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T H E  S U M O F  T H E  C U B E S  O F  T H E  
C O E F FI CI E N T S  I N ( 1 - x) i n.

B y  II. W.  Ri c h m o n d,  Ki n g ’s C oll e g e,  C a m bri d g e.

In  V ol.  x x. of  t h e M ess e n g e r,  p.  7 9, M r.  A.  C.  Di x o n  
s h o w s  t h at t h e s u m i n q u e sti o n  i s e q u al  t o (— l)n 3 w!  ∕( wl)3 , a  r e s ult  
w hi c h,  h e  st at e s, h a d b e e n  p r e vi o u sl y  n oti c e d  b y  M r.  M o rl e y.  
1  p r o p o s e  t h e f oll o wi n g al g e b r ai c al  m et h o d  of  p r o of.

L e m m a . T h e  a b s ol ut e  t e r m i s t h e e x p a n si o n  of

If w e  d e n ot e t h e a b s ol ut e t e r m b y ( —  l)i,√f  ( p, q), t h e n 
si n c e

(tf- χ- 1 ) 2% r + λ -1 P 2 + 1 >  ≡  ( x- x ~"fi +  4  ( z r- ^ 1 ) 8 p ( z r +  x ~ 1 } ^

w e  h a v e A  ( p, g  + 1)  =  4 √ 1  ( y >, q)  —  A  ( p +  1,  « /),

w h e n c e  t h e l e m m a m a y  b e e st a bli s h e d f o r s u c c e s si v e v al u e s  
of  q  b y  i n d u cti o n.

L et ( 1 — tf)a n≈l- α 1 x  +  α a 3 a - α 3 tfs +....

T h e n  1 +  α l⅛ 8  +  α i8 z c 4  +  α 3V +...  i s t h e s u m of  t h e t e r m s w hi c h  
d o  n ot  c o nt ai n y  i n t h e e x p a n si o n  of

( 1 - x y} i n (I - x y ~ iY n θ r  of  {( 1 +  « *)  - x y  ~  ̂ ^ ψ"∙

T h at  i s, b y  t h e M ulti n o mi al  T h e o r e m,

I . 2 2.  2 4.  ∙ ςl = n % n ∙ ∕l I „ 2\ 2 »l- 2f c  √ 2f c

l + α1 0  + a, x  s f c θ(2 n -2 ⅛! Λ∙! Λ∙'! i + i

—  V λ -w  2 n ^ fr . r-1 ∖ 2 n ^ 2 λ √∙ i"
-if c 0( 2 n- 2 ⅛)l λt ⅛!l + j

a n d 1 - α 1 af 8  +  a s x ~*  -... = ( 1 - * - 8) l n =  ( x- x ~ ιy n  tf ^,".

H e n c e,  b y  m ulti pli c ati o n,  1  — α 1 8 + α 1 3- α 3 s+...  i s t h e a b s ol ut e  
t e r m i n t h e e x p a n si o n  of

∑ k = n 2 w ∙ (r  +  r ~ ι^ n ~ i k (x  _  λ ∙- 1v 2 "
A = o —  2 k)!  k ∖ k ∖

*  x n  ̂ h = n 2 w!  s z 2 zι  1 ( 2 n —  2 k)! _ _

“ 1 ) ς ⅛ = o  ( 2 n - 2 k}!  k  1 k ∖ X  n ! ( zι - k}  1 ( 2 n - k}  I

-f Un 2 nl  Z k = n 2 ot 1 × nl

jι! nl ( 2 n- k) ∖ k ∖ ( n- k)l kl
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B ut ( 1 +  t)l" =  l + 2 nt +... + j2 n 1 ai  ( ⅛ ..........,

( 1  +  i- T =1  +  ili-+ ...+i ^- ⅛ τι r ⅛ ............

M ulti pl yi n g  t h e s e t w o s e ri e s t o g et h e r, w e  s e e t h at

v ⅛ = r a 2 r c!  n!  v i x x ∙ (l +  i∕n
∑ t a τ z ------ r τ τ τι ×  7 ----- 7  , τ r r =  a b s ol ut e t e r m m  — ,,i-

k = a  ( 2 n-k}! k 1 { n- k} ∖ k ∖  t

3 n  !
2 nl nl '

T h e r ef o r e

, s o  . ,.n 2 n 3 w!
1  —  α + a 2 -... = (-l)  ×  f— f

nl  nl 2 nl  nl  

__ r 1  ∖  n ⅛ n  1
' ( n!)8 '

N O T E O N T H E SI M U L T A N E O U S T R A N S F O R -
M A TI O N  O F  T W O  Q U A D R A TI C  F U N C TI O N S.

B y  J.  E.  C a m p b ell,  H ertf or d  C oll e g e,  O xf or d.

If  t w o q u a d r ati c s  i n n  v a ri a bl e s  z r 1 , ∙ rj, a τ 3,... χ η Ί  

u  ≡  a u x l3  +  a 2 2x *  +  ... + 2 α li^ 1 z r a +  ...,

a n d  v  ≡  b llx la  +  ⅛ 2  +... +  2 ⅛  +··· »

b e  t r a n sf o r m e d b y  t h e li n e a r s u b stit uti o n,

λ λ  =  ζ ⅞ +  ζ ¾ +··· »  

x t≡ m lX l +  m 2X a +... i

& c.,  & c.,

t h e y t a k e t h e f o r m s

U ≡  Λ λlX 3  +  M 2 2 A 3 2  +... +  2 A 1 2X 1X 2  +...,

V ≡  B n X 3  +  B 2 2X 2 +... +  2 B, 2X lX 2  +....

It i s w ell- k n o w n  t h at t h e n e c e s s a r y c o n diti o n s t h at 
M 1 2 , A 1 3,...,B 1 2 , B 1 3,..., s h o ul d all  v a ni s h  i s t h at l1 l m l*. ntl... 
s h o ul d b e  p r o p o rti o n al  t o t h e fi r st mi n o r s  of

σ n  +  λ A n  σ 1 2 +  λ A 2) α 1 3 +  λ A s 5  ∙∙∙) 

α i 2 ÷  ∖ ^ 1 2)  σ 2 2  d ^  ,,∙ ),∙,J

tt1 3 ÷ ∖ ^ 1 3)  ∙∙, J ” · )∙,∙J ,

... ... , ... , ...,
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