
1 8 4 P R O F.  C A Y L E Y,  O N  T H E  E Q U A TI O N  X 1 7  - 1  =  0.

M a ki n g  t h e s u b stit uti o n s a n d  eli mi n ati n g  A,  B,  w e  fi n d

m p , ( 1 +  r 2 ) —  L κ ir a  ( 1 —  rii)2 , —  M y κ 3 r 3  ( 1 - r 1 ) = 0,

—  M y κ 3 r , ( 1 —  r a ), m p i +  L κr 2 ( 1 —  r 2 )

or

m 9p'  ( 1 +  r s ) +  2 m∕ Z √∕  ( 1 - r 2 ) - Z W  ( 1 - r 2 ) s

- Jf 2γW(l-r 2 ), =  0.

F o r  st a bilit y, t h e v al u e s of  p'  m u st  b e  p o siti v e,  a n d t hi s 
l e a d s t o t h e c o n diti o n

Z 2 z c, ( r2 -l) > j∕ y,

N o w r =l  c o r r e s p o n d s m e r el y  t o di s pl a c e m e nt  of  t h e ri n g  
a s  a  ri gi d b o d y,

T h e  n e c e s s a r y  c o n diti o n  f o r st a bilit y i s t h e r ef o r e 

; <  ⅛ √ < 3 >-

s o t h at t h e t ot al t wist m u st  b e  l ess t h a n 

2 √( 3) τ τ Z ∕J∕.

If t h e c r o s s- s e cti o n i s ci r c ul a r,

L  _ E_

M ~  2 μ P

w h e r e  E  i s Y o u n g ’s m o d ul u s  a n d  μ,  i s t h e ri gi dit y m o d ul u s.
F o r  m et al s  E = % μ  a b o ut, a n d i n t hi s c a s e t h e t ot al t wi st 

m u st  b e  l e s s t h a n 2 τ r  ×  2, 1 6.

O N  T H E  E Q U A TI O N  a 1 7 - 1  =  0.

B y  Pr of.  C a yl e y.

W RI TI N G  p  =  c o s +  f si n , I c a r r y t h e s ol uti o n u p  t o 

t h e d et e r mi n ati o n  of  t h e p e ri o d s  e a c h of  t w o r o ot s, p  +  p l β, 

=  2  c o s  —  , & c. T h e  e x p r e s si o n s  c o nt ai n t h e r a di c al s

a  =  √( 1 7),  b  =  √{ 2  ( 1 7 - α)},  c  =  √{ 4  ( 1 7 +  3 α)  - 2  ( 3 +  α)  δ},

w h e r e  «,  b,  c a r e  t a k e n t o b e  p o siti v e  ( α = 4,1 2,  0 = 5 * 0 7,  c = 6 ,7 2).  
T a ki n g  f o r a m o m e nt  r t o b e a n y i m a gi n a r y s e v e nt e e nt h  
r o ot, r  =  p θ , t h e n t h e al g e b r ai c al e x p r e s si o n  f o r t h e p e ri o d  P x 
of  ei g ht  r o ot s i s P x =  j (—  1  +  a),  b ut  I a s s u m e  t h e v al u e  t o b e  

P l =  ⅜  (- 1 +  a), a n d  t h u s d et e r mi n e  Θ  t o d e n ot e  s o m e o n e  of

w w w.r ci n. or g. pl
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the values 1, 2, 4, 8, 9, 13, 15, 16; similarly, I assume the 
value of Ql to be = J (- 1 + α∙+ b); and thus further determine 
θ to denote some one of the values 1, 4, 13, 16: and, again, 
I assume the value of Bl to be = ⅜ (— 1 + a + b + c), and thus 
further determine θ to denote one of the values 1 and 16. 
As regards the values of the periods 72, it is obviously 
indifferent which value is taken, and 1 assume therefore 
0=1. This comes to saying that the signs of the radicals 
are determined in suchwise that r shall denote the root
cos—+∕sin^". and it is to be understood that r has this 

17 17 ,
value.

I write now
P1≈r +r9 + ri3 + rlβ + rlθ + r8 + r4 + r*,

Pa = r8 +rw + rδ + r11 + r1* + r7 + rli + rβ,

Qt = r + r13 + rlβ + r4,
ρ2 = r9 + r13 + r8 +r9, 

ρ3 = rβ + r5 + r14 + ∕,, 

ρ4 = rlθ⅛ r11 + r7 ⅜ rβ,

721 = r +rlθ,
72a = √3 + r4,

P3 = r9+r8,
P4 = rl5 + √,

725 = r3 +r14,
P6 = r6 + ?’,
72i = r10 + r7,
72β = ru + rβ,

and moreover

α= P1-P, , 

b — 2 {Qi-

+ bl = 2 (Q3- Qi}i 
c = 4 (721 — 723),

— c1 = 4 (723 — 724),

+ c2 = 4 (72s — 726),

-ca = i[B,- 728).
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It will appear by what follows that a is determined by the 
quadric equation α2=17, but I have assumed that a denotes 
the positive root α = √(17)j similarly b is determined by the 
quadric equation δ2 = 2(l7-a), but it is assumed that b 
denotes the positive root, δ=√{2 (17 —α)}; and c is determined 
by the quadric equation c2 — 4 (17 + 3α) — 2 (3 + a) b, but it is 
assumed that c denotes the positive root,

= √{4(17 + 3α)- 2(3 + α) b}.

