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MR. BURNSIDE, APPLICATION OF ABEL'S THEOREM. 167

The three sets of substitutions

’

— ! — \.
NE— U4y T —— Y tense-seteetnen

M (9% /7]

1
= — == -to.n..nonuloooclr 15
& kxf} yl: }'..y' "C':’

transform both the equation (i)” and the differential

dx {- da \
(1-FKa2®)y \ J{1=2"1~ k“x“))

into themselves.

Hence, if £(2,, ¥,y Z,3 Yur To» Yus Tor ¥,)=0 i3 an integral relation
corresponding to the differential relation
4
3 dr,

T

a new integral relation may be obtained by transforming
one or more of the pairs z,, 7, in f=0 by any one of the
above substitutions. This new integral relation will not of
course necessarily correspond to the same value of the
constant of integration. Starting again from the original
integral form

by S Y S iy O L )

&Ly — Ly Xy — T, T, X T, L,

i

the substitution (4) applied to the terms with suffix 3 and 4
gives
$=Y-Y =Y _ Yt YVt Y,
& =Ty Ty~ Ty Xt T, 2]
which is equivalent to the preceding equation, since each are
satisfied by the set of values
x1=x4=01 g:=y4=]l xa':xa:l? ye=y3=0'

Adding and subtracting the numerators and denominators
of the right hand sides, there results

Y¥i-¥- Y~ Y - Y\Ys + Y — 3{:1{_"’ Yals

P H
T —I.r,-x T +xx,  xX, + 2z,

and from their mode of formation all three results remain
true when the suffixes are permuted in any order.
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168 MR. BURNSIDE, APPLICATION OF ABEL’S THEOREM,
Using the substitution (B) for the terms with suffix 3 and 4
mn the equations

LoV MU L NtYs Yt ¥, - Bt Yl
X —x,.w -2, X, tx.z,4x, wux,+zz,’

it follows on casting out the common facter zz, [7,,, that

V=Y Y~y _Vthyy, dtkyy, 14 Fyyyy,
Zy— w2y~ 2, lihrz.l+hkez, 1+kzeze,

1

these equations being still equivalent to the preceding; and
again the suffixes may be permuted in any way. In particular,
the equation

vy, _ 1+ Eyy 49,

2xz, 1l+kczxs

1728y

involving only symmetric functions is a form of the integral
equation.

The right-hand side of the general form (viil) becomes in
this case (1 — £*)" or &*; and hence the square of any one
of the quantities of which

V=W ¥ Y, l:+ys'ys+y;

- 2,2, —x, T +r.I,+ 2
1-kyy, 1-kyy, 1+kyy,.1+%kyy,
1—kezx, 1 —kag,’ 1+kza, .1+ kez,’

49439, 14 Kyyyy,
2z, +ax’ 1+ Keraz,’

?

are types, is equal to

kf.

1— ka1l =Kal 1l —Kal 1l - k!
A 1—Fy 1=y 1-Fy'1-Fy?
& 2

dx" —
T=Fay,

If

so that (i)" becomes
u, + u, + u, + u, = constant,

the value of the constant for the set of equivalent integrals
Just given is 2K; for, taking for example the integral

(_1_ + k’s_f-sl_azm)’ e
14 Kr o, DD.D.D, 2
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170 MR. BURNSIDE, ON THE LINEAR TRANSFORMATION

and in each of these new equations the suffixes are separated
into two sets.

If one of the substitutions be applied to a single set of
terms in any one of the equivalent equations already obtained,
say to ,, y, a new integral relation corresponding to a
different value of the constant of integration will result.

Thus applying the substitution (B) to the terms z,, y, in
values of the equations first used, it follows that

htkyyy, _ ¥t kyyy,
z +krax, @+ keag, ;
This equation may also be written

'213;« o mdyl k (!!9,7{3 - .‘!'!J';.

Y — LY, oy ’V‘Es'rsymys

= 0.
. -1
Since , =a,=2=0, y=y,=y,=1, ¥, =0, 3/4=-’\/_f{:

are a special set of values satisfying this equation, the sum
of four corresponding arguments u, + u, + u, + u, is 20/ +¢K".

ON THE LINEAR TRANSFORMATION OF THE
ELLIPTIC DIFFERENTIAL.

By W. Burnside.

THE purpose of this paper is to exhibit in as simple and
systematic form as possible the more important of the linear
transformations of an elliptic integral of the first kind. I
shall consider in order the transformation of the integral (i)
into itself, (ii) into Weierstrass's normal form, (i) into
Legendre's, and (iv) into Riemann’s normal form.

A single linear substitution can always be found which
will transform three arbitrarily given values of a variable
quantity into threc other arbitrarily given values, cach into
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