
MESSENGER OF MATHEMATICS.

ON A CLASS OF FUNCTIONS DERIVABLE FROM 
THE COMPLETE ELLIPTIC INTEGRALS, AND

CONNECTED WITH LEGENDRE’S 
FUNCTIONS.

By the late Joseph Kleiber.

Theory of associated functions.

Transformation of the linear differential equation of the second 
order, § 1.

§ 1. Consider the equation

*S+-pt+<⅛=θ...........................«·

If in this equation 7V^=0, it reduces to an equation of the 
first order.

If Q = 0, the substitution = * reduces this equation to 

one of the first order in z.
We shall suppose in the future that neither N nor Q 

are equal to 0.
This differential equation may be transformed to the 

following form:
ifia-⅛.................................«.

where Λ and L are some functions of λ?, which may be found, 
when N, Pi and Q are given, by means of algebraical 
operations and one integration.

For, developing the expression in brackets in (2), we have 

1 d2y 1 dA dy _
A dx* A* dx dx ’
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2 MR. KLETBER, FUNCTIONS DERIVABLE FROM

whence, by comparison with the given equation (1), we find

Λ=CΓiS*fc .................................................(3),

r_ <?_ 1 Q^iX Ml

C being an arbitrary constant. Again, if Λ and L be given, 
we have

2fip=ρ = li-⅛^ι-Λi......................(5).

The associated function 9/, § 2.

§ 2. We introduce a new function 97, connected with y 
by the differential relation

,- ⅛=17.
Λ dx Λ

The equation (2) gives then 

dη τ 
dx Ly'

Thus y and η are mutually connected by the symmetric 
equations

s=A”.................................................

as=⅛................................................ω∙

Differential equation satisfied by the associated function, § 3.

§ 3. Differentiating (7) and substituting in the right-hand
• ć/?/

side of the result of differentiation for y and ~~ their values 
. du υdx

expressed in and η from (β) and (7), we find the following

differential equation of the second order satisfied by the 
function η,

1 d2η 1 dη dL _
Ld^2 ~ Li άχώο~λη = ^

- λ γ∙O+⅛<⅛=0.........<s >>
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THE COMPLETE ELLIPTIC INTEGRALS. 3

where the new functions 2Zl, P1, Q1 are

or else

r n -(⅞>L = Cle J Μ ,
λ --A-l ≤iJ⅞λ ,

NlL~~ ClNl ’

C1 being a new arbitrary constant. It will be noticed that 
the equations of this section are in strict analogy with those 
of §1.

The relation of association, § 4.

§4.
form

The differential equation (8) may be presented in the

ζ⅛a-"...................................... <∙>

in which it appears to be analogous to (2). We shall call 
the function η associated to y. It is obvious that to every 
function satisfying a linear differential equation of the form (2) 
corresponds an associated function, satisfying a differential 
equation of the same form; also that there is only one such 
function ; and that the relation of association is mutual, i.e. 
if η is associated to y, y is associated to η. We shall there-
fore say in future that η is associated with y.

Examples of associated functions, § 5.

§ 5. The simplest case of associated functions is presented 
by the circular functions sin and cos. For we have

-⅛1 sin θ = + cos θ, 
at)

~ cos θ — — sin Θ; 
at)

Thus, if we put y = a sinc0 ......................................(10),

η = acw>cθ ......................................(11),
B2
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4  M R.  K L EI B E R,  F U N C TI O N S  D E RI V A B L E  F R O M

w e  s h all h a v e  ¾  = c η,
d U

d η
d H =- C!/ ’

i. e. Λ, ≈ c f L ≈- c.
A n ot h er  si m pl e c as e of  ass o ci at e d f u n cti o ns is pr es e nt e d

b y  t h e h y p er b oli c  si n e a n d  c osi n e. P ut  g e n er all y

7 ∕ =  ⅛ α( e ci ' +  < Γ c θ) ...............................( 1 2),

^  =  ∣ α( e cθ- e - ^) ...............................( 1 3).

