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Let α1, 3i, 71, a2, β2, ‰ ∙∙∙, aβ, β , 7β 
be the coordinates of the lines, forming the hexagon of refer-
ence ; then the invariant, called B in Salmon’s Higher Plane 
Curves is the square of the determinant

2 2 2 2 2 2 
αι , αa , a3, a4, afi, a6 .

aΛ) «Α,.................................
aι7u a272 ,.................................
βl2 , β,2 ,..................................
∕⅛ ∕⅛.................................
7? , 7? ,..............................

This invariant (the catalecticant of the quartic) vanishes 
then, not only if the quartic can be expressed as the sum of 
five fourth powers but, also if the sides of the hexagon of 
reference touch a conic, and this includes the first theorem.

The corresponding theorem for a quartic surface is that its 
catalecticant vanishes, if the faces of the dekahedron of re-
ference touch a quadric.

The curve of the sixth degree can be expressed as the sum 
of ten sixth powers; and if the sides of this decagon touch 
a curve of the third class, the catalecticant of the sextiα 
vanishes.

ON THE APPLICATION OF ABEL’S THEOREM 
TO ELLIPTIC INTEGRALS OF THE FIRST 

KIND.

By W. Burnside.

Ta ke as the fixed curve for an application of Abel’s 
theorem the quartic

. ax, + 2‰r + c N ...
y = M√ + 2√⅛+G7 - 2ζ9ay........................

and for the variable curve the hyperbola 
τnrc + n

y =—------->............................................ l∏).∙7 m x + n k
Then if NxDr = A, a general quartic function,

4 dx∑⅛=0........................................... (iii),
ι V-4-r

where ic1, a jj, x3, xi are the abscissa?, of the points of intersection 
of (i) and (ii), when the constants w, w, m } n vary in any way.
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,. 1.f yp y» y» are tbe corresponding ordinates, the 
elimination of m} n1 m'1 n between the four equations

w.r + n
yr=-~rl , r = l,2, 3, 4,in xr + n τιιι

shews that the cross-ratio of the a?s is equal to the cross-
ratio of the corresponding ^,s, so that

Cv, -.y3) Cv8-y4) = (Λ ~*8) (x2- *4) . ,
(26-ya) (y3-yJ (∙*∖-¾) ............. ’

is the form in which the integral relation corresponding to 
the differential relation (iii) immediately offers itself.

It is my object to exhibit some of the equations into which 
(iv) may be algebraically transformed by using (i).

Ί he two values of x which correspond to the same value 
of y are connected by a linear substitution: for if

β a _ axi + ςλbx + c _ ax'2 + 2Bx' + c 
y ~ Ax2 + 2Bx + G ~ Ax, + 2Bx + 6’ ’

then 2 {aB- bA) xx' + (aG- cA) (x + x') +2 (Z>(7-cJ3) = O,

, x-por x =------ =i- ,
qx — 1

, bC — cB caB-bA
where p = 2 ------ 7,, q = 2 —------ ~.

r cA-aG, ι- cA-aG 

Hence, y'- yn' = [χ - a∙0) (a∙ _ √o)
j~x

={cΛ-aC} + -.-,τjι
X θ

and 3tr½ = <Lψl ............................(Tv
χ-χ0 d* y+y0 k

If now equation (iv) be written in the form

y,-y3 χ,-χ3y<-y3 χ<-χ~ 
χι-χ∕yl-y3 x4-χ∕yi-y3,

and the transformation (v)' be applied to each side, there 
results at once

χi-χt' 'v1±y3 = aτ4-< yi+y3 
y, + y3' xχ-χ3 y<+y3' χ<-χ3 ’ 

(yi+y3)(yt+yj sss fo,-Q (√-*4) , n
(yl+ya){y3+yt} Gc1-<Π√-∙*J...............
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Subtracting unity from each side of this equation, it 
becomes

fy1-y4) (y2-ys) = k - λ ) « - χ3y> 
(yi+.y3H^+^)

while (iv) similarly gives
Cv, - v) (y, - y») = (χx - (χi - χJ.
{y, - yi) (ya - yd (χι - λj3) G⅞ - xJ ’

Dividing the last two equations one by the other

(y, -yd (ya-yd = xd -χ3 . (a⅛-*J (χ3-χd
(yl + ya)[y3+yd χ3-χ3 ' (χ1~xd> «-χd

- (1 ------------- ⅛-^⅛-.⅛------------ ---(Ti;)
ra (qx1xt- x1- x2+ p} ⅛¾- xi~ xA^P>

and now the terms involving the coordinates of points 1 and 
2 are separated from these involving 3 and 4.

