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N O T E O N T H E SI M U L T A N E O U S T R A N S F O R -
M A TI O N  O F  T W O  Q U A D R A TI C  F U N C TI O N S.

B y  J.  E.  C a m p b ell,  H ertf or d  C oll e g e,  O xf or d.

If  t w o q u a d r ati c s  i n n  v a ri a bl e s  z r 1 , ∙ rj, a τ 3,... χ η Ί  

u  ≡  a u x l3  +  a 2 2x *  +  ... + 2 α li^ 1 z r a +  ...,

a n d  v  ≡  b llx la  +  ⅛ 2  +... +  2 ⅛  +··· »

b e  t r a n sf o r m e d b y  t h e li n e a r s u b stit uti o n,

λ λ  =  ζ ⅞ +  ζ ¾ +··· »  

x t≡ m lX l +  m 2X a +... i

& c.,  & c.,

t h e y t a k e t h e f o r m s

U ≡  Λ λlX 3  +  M 2 2 A 3 2  +... +  2 A 1 2X 1X 2  +...,

V ≡  B n X 3  +  B 2 2X 2 +... +  2 B, 2X lX 2  +....

It i s w ell- k n o w n  t h at t h e n e c e s s a r y c o n diti o n s t h at 
M 1 2 , A 1 3,...,B 1 2 , B 1 3,..., s h o ul d all  v a ni s h  i s t h at l1 l m l*. ntl... 
s h o ul d b e  p r o p o rti o n al  t o t h e fi r st mi n o r s  of

σ n  +  λ A n  σ 1 2 +  λ A 2) α 1 3 +  λ A s 5  ∙∙∙) 

α i 2 ÷  ∖ ^ 1 2)  σ 2 2  d ^  ,,∙ ),∙,J

tt1 3 ÷ ∖ ^ 1 3)  ∙∙, J ” · )∙,∙J ,

... ... , ... , ...,
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w h e r e  λ 1 i s a r o ot of  t h e a b o v e  d et e r mi n a nt al  e q u ati o n ; a n d  

t h at Z a : : w a : ...,

Z 3 : m 3 : w 3 : ...,

& c.,  & c.,

s h o ul d b e  d et e r mi n e d  b y  si mil a r r ul e s f r o m λ 2 , λ g , ....
C o n v e r s el y, it m a y  b e e a sil y s h o w n t h at f o r s u c h a  

t r a n sf o r m ati o n
√l ι a +  λ 1  B 1 2  =  0,

Ai  +  ∖ A a  =  θ >
& C.,  & C.,

s o t h at, p r o vi d e d  λ 1 , λ 2,..., a r e di sti n ct,  - 4l a=  ̂ 1 2  =  0,  & c.,  o r  
t h e c o n diti o n s a r e s uffi ci e nt if L a g r a n g e ’s d et e r mi n a nt  h a s  
n ot  e q u al  r o ot s.

T o  p r o v e  t hi s, c o n si d e r t w o s y m m et ri c al d et e r mi n a nt s  of  
t h e t hi r d o r d e r (t h o u g h t h e p r o of  i s g e n e r al) w hi c h  e a c h  
v a ni s h ;

α,   A, g  α',  λ',  g'

A,  b,  f =  0  a n d  h' i A',  f' —  o j

9ι  f, c  g',  ∕',  c'

t h e n if J, H,  G-,...,  A' , H' 1 G',  ... b e  t h ei r r e s p e cti v e fi r st 
mi n o r s,

A  ( a A' +  h H'  +  g G')  +  II Qι A, +  b H'  + / £')

+  < 7( M' +∕ Z Z' + c G')  =  0,

a n d  b y  i nt e r c h a n gi n g a  a n d α',  I a n d b',  & c.,  w e  g et  a n ot h e r  
si mil a r e q u ati o n. T h e y  a r e  p r o v e d  at  o n c e  si n c e

• a A  +  hll + g  G  =  0,

M  +  Z >tf +∕ < 7 ≈ 0,

^  +  ∕ Z Z +  c 6 t =  0,

a n d  si mil a r e q u ati o n s  h ol d  f o r t h e d ott e d  l ett e r s.