T h e n  w e  h a v e  =  c η t

d η
d Γ c y '

T h us,  h er e  A  =  c, L  =  c.
As  a t hir d e x a m pl e of  ass o ci at e d f u n cti o ns, w e  t a k e t h e 

c o m pl et e  elli pti c  i nt e gr als K  a n d  E,  w h er e

-r, f4 "  < ⅞  ∕,, χ
!c √(l- A >s ⅛-( ∕) ...........................( λ

E =  f fj(l-l d si h 2 0)  d θ ...............(l δ∙),

j 0

C o nsi d eri n g  t h es e as  f u n cti o ns of  7 c 1 w e  h a v e

d K _ _ G  f 1 β,
dt c ~  k k' a ...........................

τ * =k κ ............................. < 1 7 > >

w h er e  w e  h a v e  p ot,  wit h  Dr.  Gl ais h er,

G  =  E- n ......................... ( 1 8).

T h us  K  a n d G  ar e ass o ci at e d f u n cti o ns, a n d  w e  h a v e  i n 

t his c as e

λ = 5 m s > l ~ λ ∙
At  t h e s a m e ti m e w e  h a v e

f = Γ ..............................................< 1 ¾

S =- ⅛ * .......................................(2 ° λ

w h er e  I— E — K ........................( 2 1).

w w w.r ci n. or g. pl



T H E  C O M P L E T E  E L LI P TI C  I N T E G R A L S. 5

*  “ O n  t h e q u a ntiti es  K,  E,  J, G,  K',  E ,, J ,, G , i n Elli pti c  F u n cti o ns, ”  
Q u art erl y  J o ur n al  of  M at h e m ati cs,  V ol.  x x.  N o.  8 0. T h e  q u ot ati o ns  b el o w  r ef er 
t o t his p a p er.

T h u s  E  a n d  I a r e  a s s o ci at e d  f u n cti o n s, a n d  f o r t h e m

λ  _  1 τ _ cl c  
Λ c k ’ L k "i'

D r.  Gl ai s h e r  h a s  i nt r o d u c e d i n s o m e of  hi s  i n v e sti g ati o n s * 
( b e si d e s G-  a n d 7)  a n ot h e r n e w  c o m bi n ati o n of  t h e elli pti c  
i nt e g r al s K  a n d  E,  w hi c h  h e  d e n ot e s  b y I F, vi z.

T F = ⅜( 7 + A ,) ..................................( 2 2),

A g ai n,  I h a v e c o n si d e r e d i n a p a p e r p u bli s h e d  i n t h e 
M ess e n g er  i n 1 8 8 9 t h e q u a ntit y  H  d efi n e d b y  t h e e q u ati o n

H = El d-I k' i......................... ( 2 3).

B y  diff e r e nti ati o n  of  W  a n d  H  w e  fi n d e a sil y  t h e f oll o wi n g 
r el ati o n s

d W H
d k  ~ 2 k k' i ........................

T k =  6 k w ....................... < 2 5 > ∙

T h u s  W  a n d  N  a r e  al s o  a s s o ci at e d  f u n cti o n s, w h e r e  

A  =  " W 2 ’ Z  =  6 c L

N e w  f or m of  t h e diff er e nti al  e q u ati o n  a n d  t h e r el ati o ns of  
ass o ci ati o n,  §  6.

§  6. It m a y  e a sil y b e  s h o w n t h at, b y  t h e c h a n g e of  t h e 
i n d e p e n d e nt v a ri a bl e o nl y, t h e q u a ntiti e s Λ,  L  m a y  b e  
t r a n sf o r m e d s o a s t o s ati sf y t h e r el ati o n

Λ.  L  =  - c,

c b ei n g  a n y  c o n st a nt. F o r,  t a ki n g

*  =  ≠ O) i

w e h a τ e S  =  ≠' W s >

w w w.r ci n. or g. pl



6 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

and thus equation (1) becomes

ΛW)],⅛+IW≠"(*)+PΦ'(*Λ %+<b-°,

» ^2⅛ + p>5+^ = 0-

Nl, P1, φ1, being tbe results of tbe substitution of z instead of x 
in the differential equation. Thus, from the relation

ΖΛ = “ ,

we have, if ZΛ must be equal to — c,

Q _ , „■WW ’

or e = φ(x)=fdx...........................(26),

Q.E.F.