Since, from (v),
. 3 cA-αCi .. l λ

yi ~ yi = 1j1) " (∙r. “ x>) ⅛¾ “ xι “ x* ÷ Ph

equation (vii) may be written in the simple form

K-⅛⅞-⅞Γ d'd∙d^ (cA -acγ (i ~pi)
= (cΛ -aC)2-4 laB-iΛj (bC — cB) ...(viiι)i

, r f√y, √ji - √jζ √z>1) (√-Vi √p, - √-iff, √z>,)~],
θr L (Λ - x2^ (*3 - Xd J

= (cA — aC)s — 4 (aB — bA) (f>C — cB).
The transformations thus obtained of the original integral 

relation (iv) by direct algebraical process are more easily 
derived by considering those substitutions which transform 
both the equation (i) and the differential

dx

respectively into themselves.
To illustrate this 1 take equation (i) in the standard form

s,=r∑a.............................................w,

to which it can always be reduced by a linear substitution 
performed on x.
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a n e w i nt e g r al r el ati o n m a y  b e o bt ai n e d b y t r a n sf o r mi n g 
o n e o r m o r e  of  t h e p ai r s  x r , y r i n ∕ = 0 b y a n y o n e of  t h e 
a b o v e s u b stit uti o n s. T hi s  n e w  i nt e g r al r el ati o n will  n ot of  
c o u r s e n e c e s s a ril y c o r r e s p o n d t o t h e s a m e v al u e of t h e 
c o n st a nt of  i nt e g r ati o n. St a rti n g a g ai n f r o m t h e o ri gi n al  
i nt e g r al f o r m

y,- y 3 ∙ y3 - y, _ y x- y ^ y- i- y, 
x λ- x2 . x3 - x4  x 1 - xs. x9 - x4 ,

t h e s u b stit uti o n ( H) a p pli e d t o t h e t e r m s wit h  s uffi x 3  a n d  4  

gi v e s

.⅞  - ∙̂ y3 - ¼ =  . v1 +  . V r. vg ÷∙ ¼  
z r 1 —  x 2  . xz —  x i x l +  x 3 . x, 2 +  a ,4

w hi c h  i s e q ui v al e nt t o t h e p r e c e di n g  e q u ati o n, si n c e e a c h  a r e 
s ati sfi e d b y  t h e s et of  v al u e s

* 1 = * 4 =  °, y i= y < = 1 > χ i= χ 3-1 > y, = y 3  =  0 ∙

A d di n g  a n d  s u bt r a cti n g t h e n u m e r at o r s  a n d d e n o mi n at o r s  
of  t h e ri g ht h a n d  si d e s, t h e r e r e s ult s

. y1 - y 2 ∙. V 3- ½ =  ⅛ ± ½  =  ∙̂ 4 ^ . 
χ l- x ∙t∙χ a ~  x t ¾  +  x Λ χ lχ i +  χ 2 χ i'

a n d f r o m t h ei r m o d e  of f o r m ati o n all t h r e e r e s ult s r e m ai n  
t r u e w h e n  t h e s uffi x e s a r e  p e r m ut e d  i n a n y  o r d e r.

M R.  B U R N SI D E,  A P P LI C A TI O N  O P  A B E L ,S  T H E O R E M. 1 6 7

T h e  t h r e e s et s of  s u b stit uti o n s

, y  =  - y'.......................... M);

1 = E ?·  2, = ⅛ ..............................( Β);

j ε= ^ s >'  y ~ ~ τ y ...................................'c -i

t r a n sf o r m b ot h  t h e e q u ati o n (i∕ a n d  t h e diff e r e nti al

d x f____________ d a _________ ∖

( 1 - Z j 2 λ ∙2 ) y ∖  √( 1  - x t. 1  - kf x i) J

i nt o t h e m s el v e s.
H e n c e,  if'j∖ x λ, yl, x 2 , y 2 , ¾,  , y3 , ̂ 4 , . V4 ) = θ ⅛  a n  i nt e g r al r el ati o n  

c o r r e s p o n di n g t o t h e diff e r e nti al  r el ati o n

V  d x r - C,
Λl- k 1χ,'} y,  '
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o r

