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s ati sfi e s t h e f o u r c o n diti o n s s 1 =  0  =  s 2 ≡s 3 ≡s s, a n d t h e c o n -
diti o n s  s 1 =  0 ∈ s s  =  s 4  =  5 b h ol d g o o d f o r t h e q u a nti c w h o s e  
r o ot s a r e  t h e c u b e s of  t h e l a st. T h u s  w e  s e e t h at a s f a r a s  
t h e si m pl e st c o n diti o n s a r e c o n c e r n e d, f o u r of  t h e c o n diti o n s  
s 1 ≡ 0 ≡ s 2 ≡ s 8  =  s 4  =  s 5 a r e n ot  s uffi ci e nt t o m a k e  all  t h e r o ot s  
diff e r e nt.

O n  t h e ot h e r h a n d, w e  m a y  c h o o s e fi v e of H e r mit e ’s  
c o n diti o n s w hi c h  s h all n ot  n e c e s sit at e  t h e ot h e r  f o u r, a s i n t h e 
c a s e w h e r e  t h e c o n g r u e n c e o nl y c o nt ai n s o d d p o w e r s  of  0,  
s o t h at s 1 ≡ 0 ≡  s j ξ s 5 ≡ s . ≡s 4 , Si n c e,  h o w e v e r,  it i s e vi d e nt  
t h at t h e l o w e st p o w e r s  gi v e t h e si m pl e st r el ati o n s, it s e e m s  
s c a r c el y w o rt h  w hil e  t o i n v e sti g at e w h et h e r  a n y f o u r m o r e  
c o m pli c at e d o n e s s u c h a s s 1 ≡  0  =  s 3  =  s 7  =  s 8 a r e s uffi ci e nt t o 
i n cl u d e all  t h e ot h e r  c o n diti o n s.
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It  w a s  s h o w n b y  E ul e r  t h at, if P  ( w) d e n ot e  t h e n u m b e r  
of  p a rtiti o n s of n i nt o t h e n u m b e r s 1, 2,  3,  ..., r e p etiti o n s  
n ot  e x cl u d e d,  a n d  if P  ( 0) h a v e  t h e v al u e  u nit y,  t h e n 

P( ri)  —  P{ n  —  1)  —  j P( n —  2)  ∙ + P( w  —  5)  +  P( w  - 7)  —  & c.  = 0,

w h e r e  1, 2, 5,  7,  ..., a r e t h e p e nt a g o n al  n u m b e r s  ⅛( 3 r a ± r)  
a n d t h e si g n s of  t h e t e r m a r e p o siti v e  o r  n e g ati v e  a c c o r di n g  
a s  r i s e v e n o r  u n e v e n. %

It i s e a s y  t o s h o w t h at

P{ n  - 1)  +  2 P( n  —  2)  - 5 P  ( n —  5)  —  I P ( n —  7)  +  & c.  =  σ  ( n)i

w h e r e  σ  ( w) d e n ot e s  t h e s u m of  t h e di vi s o r s  of  n.
- I h a v e  al s o  f o u n d t h at

- P( w - 1) +  2 iP{ n  —  2)  —  5 * P( n  - 5)  - 7 2 P( n  - 7)  +  & c.

=  “ ⅛  i5 σ 3 (w ) - ( 1 8 w - 1)  σ  ( w)},

w h e r e  σ 3  ( w) d e n ot e s  t h e s u m of  t h e c u b e s of  t h e di vi s o r s  of  n.

* E ul e r,  C o m m e nt ati o n es  A rit h m eti c al  C oll e ct c e, V ol.  i., p.  9 1. S e e al s o Γ r o c.  
L o n d.  Λi a,t h,  S o c.,  V ol.  x xi.,  p.  2 0 2.
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The pentagonal numbers (which are the thirds of these 
triangular numbers which are divisible by 3) are 1, 2, 5, 7, 
12, 15, 22, 26, 35, 40, 51, 57, 70, 77, ..., and in the last two 
formulae the term P[n — ⅜ (3∕2 + r)} has the sign (— l)r 1.

Thus, p denoting any pentagonal number and the sum-
mation extending from p = 1 to they» = the pentagonal number 
next inferior to n, we have

Σ± P{n -p} = P(n),

Σ ± pP [n — p} = σ [n)1

Σ ± p^,P[n -p} = - τ⅛ {5σa (n) - (18w - 1) σ {n}}.

In all these formulae P (0) is to have the value unity.
As an example, putting n = 15, the formulae give 

P(14) + P(13)-P(10)- P (8) + P(3) + P(0)=P(15),

P(14) + 2P (13)-5P (10) -7P (8)+12P (3) + 15P (0) = σ (15), 

P (14) + 2,P (13) -5'2P (10) -7sP(8) +122P(3) + 152P (0)

= -⅛{5σ3(15)-269σ(15)},

which are easily verified since P(14) = 135, P (13) = 101, 
P (10) = 42, P(8) = 22, P(3) = 3, and P(0)=l, the three 
formulae giving respectively the values 176, 24 and — 932.

Using the above notation we may express σ3 (n) in terms 
of partitions by the formula

σ3 (w) = ⅜Σ + {p (18w —p -l}P{n -j?)}.*

Thus in the above example

5σθ (15) = ∑±y (269 — p}P(n-p)

= 257P (14) + 490P(13) - 1045P (10) - 1295P (8)

+ 1500P(3) + 1335P(0).

* The values of P (ri} up to n — 59 are given by Euler, loc. cit. On account of 
the fundamental character of the function P (ri), it seems to be always a 
matter of interest to express other arithmetical functions in terms of P’s.
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