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4 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

we shall have j—‘g = on
dn
=7 €Y
e A=¢, L=—c,

Another simple case of associated functions is presented
by the hyperbolic sine and cosine. Put generally

y = 'é‘a (ecﬂ + e—m) cncooousoocu.-u(l?)’

n=3a(e®—€") iviiiriiiiiianiis (13)-
d
Then we have ;,%: on,
dn _
d8= %
Thus, here A=¢, L=e¢.

As a third example of associated functions, we take the
complete elliptic integrals K and E, where

ol dé
£ =f . V(1= ¥ sin’0)

E=J["¢(1 — 7 SI00) 8 verrrrerenn(15):

.l.ll.tt".‘...(l&)’

Considering these as functions of %, we have

é‘-—vK= “g '....'l."..‘.”.ll..!.(lﬁ‘

& "W e

dé

T G o PTSEEE o ST B
where we have put, with Dr. Glaisher,

G=E—-k"k...... oo .. (18)

Thus K and @ are associated functions, and we have in
this case

1

A=az,-z 3 L=Gk.
At the same time we have
dE I
?k = !? L T Y T T (19),
dl k
Wc=—P E n...................(20)‘,

Whe]’ﬁ I=E_K toopol0140.1100500900!00(21)0
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THE COMPLETE ELLIPTIC INTEGRALS. 5

Thus E and I are associated functions, and for them
ck
}‘_’3 -

Dr. Glaisher has introduced in some of his investigations®
{(besides & and I) another new combination of the elliptic
integrals K and E, which he denotes by W, viz.

W=% (I+ .E) anoooooooc.a..-ooo(22),

Again, I have considered in a paper published in the
Messenger in 1889 the quantity H defined by the equation

H=EE—IE...ccccvuvurres eeee-(28).
By differentiation of W and X we find easily the following

relations
aw H
dk =_'2kk,pu tuutoccaolooooooo-n(g‘l),

ar
dk
Thus W and N are also associated functions, where

. n
2kE™

A=$,L=—

= 6kW “coo'oooooocooll»u(25)o

A=— L=60k.

New form of the differential equation and the relations of

assoctation, § 6.

§6. It may easily be shown that, by the change of the
independent variable only, the quantities A, L may be
transformed so as to satisfy the relation

A. [ L - c’
¢ being any constant. For, taking
2= (),
d N @
we have Iﬂ:=¢(z)d_z’
1 : e 5o
o=@ o+ ¢ 7,

* “On the quantities K, E, J, G, K', E', J', G' in Elliptic Functions,”
Quarterly Journal of Mathematics, Vol. xx, No. 80. The quotations below refer
to this paper.
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THE COMPLETE ELLIPTIC INTEGRALS.

ﬁ’ﬂ:—.—.ﬁ?—

dh h(1—k)?

dR

d_};= (n+l)Pn3

daU, n

&=

av,_

dh = 1=k %
I1I.

d’u du

F+2cot29@+4n(n+ 1) u=0,

u=cP,+cF,
d’u
dd* o

= clRu it c)Rn’l
d*u
dé

u =clv:|+ OQV-.’!
d'u
ad*

u=c,V,+¢ U/,

iy 2n B,

df ~  sinfcosd?

2y,

[
dR
di

d n__
5= tan 8V,

& @

k(1 -k’)ﬁT‘f+(1-3k=)§—z+4n(n+1)ku=o,

u=cPote P,
YOL. XXII,

www.rcin.org.pl

) cotQGd—-:+4n(n+ u=0,
du ,
5+ 20&020&—8-}-4?1 u=0,

du
— — 2cec26 Al dn'u=0,

= 2(n+1)sinfcosbfP,

17
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THE COMPLETE ELLIPTIC INTEGRALS. 21

Again, there exists a great number of rclations connecting
three consecutive quantities of the same kind, such as
e IO R RN A T T N [

nkl? n=11 “Vn+1? n=11 1) n=11 ° n+i? n=12

or expressing any of these 12 quantities, or of their deriva-
tives, by means of any two other quantities of the complete
series of 24 quantities, the 12 just written and their 12
derivatives. The formule are analogous to the known
relations between three consecutive spherical harmonics and
other similar formule known in the theory of these functions.

The quantities W and H, § 22.

§22. I have mentioned in § 5 a quantity W, introduced
by Dr. Glaisher, who has found that it bears a close analogy
to K, and the quantity A, which  introduced in the paper
quoted above, as being connected with 1 by a relation
analogous to that connecting ' and . These two quantities
appear now from the general point of view taken in this
paper as the first elements of an infinite series of similar
functions of the same kind. In fact, the quantity W
satisfies the differential equation

h(1-k)%’;‘(1_2k)%+gg=o ...... (109);

whence we at once conclude that
W=CP_, cuvnouuuunnu(llo)-

In the same way we have for the differential equation
satistied by I,

d*u
?a(l—k)d?+iu=0 ............... (111),
whence H=oR . wveersverraveassnnna---(112),
or also we may write
W=cP,,, H=cR ... w(113):

Note. As n(n+ 1) is left unchanged by the change of n
into — (n+1), we have generally P,.=P_.,,, and therefore
also B, =R, if P, R denotc generally any solution of the
differential equations above.
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22 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

Thus, W and H are, together with K and @, the first

terms of the infinite series of functions

o S o B T

R0 e e e

or else they are the two middle terms of the series
SR
B, B, R, R,...
Supposing K,, G, to denote K, ¢ respectively, we shall

write also
2W=K, =@,
and generally

6P =Ky 0B - SO (114),

H2i+1) STEES Vi

and we have thus the two infinite series of functions
‘Ko’ I(l’ KS’ ety
Gy Gy Gy ey

of which the first two terms are known in both cases.
Now as there exists a recurrent relation between any
three P’s or any three RB's, there exists a similar relation
between any three K’s and any three G’s; and knowing
two of them we may construct any other. ;.['hus, we may
consider the whole series as known,

The quantities K, G, § 23.