U si n g  t h e s u b stit uti o n ( 5) f o r t h e t e r m s wit h  s uffi x 3  a n d  4  
i n t h e e q u ati o n s

yι-. ¼∙, y s -ff 4 =  y χ ± M, ± y i =  , y8  +  . ⅜ y < 
aj 1 - a √ ⅜- ∞ 4 aj, ± ¾∙ ^ + ^ 4 ¾  +  ¾ ,

it f oll o w s o n  c a sti n g o ut  t h e c o m m o n f a ct e r x 3 a q  ∕y iy i, t h at

ff∣ - y ^ y ^- y, _ i± ⅛,∙ 1 ± ⅛ λ  =  H ⅛ u
x x- xi. x3  —  x t 1  +  k x χx 3.1  ±  k x ix i 1  +  k 2x χx 3 x 3x i ’

t h e s e e q u ati o n s b ei n g  still e q ui v al e nt t o t h e p r e c e di n g;  a n d  
a g ai n  t h e s uffi x e s m a y  b e  p e r m ut e d  i n a n y  w a y.  I n p a rti c ul a r,  
t h e e q u ati o n

¾  =  l ± ⅛ Wi 

^ x rx e 1  ⅛  k tx χxj c 3 x i

i n v ol vi n g o nl y s y m m et ri c f u n cti o n s i s a f o r m of  t h e i nt e g r al 
e q u ati o n.

T h e  ri g ht- h a n d si d e of  t h e g e n e r al  f o r m ( viii) b e c o m e s  i n 
t hi s c a s e ( 1 - k ?) 2 o r k' i'1 a n d h e n c e  t h e s q u a r e of  a n y o n e  
of  t h e q u a ntiti e s  of  w hi c h

y 1 - y ^ y3 - yi y, + y, ∙y 3 +  y <
χ x-χ 3 .χ 3 - xt, χ l +  X i.χ i +  X i1

1  - ⅞ y,. y2 ∙1 - ⅛ 4 1  +  ⅛∙ 1 +  ⅛ < 4

1  —  k x χx 1 .1  —  k x 3 x i ’ 1  +  k x χx 3 . 1  +  k x lx t,

yj h  +  y 3 y i 1 ÷  ¾ w <

x xx i +  tf3 tf4 ’ 1  ÷  k 2x lx 2 x 3 xi, 

a r e  t y p e s, i s e q u al  t o

1  —  k 2x 2.1 —  k 2x 2.1 —  k 2x 2.1  —  k ix 2,

n r ι- ⅜.ι- ⅞8.ι- ⅞a∙i- ⅝,

Λ' 4

τ r  d x r 7
It 7 ------ r x -------=  d u r,

( 1 - Λ  x r ) y r

s o t h at (i)' b e c o m e s

u χ 4-  u 2 +  u 3  4-  u i —  c o n st a nt,

t h e v al u e  of  t h e c o n st a nt f o r t h e s et of  e q ui v al e nt i nt e g r al s 
j u st gi v e n  i s 2 K∙,  f o r, t a ki n g f o r e x a m pl e  t h e i nt e g r al

∕1 +  ¾ y 8 , ysy Λ 2 β s ___ £ 1
∖ I 4-  k 2  x x x 2 x 3 x 4 ) J) 1 D 1 D a D  ’

w w w.r ci n. or g. pl
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it is satisfied by the values

ic1 = 1, a∙j ≈= 1, αs — 0, #4 = 0 j

3<1-θ, y2 = θ5 y3-15 yi = b 
and the differential relation is therefore

∫*,⅛+∖∖h,,+∫',⅛+p⅛=o, 

or f¾ + Γ⅛ Γi^s+ Prfu4≡2 i'du≡2K.
*'O ∙'0 ∙'O 1'O ∙' 0

The equations in question then give in different forms 
some of the relations between Jacobian elliptic functions of 
four arguments whose sum is 2K.

