yn = /\n(eu + ;bn) ) (5)

and 1
Qn — Y — hndn = Anbn + /\n;bn . (6)



Dividing (6) by A. we get

- h, 1
B e WL 7

Firstly, if hn < An, then X‘ < 1, and, since, without losing generality, we can
assume that 8, — 6o # 0 € O, by (7), we get

“—"'\‘—” —dy e Taly).
n

0, then d; € Q, and y € GP(A), contradictory to the assumption.
Ao # 0, then, by passing to the limit in (5), we get

di—Xd=0p€N,

==
1
Ll

and d & PT4(y), which is a contradiction.
Secondly, if hn > An, then dividing (6) by h, we get
An 1

an —Y An
= dn h0+h =bp,

and, by passing to the limit, we obtain

. Qn —
i S = €TAW).

If —ﬂ — 0, then d; = d. This means that any sequence a, € A, an € yn +
lea,da to the same tangent direction d in the sense that for any a, € [A—y,] NN
we have

Gn_¥

hn

Since A\, < h, and h, tends to zero, each set (A — y,) N N is closed and
bounded. Hence, by Theorem 3.3, there exists g, € GP([A — yn| N ). Since A
is convex, @, € GP(A), and the direction d can be represented as d = lim,, v, ,
hnVpn = @n — ¥, contrary to the assumption.
If 32 — Ao # 0, then

—d.

—d=Mbp €N,
and d ¢ PTa(y), which is a contradiction.

In finite-dimensional space R™ Theorem 3.4 takes the following form.

Corollary 3.1 Let Q2 C R" be a closed convezr pointed normal cone in R™. Let
A C R™ be a closed convez subset of R", and y € GP(A).

Ifd € Ta(y) is a tradeoff direction, ie., d € PTa(y), then there is a representa-
tion d =limp dy , hndn =y, — y, with h, L0, y, € GP(A).



We prove the following sufficient conditions for a direction d € T4(y) to be a
tradeoff.

Theorem 3.5 Let @ C Y be a closed convez pointed cone in Y. Let ACY
be u closed convez subset of Y. Let y € GP(A), and d € Ta(y). If in each
representation of d as the limit d = lim,—, o0 dn , where hpndp, = y, — y, with
hn L0, and yn € A, we have y, € GP(A), then d € PT4(y).

Proof. Suppose on the contrary that d € T4(y) is not efficient. There exists
dy € Ta(y), d1 # d, such that

d—deq. (8

By definition dy = lim,d}, hldl = 3} —y, d = limpdyn, hndn = Y — ¥,
llmyyln €A, hvnh: 40.
Let C be a closed convex cone, intC # 0, Q C intC . By (8), for all n sufficiently

large
d! —d, €intC,

and "
YUn—V Un—V¥
AL T, eC.
If hl > h,, then, by passing eventually to some 7, € A, we get
-1
Yn =Y Un—Yy
= e ec,
and consequently
gvls -y €C,

which proves that y, is not properly efficient.
If h, > hl, then, by passing eventually to some §, € A, we get

Yn—y =V .o

ha ha

and consequently
1/11; -9 €C,

which proves that §, is not properly efficient.
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