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In a similar manner it can be shewn that if f(z, y, t) be
a solution of the equation
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then the expression
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is also a solution. 1In particular, we have the solution
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given by Earnshaw in his Theory of Germs. It was in

attempting to test the generality of the results given by
Earnshaw that I discovered the above theorem,

ON SOME SQUARE ROOTS OF UNITY FOR A
PRIME MODULUS.

By H. W. Lloyd Tanner, M.A4., F.R.A.S.

1. AN example of the square roots in question is the
power 2%, where p is the prime modulus and z is any of
the numbers 1, 2, ..., p—1; the value 0 being excluded.
This power is +1 for all the values of z considered; viz., it
18 1 when « is a quadratic residue, mod. p, and —1 when @
is a non-residue. In the following paper it is proposed to
determine all the expressions

A+ Br+ Ca’ 4.4 Da™", = Fu,

which have a similar property, viz. Fr =11 for every proper
(é.e. non-vanishing) value of z. The distribution of the
signs + of Fx for the different values of 2 is however arbitrary,
and every such distribution gives rise to a particular form
of Iz, gtmce there is a choice of two values for F'1, for F2, ...,
and for F( p~ 1), there are 2°* different forms of Fz.*

* Similarly, if & is any factor of p—1 (88’ —p ~1 say), there are é» ! different
3" roots of unity, mod, p. Also there are 28" different square roots of the
form F(a%) and 8% different & roots of the form F(z%),
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144 MR. LLOYD TANNER, SOME SQUARE ROOTS OF UNITY.

may have either sign prefixed, B gives 8 square roots. So
likewise (0), (D) give 8; E, 4; and 4, 2.
There are also the trivial roots + 1; and in all we have
3x8+4+242=232
square roots. This is the full number, 2°, of square roots,
mod. 11, which are functions of 2"

7. The square roots for p =3, 5, 7 are given below. The
numbers appended indicate the number of square roots
implied by the formula on the same line. In explanation
it may be added that an expression

f(@) + @ ¢ ()
may be affected with +; « may be replaced by —, 8o that
the sign of the second term may be changed independently
of the first; and when (p—1)/2=g¢, (= an odd pumber),
fx* and ¢a* may be interchanged, this being equivalent to
multiplying by 3™ which is a square root of 1.* These
are the only changes unexpressed in the following list, and
they give either 2, 4 or 8 roots for each formula.
pwd, "zl 42 4
r=3 31, £ |
2(3+2"), = (1+3x")
3+27" +2(2+22")
2+27+2(1— 2°)

p=1, 1, +2°

5 + 42" + 42

5+2s'+ 2

54 2"+ 22"

(8 + 2a* + 22*) + 2° (2 + 22" + 22%)
B+ Z+4) 422+ 2"+ 42
(B+42"+ a*)+ 2" (2+42'+ 2Y)
(2+22°+22%) + 2° ( + 32" - 3a")
2+ &+42)+2°( 27— 2f)
(2+42"+ a)+2"( 2'-22)

-
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*- 1t may be noted that, when g=4(p—1), + fa®+ ¢a? is a square root, &
theorem which gives an easy check upon the ‘calculations. The roots for p=7
furnish examples,

Uniy, Coll., Cardiff.
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