In the example of the preceding section, we have for the 
elliptic integrals

Thus, if we take the modular angle θ as the independent 
variable, we shall have ΛL = c, and in fact we find

dK 
dθ ~

2Gcec2θ ................ ................ον,

da 
dβ ~

⅜7Γsin20................ ................(28),

dE 
dβ ~ I cpt θ .................. ................(29),

di
dθ ~ — E tan θ ......... ................(30),

dW 
dθ ~ — Hcec2θ................ ................(31),

dH _ 
dθ 3 W sin 2θ................ ................(32).
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THE COMPLETE ELLIPTIC INTEGRALS. 7

Hyper geometric functions, § 7.

§ 7. The examples given above are particular cases of the 
following general theorem.

The function associated with a hypergeometric function is 
also a hypergeometric function.

I designate here by the name of hypergeometric function 
a function satisfying the differential equation of the second 
order

¾S+x>s+-^=0..................... <33>-

Jζ, JΓ1, Xo being integral algebraical functions of X re-
spectively of the second, first, and 0th order in X. We shall 
not have to deal with hypergeometric functions of higher 
orders, as in the whole of the present paper we are concerned 
only with equations of the second order.

It is known that a hypergeometric function may be repre-
sented by Gauss’ hypergeometric series

r-,z z-> × a∙βF(a, β, γ, x) = 1 + — x +
a(g+l)3(fl+l)

1.2γ(γ+l) ≈+-W∙

We shall prove that if y = F(a^ β, 7, x), the associated 
function η is also = P(α1, β1, y1, cc), the elements a1, βv 7l of 
the second series being connected with those of the first by 
means of some simple relations which we shall find.

The general equation of the hypergeometric series is 

ic(l-a,)g + [γ-(α + ,S+l)*∙]⅛-<W¾ = 0...(35).

Thus we have

N: Pt Q = x (χ - 1) : 7 - (α + β + 1) « : - α∕3 

- '' -¾δ-*⅛

whence Λ = cχy(l-xfs..................(36),

Z = — λ ,^1 (1 - j c)3’7’1......................(37),
G

where δ = a + β + 1, and

IV1: Pl: φ1 = a; (1 - #) : 1 - y + (a + /3 - 1) a?: - aβ.
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8 MK. KLEIBER, FUNCTIONS DERIVABLE FROM

Thus the associated function η satisfies the differential 
equation

x (l" Txi + [γι~ + z9- +1) ffx ~ α'β'y = θ∙∙∙(38), 

where the new elements α1, ∕31, y1 are connected with the old

α, /3, y by the symmetric relations

α + α1 = O ......................................... (39),

∕3 + ∕31 = O........................................... (40),

7 + 71 = l ..........................................(41)∙
There is one exception to this rule, viz., when 7=1; for 

in this case 71 = 0, and the associated function is not a hyper- 
geometric series, the symbol

^1(α, /3, 7, x)

having no. meaning for 7 = 0 (as also for 7 = any negative 
integer).

The hypergeometric series is finite, i.e. represents an 
integral algebraic function, if one of the interchangeable 
elements α, β is a negative integer; both y and η are integral 
algebraic functions if one of the elements α, β is a positive, 
the other a negative integer.

On the roots of associated functions, § 8.

§ 8. Theorem. Associated functions have common multiple 
roots. Suppose x, to be a root of y, repeated r time3; then 
we have for this value of x,

λ dy . diy dr~λy
y~°1 dx~^ d^~°,

but from (6) and (7) we find that in this case we have also

η ~ °, dx ~ θ, dx2 ~ θ, dxr~1 θ, 

i.e., x1 is also a root of η repeated r time3.

Differential equation satisfied by the sum of two associated 
functions, each multiplied by any function of x, § 9.

§9. The sum of two associated functions, each multiplied 
by an arbitrary function of x, satisfies a differential equation 
of the same form as that satisfied by the functions themselves.
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THE COMPLETE ELLIPTIC INTEGRALS. 9

Let
u — Py + Pη.....................(42),

72 and P being some functions of λ?. Differentiating, we have 

du -ndυ rtdη dR dP

or shortly = Riy + P,η ....................(43).

In the same way we find

^=Λ,y + ⅛.................................(41);

eliminating from these three linear equations y and η, we
ć/ίζ d⅛↑jb

shall have a linear relation between u, — , and of the form

,t <72m τ,du ^ ^ z .
^dxi +pd⅛ + ®U = Q........................... (45)’

Q.E.D.

