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NOTE ON SERIES WHOSE COEFFICIENTS
INVOLVE POWERS OF THE BERNOULLIAN
NUMBERS.

By J. W. L. Glaisher, i

il. Dexoting the Bernoullian numbers by B, B, B,, ...
we know that

T A A
lo —=—2‘212m—m23—a—612 - &e.
By writing in this equation }z, 3z, iz, ... for x, and
adding, the right-hand member becomes e :
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and, since
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the above series
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Now the left-hand member
. sinz sinjz sinjz
log{ T Sl ...} -
and, by Euler’s formula, this product

= COSwCOSx cosz COSx
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the exponent of each cosine being equal to that of the highest
power of 2 contained in the denominator of the argument.
We thus find

2/ a\" =xf x\ .,. B? "
lOg{COSE (GOSZ) CDSl—; (COSg) ...}———2‘ m—hm,(/i’mt) 1
whence, by differentiating,

®nem= . . &
gtan2+;tan4+§tan6+»3tau8+&c.

. B Fh Bl .
=27 {-@U—, Amx + (IIJ,I(JLW.?:) + 61F (dma)’ + &c.} 5
If we denote by  the exponent of the highest power of 2
which is a divisor of 2n (s.e. so that 2rn=2"m, m being an
uneven number), we may write this result in the form
2n=-:o r - T 4':3__213:-» )ﬂ’

or, multiplying by @ and transposing the sides of the equation,

(4mz)™

n=so [ Bﬂ )’ ¥ o n=oo __J: & &
p e 1(‘3_?1}U (dwx)™ =222 =1 i
§2. Inthe preceding formula, put for x successively iz,
iz, $x, .... The general term on the left-hand side then
becomes
- el _\am 1 1 1
Bn - Y L]
=H} 6"
To obtain the value of the right-hand member of the
equation, consider the expression

p(5)+2(5)+ ¢(5) + 20 (5) + () + 24 ()

o €T T - )
+9(57) + 19 (55) +20 () + o0 (30) + &=
in which the coefficient of each term is equal to the exponent
of the highest power of 2 contained in the denominator.

# T set this formula in Part II of the Mathematical Tripos, 1887 (Friday
morniog, Juoe 8, Question 7).
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If 2n=2"a, a being an uneven prime number,

r(r+1) r{r+1)(r+2)
2 6 -

A, (2n) = y Ay (20) =

§5. By writing 2z for , and replacing A, (2n) and A, (22)
by other functions 6, (n) and 6, (n) defined below, we may
write the system of formula in the following form :

ad Bn : n 0 oo '.(’I x
}-. {‘(—g‘n—)‘!‘} (81’]‘3;) =2JJE‘ T-)tan;,

= B\ 5\ mea
b {(—2;"3!} (167°2)™ = 4xX; u?é)lanz,
w{ B ) 2 0
% {'12;) !} (B = s JaE_")""‘Ei
where, if n =2 ...,
a, b, ¢, ... being uneven primes, then
6 (n)=s+1,
6,(n) =4t VC*D 5 ()
=D+ gy 8 1)(y 4 1)..s
0,0 =L LD L5 )
_(s+1)(s+2)(s+3) (a+1)(a+2) (B+1)(B+2)
¢ . - . 3

If p and g be relatively prime, we have
6,(») 9, (g) = 6, (pg),
6,(p)6, (q)=6,(pg),

6, (p) 6,(q) =6, (pq).

The general law of the series is evident: the value of
8, (n) being

(s+ )™ (a4 1) (B+ 1)
(w11 00 A1 R
where a® denotes the factorial a (@ +1)...(a + b - 1),
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