It f oll o w s t h at if Z 1 : > n 1 : w 1,...,

Z 2 : w ? a : n i,...,

h a v e  t h e v al u e s  f o u n d f o r t h e m,

Z 1 [( απ  +  λ 1ξ a ) Z a +  ( σ 1 2  +  λ 1 δ 1 2 ) m 2  +...∙]

+  i nι [(α t2  +  λ A a)  K  +  (σ 2 2  +  λ A a)  m 2  +∙∙∙ ]

+...  =  0,

w w w.r ci n. or g. pl
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that is √112 4- ∖Bx* = 0, and the similar equation gives 
A2+ λ2512 = 0∙

Suppose now that two roots of the equation, say λ1 and λ2, 
are equal. The necessary conditions then give

Zl _ mχ nχ _
I γ∩ f∏ 5

3 2 2

unless all the first minors vanish. That is

a∖ = ζ (Λ + ⅜) + ⅞⅜ +∙∙∙)
a ∙2 ≡ m1 {Xx + Xa) + τn3X8 +...,

&c., &c.,

or .r1, .rj, ..., are now expressible in terms of m-1 new 
variables, which is impossible since zr1, zr2, ..., are independent. 
We conclude then that the reduction when Lagrange’s 
determinant has a pair of equal roots is impossible unless 
all the first minors vanish.

The following are simple examples of this failure.

If w = ax2 + 2hxy -I- by2,

v = a'x1 + 2h'xy +∙ b'y2i

have a single common factor, then

a + ∖a , lι + ∖Jι θ 

h -1- λA', b + ∖b'

has equal roots, and the equations cannot be reduced to 

the normal forms u = xi + yi, v Ξ ax2 + βyi.
If two conics

w ≡ (α, A , c , ∕, y , A ) (ic, ?/, s)2 = 0,

v ≡ (α,, A', c', ∕', y', A') O, y, z)a = θ,

have single contact, the discriminant of u + kυ has equal 
roots, and the conics cannot be reduced to the normal forms

u≡xi + y2 + zi = 0, u = axl + by2 + czi = 0.

So also, if two quadrics have single contact they cannot 
be reduced to the normal forms.

This failure explains some anomalies. Two conics can, 
in general, be written x2 + y2 + z2 = 0, axi + by2 + cz2 = 0, and 
if a = b the conics have double contact, apparently one 
condition instead of two.
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TRANSFORMATION OF TWO QUADRATIC FUNCTIONS. 81

Two quadrics can be written
x2 + y2 + z2 ÷ wt = θ,
ax2 + Ay’ + czi + did3 = 0.

If a = b they interest in planes or have double contact 
which requires two conditions.

It is only a particular case of the last that any quadric 
may be reduced to the form 4- byi + czi + dw1 = 0; if 
a-b = Q it reduces to a pair of planes. Two conditions 
here take the place of three.

These all arise from the reduction failing unless a further 
condition holds; assuming which implicitly we seem to 
arrive at less than the proper number of conditions.

Suppose now that all the first minors do vanish for λ1, the 
reduction to the normal forms will again be possible. The 
quantities ζ: m1: n1: ... have now only to satisfy n — 2 linear 
independent equations. They may therefore each be expressed 
linearly in terms of one variable θl; and similarly ζ: mi: ni:... 
in terms of another variable θi. We have also, as before, 
Al* + λ1J9lj = 0, and if we connect θl, θ3 by putting √4ls = 0, 
we get j9i1 = 0 also, or the reduction is now possible and with 
one degree of freedom.

Examples. If two conics
u ≡ (α , £, c , ∕ , y , A ) (χ, y, z)2 = 0, 
v ≡ (a, V, c', f', g', A') (x, y, z)2 = 0,

have double contact, they can be thrown into the forms 
a? + yi + z1 = 0, xi + y3 + cz3 = 0.

The first minors of discriminant of u + kυ must then all 
vanish, and this gives the ordinary form of conditions that two 
conics have doμble contact.