Differential equation of the first order satisfied by the ratio of 
two associated functions, § 10.

§ 10. The ratio of the associated functions satisfying a 
differential equation of the first order and second degree (in 
the dependent variable) which we shall presently deduce. Let

m = ^, v = * .......................................(46).
v y

We have
du 1 du u 1 dη . τ , , .

................<47>>

^ = -1^-2,-⅛ = Λ-Λυ* ................(48),
dx y dx y y dx

thus u and υ satisfy the differential equations

^ + iu'-Λ=0 .........................................(49),

⅛+Λe,-i = 0 ................................(50).
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10 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

II.

Application of the theory of associated functions to a 
special case.

The complete elliptic integral K and Legendre s functions, § 11.

§ 11. It is known that Legendre’s function Pn(f) satisfies 
the differential equation of the second order,

+w(w + 1)*≈θ ..........(51),

If we transform this equation to the new independent 
variable k by means of the relation

x = l - 2Λ2 .......................................(52),
we find

k (1-V) + (1-3F) ⅛ + 4n (n +1) ⅛P.=0 ...(S3).

This gives for
w = -⅜ ............................................ (54),

the equation
J2 p jp

i (1 - Γ) <L≤≠ + (1 - 3A··) -sg - kP,i = 0..........(55).

Again, from the theory of elliptic integrals we know that 
K satisfies the differential equation

k (1 - ⅛2)¾⅞ + (1 - 3/?)- kK= 0 ...(56), 

whence we see that K may be considered as a special case of
Legen⅛e,s function, viz.

K=Pji..............................................(57).
If we take the modular angle as the independent variable, 

the differential equation satisfied by K is

^+2cot2β^-∙ff=θ......................(∞)∙

Again, if we take the angle φ whose cosine = x as the 
independent variable in the equation satisfied by Pn, we find

d2P dP
+ .............
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THE COMPLETE ELLIPTIC INTEGRALS. 11

These equations coincide for n = — ⅜, and 

≠ = 20.

The complementary elliptic integral K' corresponds to 
Legendre’s function of the second kind, usually denoted 
by Qn. For the sake of symmetry, I shall denote this second 
solution by Pr'. Thus, the general solution of the equation 
(51) is

<Λ + *Λ'.......................................(θθ)>
as also the general solution of (56) is

e1-5Γ+ ciK' ......................(61).

The funtion associated with Legendre's function, § 12.

§ 12. We have already indicated in § 5 the function G 
associated with K. We shall now consider a general function 
7ζi, associated with Pn, which shall become identical with 
G for n = — ⅞.

Writing the differential equation satisfied by Pn in the 
form

s((1-^⅛)+n<n+υp"=0............<62>>

we see that the associated function Rn is connected with 
Pn by the relation

o -^)¾=<≈-b.....................(63),

c being an arbitrary constant. Thus we have

dx l-x2
⅛^√n + ι).....................
dx c n k ',

and the new function Rn satisfies the differential equation

O-<O⅞^+∙6∙ + ι)⅝∙o................(««);

for x — 1 — 2∕ca, n = - ⅜ we have
J2 ΧΎ , J /Ύ

*<l-*,⅛-<1-i"⅛-'cff=0............f67∙l'

or also
d2G dG

......... ...........<68>>
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12 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

in which form it appears very much like the equation

^-2cot2if-K=0.......................(69),

satisfied by K.
The complete solution of the equation (67) is

c16i + ci6r'........................................(70),

G' being the complimentary function, i.e.
G' = E,-k2K'...................................(71).

In the same way we may write as the general solution of 
the equation (66)

cA÷ c2-^n.................. (72)j
P'n being a new function which may be found from P'n in the 
same way in which Rn is found from Pn.

Transformation to the independent variable h-li∖ § 13.