In particular the relation which has just been used to 
determine the constant becomes 

dn ul dn u3 dn u3 dn ui + k2 cn w1 cn u2 cn w3 cn w4

= k'2 [l + k2 sn m1 sn u3 sn u3 sn m4],

the sign of the square root that has been taken being 
determined from any set of special values. Writing u4+ 2X* 
for tz4, this is the relation due to Professor Cayley.

The other symmetrical equation in this case is

Σ cn up cn uq dn ur dn uβ = k'2∑ sn up sn uq.

The number of forms into which the integral equation may 
be thrown, even for the same value of the constant, is 
practically endless.

Thus, from
y,y,+y3yi = y,y3+y3yi
χlx3 + x3xt xlx3 + ΛTjdJ4 ’

on multiplying up and re-arranging the terms, there results

aw~χ<yi + ¾~¾=θ .

while from
∕∕,y4 + y3y3 = l±⅛w4
zr,.r4 + ¾ 1 + k∖x3x3xi ’

it follows in the same way that

1 - k2xyxiyλy, + 1 - ⅛⅛y1ya θ

yyi - χ,χi yiy3 - ¾
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a n d  i n e a c h  of  t h e s e n e w  e q u ati o n s  t h e s uffi x e s a r e s e p a r at e d  

i nt o t w o s et s.
If o n e of  t h e s u b stit uti o n s b e a p pli e d t o a si n gl e s et of  

t e r m s i n a n y  o n e  of  t h e e q ui v al e nt  e q u ati o n s  al r e a d y  o bt ai n e d,  
s a y t o z r 4 , y ^ a n e w i nt e g r al r el ati o n c o r r e s p o n di n g t o a  
diff e r e nt  v al u e  of  t h e c o n st a nt of  i nt e g r ati o n will  r e s ult.

T h u s  a p pl yi n g t h e s u b stit uti o n ( B} t o t h e t e r m s λ *4 , y 4 i n 
v al u e s  of  t h e e q u ati o n s  fi r st u s e d,  it f oll o w s t h at

y,  +  ⅛ y, yj h  =  y < 4 ∙ ⅞ λ . ‰v 3  j
x χ +  ∕i Λr2 .' T3 .r4 ι c4  +  ∕ii cv ra a 7 3  *

T hi s  e q u ati o n m a y  al s o b e  w ritt e n

~  L ¼  +  ⅞  ⅛ a ~  =  0 <

^ 1 z∕ 1 - x j b 1  - V 3W B y *

- 1
Si n c e a- 1 =  a;  =  a;,  =  0, y i =  y 2 =  y,  =  1, tf4  =  ∞,  y ^ ~ ψ i

a r e a s p e ci al s et of  v al u e s s ati sf yi n g t hi s e q u ati o n,  t h e s u m  
of  f o u r c o r r e s p o n di n g a r g u m e nt s  u l +  u i ÷  m 3 ∙ + u i i s 2 K +ι K  .

O N  T H E  LI N E A R T R A N S F O R M A TI O N  O F  T H E  

E L LI P TI C  DI F F E R E N TI A L.

B y  W.  B ur nsi d e.

T h e  p u r p o s e  of  t hi s p a p e r  i s t o e x hi bit  i n a s si m pl e a n d  
s y st e m ati c f o r m a s p o s si bl e  t h e m o r e  i m p o rt a nt of  t h e li n e a r 
t r a n sf o r m ati o n s of a n elli pti c i nt e g r al of  t h e fi r st ki n d. I 
s h all c o n si d e r i n o r d e r  t h e t r a n sf o r m ati o n of  t h e i nt e g r al (i) 
i nt o it s elf, (ii) i nt o W ei e r st r a s s ’s n o r m al f o r m, (iii) i nt o 
L e g e n d r e ’s, a n d (i v) i nt o Ri e m a n n ’s n o r m al  f o r m.

A  si n gl e li n e a r s u b stit uti o n c a n al w a y s b e  f o u n d w hi c h  
will  t r a n sf o r m t h r e e a r bit r a ril y gi v e n v al u e s of a v a ri a bl e  
q u a ntit y  i nt o t h r e e ot h e r a r bit r a ril y gi v e n v al u e s,  e a c h i nt o
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