If two quadrics u =0, v = 0 intersect in planes, they can be 
reduced to the forms

u = x* + y2 + zi + wi = 0, 
v ≡ a (xi + y3) + czl + dwi = 0,

all the first minors of discriminant of u + kv must then vanish, 
θr, if the first minor be A + Aα + ∕∕az+ k3A', &c ., &c .,

A , Bi C, D1 Fi G, Hi Li Μ, N

a√," ,,∙ =0, 
a , ...

...
gives the conditions that a pair of quadrics should have double 
contact.
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Similar conditions to these are obtained, if, in general, 
u + kυ can be reduced to the sum of n — 2 squares.

If three roots of Lagrange’s determinant are equal, the 
reduction becomes impossible again. For, let λ1 = λi = λ8, 
we have, as before,

As + λ1^12 = 0,
Aβ + λA-θ,

As + λι As = θ, 

and Z1 : m1 : n1 : ...,

Z,: mi : nt : ...,

Zs: m3: w8: ...,

have each been determined with one degree of freedom, 
01, 0j, θ3 determining these by the equations

A,=As=Aι=θ∙

The ratios Z1 : m1 : nl : ... will now be equal to the ratios 

Z,: w1: na: ...,

Z1: m8: ws: ...,

and for the same reason as before this is impossible.
If, however, all the second minors vanish the reduction 

will again be possible, for
Z, : w1 : w1 : ...,
Z2 : mi : n3 : ...,

Zl: m3 : w8 : ∙∙∙,
have now only to satisfy n — 3 independent equations; they 
can therefore each be determined linearly in terms of 0,, φi j 
θ3, φt1 and θt, φ3 respectively; and requiring these to 
satisfy the three equations √llj = A23 = Aι ~ θ) we have fti3°
A,=A.=A» = °,and

Zl : m1 : nl : ...,

Z, : : ni : ...,
Z3 : m3 : w, : ...,

are determined with three degrees of freedom.
We thus get for example the conditions that two quadrics 

should have plane contact.
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TRANSFORMATION OF TWO QUADRATIC FUNCTIONS. 83

More generally, we may similarly prove that if r roots of 
Lagrange’s determinant are equal, the reduction of the 
quadratics to the normal forms is impossible unless all the 
(r — l)th minors vanish for that equal root; but in case they 
do, the reduction is possible with ⅛r(r-l) degrees of freedom.

It is only a particular case of the theorem that if any 
quadratic in n variables can be reduced to the sum of n — r 
squares, all the (r — l)th minors of its discriminant must vanish.

Thus the conditions that the quadratic should break into 
linear factors are obtained.

The number of independent conditions that a quadratic 
should be reduced to the sum of n — r squares is ⅜r (r + 1) ; 
this therefore expresses the number of conditions to which 
the vanishing of (r — l)th minors is equivalent.

If one of the quadratics be limited by the conditions of 
being essentially positive or negative, we know that if 
Lagrange’s determinant have r equal roots, all the first minors 
have r — 1 equal roots. In this case then the reduction must 
always be possible, for the necessary vanishing of the minors 
is assured.

Thus in the oscillations of a system about the position of 
equilibrium, the equality of two or more of the periods does 
not prevent us from referring to principal coordinates, but 
leaves freedom in the choice of the latter.

So in reducing the equation of the quadric to its principal 
axes, Lagrange’s determinant whose first minors give the 
direction cosines of the axes will be

a + λ, A , g 
h i b + ∖, f =0, 
i7 , ∕ , c + λ

and thia does not break down for the case of equal roots, but 
gives an indeterminate pair of principal axes; also since the 
first minors all vanish, we get the ordinary conditions for 
a quadric of revolution

aj>± bJl=cJι.
f Q h

A quadric can then by orthogonal transformation be 
reduced to the form ax9 + by* + czi = 1; if a = b it is of 
revolution, apparently one condition; but, as in the general 
case, the other condition required is implicitly given in the 
fact that the vanishing of the minors is necessary for the 
reduction if the discriminating cubic has equal root3.

F2
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