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N O T E  O N  A  H Y P E R D E T E R MI N A N T  I D E N TI T Y. 

B y  Pr of e s s or  C a yl e y.

T h e  f oll o wi n g i s i n eff e ct a w ell- k n o w n  t h e o r e m; b ut  
I a m  n ot  s u r e w h et h e r  it h a s  b e e n  st at e d i n a  f o r m at  o n c e  s o  
g e n e r al  a n d  s o p r e ci s e.

If ∩  =  ( *) ( a > 1 , y ιγ  ( αi, y 2 )5 ( aj 3 , y 3 )c ( ,̂ y 4 )p ...

b e a f u n cti o n s e p a r at el y h o m o g e n e o u s, a n d of  t h e d e g r e e s  
A,  B  C 1 7),  ... i n t h e s et s of  v a ri a bl e s  ( x 1, yj, ( ⅞, y a), ( ⅜, y 3 ),  
( ^ 4 , y4 ), ... r e s p e cti v el y; a n d  if

1 2  =  ⅛  - =  < ‰ ¾ - θ ¾ ‰  & c  » 

t h e n ( Μ 2 3 + Τ ? 3Ϊ +  ( ?Ϊ 2) Ω =  0,

w h e n  t h e v a ri a bl e s ( r r 1 , y),  ( xi, y 2 ), ( x 3 , y 3 ), ( 3 j4 , y 4 ), ..., o r 
o nl y  t h e v a ri a bl e s  ( ⅛ 1, y1 ), ( ¾, y 2 ), ( ⅜, y 3 ) a r e  t h e r ei n s e v e r all y  
r e pl a c e d b y  ( a ?, y).

I n f a ct w e  h a v e

Λ Ω  =  ( ⅛ +  y 1 ι7l ) ∩,  B Ω  =  ( x sξ 3 +  y 3ηf  C Ω  =  ( ⅛ +  y 3 9 7 8 ) ∩  ; 

t h u s t h e e x p r e s si o n  i s

=  {( ⅛ + 2∕a )2 3  +  ( & £+ y 3 v 3 ')3 1  +  ( ⅛ + y 3 'rJs ') 1 2 i β >

a n d if w e  h e r ei n  r e pl a c e t h e ( xl, y 1 ), ( ⅛ y 2 ), ( # 3 , y 3 ) 7 n  s o  f a r 
as  t h e y a p p e a r  e x pli citl y b y  ( a ?, y),  t h e e x p r e s si o n b e c o m e s

=  {( *f, +  3 W 1 ) 2 3  +  ( a ⅞  +  2∕ ¼) 3 1  +  ( a ⅛  +  V υ Q  1 2 J ω ,

w h e r e  t h e f a ct o r i n { j, s u b stit uti n g f o r 2 3,  3 1,  1 2  t h ei r v al u e s  
‰ ⅞- ⅛  ⅛ ~ ⅛ >  ⅛- ⅛ 7 7ι b e c o m e s i d e nti c all y = 0.  
T h e  v al u e of  t h e e x p r e s si o n i s t h u s =  0, a n d of  c o u r s e it 
r e m ai n s =  0,  w h e n  c o n s e q u e ntl y u p o n  t h e f o r e g oi n g c h a n g e,  
( ⅜ 3 h) > ( ‰ ( ¾ 2 / 3) e a c h i nt0 ( a b  y ∖  w e  al s θ c h a n g e
‰  7 h) > ( ‰ V i), ( £ p  ⅞)  e a c h mt θ i7)  5 a n d lf w θ  al s θ  
c h a n g e ( xi, yf  & c.,  i nt o ( x, y).

∩  m a y,  it i s cl e a r, d e n ot e  t h e c o v a ri a nt s y m b ol  

∩  =  2 3 “ 3 1 β  1 2  y  T P  2 4 £ 3 4 ζ... U x Γ 2  W 3 T e ..i

w h e r e  U,  V,  W,  T i ... d e n ot e  q u a nti c s

( «, .∙∙ P, y) m , ( a', --∙lx > y) n ι ∙∙∙
κ 2
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of the degrees τn, n,p, q,... respectively, and Z71, U3, &c., are the 
corresponding functions (a, ...X≈∖, y1)"', (β,, ∙∙∙Xa7s> y2)n, &c·) 
the values of Ai Bj C being here

√i = ??z — ∕S — 7 — δ —...,

B — n - 7 — α — s —...,

C=p — a - β — ζ-...∙,

the theorem expresses that the covariants 12Ω, 23Ω, 31∩, 
are linearly connected together; or, writing it in the form 
(A 12 - ΟΪ3 + Ρ23)Ω = 0, we have the proper linear combina-
tion A 12Ω — CΙ3Ω of the two covariants 12Ω and 13Ω, 
equal to - P23Ω, a determinate multiple of 23Ω. Speaking 
roughly, we say that the difference of the covariants 12Ω 
and 13Ω is equal to 23Ω.

ON THE NONEXISTENCE OF A SPECIAL GROUP 
OF POINTS.
By Prof. Cayley.

It  is well known that, taking in a plane any eight point3, 
every cubic through these passes through a determinate ninth 
point: it is interesting to show that there is no system of 
seven points such that every cubic through these passes 
through a determinate eighth point.

Assuming such a system: first, no three of the points can 
be in a line, for, if they were, then among the cubics through 
the seven points we have the line through the three points 
and an arbitrary conic through the remaining four points, and 
these composite cubics have no common eighth point of 
intersection.

Secondly, no six of the points can be on a conic, for, if they 
were, then among the cubics through the seven points we 
have the conic through the six points and an arbitrary line 
through the remaining point, and these composite cubics have 
no common eighth point of intersection.

Taking now the points to be 1, 2, 3, 4, 5, 6, 7 ; among 
the cubics through these we have the composite cubics 
(A, P), (P, Q), (C, R), where A, B, Care the lines 67, 75, 56, 
and P, Q, li the conics 12345, 1234G, 12347 respectively; 
by what precedes, the points 5, 6, 7 do not lie on a line, and 
the points (6, 7), (7, 5) and (5, 6) neither of them lie on 
the conics P, Q, 11 respectively.
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