If in the equations I had written δ1, c1, c2, c3 (instead of + δ1, 
— c1, + c2, — c3), then bi comes out rationally in terms of α, b'y 
and c1, c2, cθ come out rationally in terms of α, δ, c; the signs 
were attached to them h, posteriori, in suchwise that the values 
of δ1, c1, c2, c3 might be each of them positive; for their inde-
pendent determination, we have in fact for δ1a an expression 
such as that for b2; and for c12, c22, c32 expressions such as that 
for c2; and taking as above for each of them the positive value 
of the square root, we have

α=√(17), (= 4∙12),

b = √{2(17-α)}, (= 5∙07),

ξ = √{2(17+α)J, (= 6∙49),

c =√{4(17 + 3α)-2( 3 + α)6}, (=6*72),

c1 = √{4(17 + 3α) + 2 ( 3 + α)Z>}, (=13*77),

c2 = √(4 (17 — 3α) + 2 (—3 + α) Z>1), (= 5*75), 

c3 = √{4(17-3α)-2(-3 + α) ξ}, (= 2*02).

The relations between the periods P are 

Pl + P2 = - b

P, P2 a
P1 - P1 + 4 —i ∣------

----------------------------- a 17
P3______________ — Pi + 4

that is Pl2 = - Pl + 4, &c.; a2= 17.
Here for the second square we have 

e>=(P1-Pi)2≈P12 + P∕-2PlP2 = (-P1 + 4) + (-2ζ + 4) + 8,

— P1-P,+ I6, = 1T5 
and similarly in the other cases which follow.
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For the periods Q, we have

Ql + Q3 — Λ»

Qa + Q*=⅜ι
Ql_____________ Qi_____________ Qλ_________ Qi

Qι Φ3+2<23+4 —1 2φ1+φa+φ4 (?2+(?a+2 ζ?4

Qi Φι+2φ4+4 φ1+2ζ)3+4 φ1+2 φ2+<2s

Q3 2ρ2+ρ4+4 -1

Qi______________________________________________________ 2 Ql+ φ3+4

b bl
b 34 — 2a 8a

bl 34 + 2α

so that bb1 = 8σ, or bt ia given rationally in terms of α, b.
And for the periods R, we have

A + ¼ = Qι,

-^3 + ^4 = Qi »

¾ ÷ A = ⅛ 1

+ -R8 = Qi y
Rl _ R3 Rα Rt Ri Ra R1 Rλ

A,+ 2 A>+As A+A A÷A> ^2+A ∙^2÷A j^3+^8 ^β+A 

∙β, A+2 A+Ai ⅛Αs A+^7 ^1+A ^6+^8 j^4+^7

R-i -βj + 2 -^6÷¾ -^S÷A -^l÷-^4 ^4÷A

jB4 722+2 r 1+r 6 ¾+A ⅞÷-⅞ -^2÷A

∙^5 A+2 A÷-^7 ⅞+Λ

R3 A+2 A+⅞ A+⅞

B1 ’ ⅛2 A1+A2

¾ ,_______________________________ ⅞+2
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where observe that the overlined terras K+7ιι., -B7+Tζ, -R3+724, 
and Ii1 + T?2, have the values Qi, Qa1 Qjj, respectively, and
_________f_______________ £1_______________ <½________________ Cj___________

c 4(17+3α)-2(3+α)δ 8(√H-i,) 4(2a-6+⅛1) 4(-2a+6+δ1)

cl 4(17+3a)+2(3+a)δ 4(2a+δ+⅛1) 4(2a+δ-δ1)

c2 4(17—3a)+2(-3+a)i1 8(-⅛+il)

ci ____ _____________________________________________ 4(17—3q)-2(—3+q)⅞,

in which last table Z>1 may be considered as denoting its 

value = y , so that c1, ca, c3 are each given rationally in 

terms .of a, ι>, c.
And from the foregoing results, we have

P1 = ⅛(-l+α), = 1-56,
P8 = ⅛(-l-α), =-2∙56,
ρι = ⅛(-l + a + δ), = 2∙05,
^, = ⅛(-l + a-δ), =-0∙49,
Φ3 = ⅛(-l-a + 61), = 0*34,
tf4 = ⅛(-l-a-ξ), =-2∙90,
P1=⅜(- l+a + δ +c), = 1,87,
Pa = ⅜ (—1 + a + 5 — c), = 0Ί8,
P8 = ⅛(-1+a-δ -c1), =-l∙96, 
At = ⅛(~ 1 + a- ⅛ + cι), = 1'47> 
P5 = j (- 1 - a + Z>, + c2), = 0,8 ,
Pβ = ⅛(-l-a + ξ-ci), = -0.55, 
Pj = ⅜ (— 1 — a — δ1 — c3), = — 1*70, 
⅞ = ⅜ (“ 1 “ a -- + c3), =-l*20.

The approximate numerical values have been given 
throughout only for the purpose of showing that the signs of 
the square roots have been rightly determined.

QUATERNION PROOFS OF THEOREMS 
RELATING TO ASYMPTOTIC LINES.

By T. Motoda.

I HAVE proved in a simple way some theorems in Geo-
metry, concerning asymptotic lines, by the use of the 
quaternion analysis as follows:

Let p be the vector of an asymptotic curve of the surface 
Svdσ = 0; then Svdp = 0, or v is perpendicular to dp. Along 
the curve two consecutive normals of the surface are parallel,
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