§23. The quantities K,, G, introduced in the preceding
section, constitute a class of functions which it is convenient to
consider separately for themselves. The differential equations
gatisticd by them are

'ds'{(i » dK, o

W st (h=K) i+ (" - D K,=0....(115),
,d'@, )

Ll -d‘,‘.! + (@' -1 G,=0....(116).
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THE COMPLETE ELLIPTIC INTEGRALS. 23

We shall denote by K and @/ respectively the same
functions of A" as I{,, &, are of &. 'Thus the complete solutions
of the equations just written are

kG, + oK,

¢, G +c,G/.

The differential associative relations between K, and @, arc
dK, _(2i+1)

= L e (117),
da, .
_Ef — (21 - l)I(‘ .-..-..........(118),
and, lastly, we have
K, =F(L+4, 41— 14 1, R) weeeean(119).

The quantities E,, I, § 24.

§24. In the same way as we have defined the functions
K, G, as particular cases of P, R, for 2n= odd integer, we
define two new functions E, 1, by the relations

el = U-g(zf-f-l)* c.,ll.:V_%mH) ..... «ee(120).

We shall thus have an infinite series of functions
e By B B ey
B JE N1

~1 17031712y
of which E =E, I, =1, are already known, and the others
may be found from the known values of K, @, by means of
the equations of §20. The differential equations satisfied by
these functions are

N R o e B
Rk i k 7t [FE+1D) +3] B =0..(121),
A

Wt =k +[(E+ 1) +1]1, =0...(122).

The differential associative relations between £, and 7, are

dE, 14 %
i L A v onilER),
drl _1-2¢

B viiiiinanniane.n(124),

i
dh W
and, lastly,
cE=F(}(2+1), -4 (@i +1), 1, &}...(125).
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24 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

The complete solutions of the above differential equations
are easily found to be
CE 46,1 cvnnniirniniaisans (126),

e e «(127),
E/, I denoting the same function of %’ as E, I, are of A.

Development of P, R,, U, V, in series, § 25.
§25. The hypergeometric expression of P,, U, gives at

once the development of the two functions in ascending powers
of & Thus

cnPn=I » (ﬂ -'igl) x h+ (ﬂ+2) (nl—l- ézﬂ (ﬂ i 1) A
DD O R )
2 ? [] Fl g "— . '-. T
al=1=qh+s (r-:.—l—)h' Ll I’f;)’.(;“ 2 W4 (129);

¢, denotes here an arbitrary constant.
It is easy to prove that U, contains 1—% as a factor for
every integer value of n, excepting n =0 (as U,=1). In the
same way we may easily show that ¥V, contains %, and B
k(1— k), as factors.
For if we put 2—1 in the series of U,, we have
n ' (n*=1") (@ —-1°)(n"—
(¢, U),=1 Bt + 1% 9° ) . ( 1.2na
‘...“‘U‘I“(l30)‘
Now from the differential relations existing between P,

and B, U, and V,, we sce that R, vanishes for k=0 andl
k" =0, and V, vanishes for A=1.
We shall therefore consider three new functions u,, v,, 7,
defined by the equations
R, =c hh'r

n=1?

S
2)+...=0

D:‘ = cﬂktu

Remark. Here, ns everywhere, we denote generally by
¢, ¢,, €;, &c. any arbitrary constants which may be different in
different formulee, Thus in the three equations (131) ¢, may
be different in each case.

We shall write also for symmetry

Pu=0“pnuuu.-n..... ------ (132).

V,=chv,, ...(131).

-1} n
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THE COMPLETE ELLIPTIC INTEGRALS, 29

or in developed form, writing »=2m or n=2m +1 in these
formulz,

L, a4,
Pu—l—_‘é-'i'_—‘x

+(n-2)n(«:1)(n+3)x._

... for n even......(156),

A (n+4)(ﬂ+23,(!n— 1) (n- 3).”‘_

) for 7 0dd .v....(157).
But we have
B =—3}(n+1)[Pdz+C.

Thus taking in account also the second associative formula
existing between P, and E, which determines the value of
the constant, we fin

I.

R,=_§(n+1)z(1_“(';‘):'

i (n—2)n (ﬂ;i 1) (n +3) .

) for n even ......(158),

B ==%(n+1) (1.|. ;_:! - Ol;liv_._(!”‘t'l'?),e‘-}.,.)nodd (159),

and, for any n,

. =1 (n-1)(n-2) ,
ST s =——g —

(n=1)(n=3)(n—2) ,
. 31 T

LER ] “.CIO(ISO)’
. n—1 _(ﬂ—l)(n+2)
- 5 T A

(n—1)(n—38)(n+ 2)3;3_
8!

+ vassuseines (161}
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