§ 13. Dr. Glaisher has shown that most of the formulae 
relating to the elliptic integrals take a simpler form, if these 
quantities are considered as functions not of k itself, but of 
k2 = h ; the differential equations satisfied by K and G are in
this case respectively

ΑΛ^ + (Α'-Λ)^-ίΜ = Ο..................(73),

u = clK ÷ c8JΓ',

ω,⅛-iu=θ..................................(7i),

u = c1 G + c8 G'i

where we have put h' = 1 -h≈ k'∖
At the same time Legendre’s function Pn, and the function 

Pn associated with it, satisfy the general equations

H-^ + (A'-A)^+M(„+l)M = 0............(75),

Μ = <Ά+Λ

hh '^~ + m(w +1)m  = 0........................... (76),

m = <A + <Λ

www.rcin.org.pl



THE COMPLETE ELLIPTIC INTEGRALS. 13

In this form they appear as particular cases of the hyper- 
geometric series, and we have

cnpn = F(n + l,- n, 1, A) .......................(77),
cnpn ≈F{-(n + 1), «, 0, A}..................... (78),

this last symbol being, as it is written, without definite 
signification. Instead of it, we may write the associative 
relation existing between Pu and Rn.

The second elliptic integral E and the corresponding general 
function, TJn, § 14.

§ 14. The second elliptic integral E satisfies the differential 
equation

Λ (1 - ⅞t) + (1 - F) dfk+ kE= 0..........(79);

or, if A be taken as the independent variable,
-,-,,d2E 1,dE ιrι λ zλλ.
ω Λ⅛r + i dh + iE=°........................

In connection with it we consider a general function Un 
satisfying the differential equation

ω'^+Λ'^+"ίρ·=°....................<81>∙

This is identical with
cnun = F(fι, -η, I, A)............................ (82),

For n = — ⅜, we have
cC⅞ = -S..............................  (83).

The functions associated with Un, § 15.

§15. We may easily find, by means of the processes 
indicated in part I, the functions Vn associated with Un. We 
have, in the notation of the hypergeometric functions

cnvn = F(-n, n, 0, A)........................... (84),
but this has no direct meaning as 7 = 0. The differential 
equation satisfied by Jζι may be, however, directly found from 
this symbolic representation of Vn. It is

ω'^-Αϊ“+κ’Γ»=°.....................(g5>>

and we have for n = - ⅜
cFLi = J...........................................(86).
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14 MR KLEIBER, FUNCTIONS DERIVABLE FROM

Complete solutions of the differential equations of the second 
order satisfied by Un and Fn, § 16.

§16. If we change k into k', or h into A', we transform 
the unaccented letters K, G1 E, I into the accented letters 
K', Cr , E'1 Γ. By this change the equations satisfied by 
K and G and also by Pn and Pn are not altered, but the 
equations satisfied by E and I and also by Un and Vn are 
converted into one another. Writing Uf, Vn' for functions 
of h' of the same form as Un, Vn are of h, we have therefore 
for the second solution of the equation satisfied by Un, the 
function Ffl', and for the second solution of the equation 
satisfied by iζi, the function Un'. Thus we may write

AA'⅛ + A'¾ + w2w = 0.......................(87),
dh dh 

U = <\Un+C2Vń>

hh'd⅛-h ⅛+n2u = Q....................... (88),
dh dh 

^ = cχVn + c2Uf

Transformation to the independent variable x, § 17.

§17. If we take in Un and Vn as the independent variable 
the same quantity zr, in which Pn is usually expressed, we 
shall have the following differential equations satisfied by Un 
and Vn respectively,

(l-√)⅛ + (l + x)⅛ + Λ = 0.............(89),

u = c,tζ, + <=Λ',

(l-**)^-(l-*)∣→Λ = 0.............(90),

u = cΛ + ς¾'.
The associative relation existing between Un, Vn is

⅛=ιL (91)

dV -n,U , ,
⅛ = c7r⅛.............................<θ2)>

c being an arbitrary constant.
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THE COMPLETE ELLIPTIC INTEGRALS. 15

Choice of the arbitrary constants, § 18.
§ 18. The constant c entering in the associative relations 

between Pn and Pn, and between Un and Vn may be chosen 
arbitrarily, with the only restrictions that for w = — ⅛, when 
Pn, Pn, Un, Vn become K, G, E, I respectively, we must have

G = E-h'K, I=E-K,

But we may find for them such values that the same 
relations will hold good for any value of n, i. e. so that 
we shall have, independently of π,

P=U-h'P, V=U-P.

In order to have this, we must take c in the formulae 
(64), (65) equal to 2n, and in the formulae (91), (92), c = n 
(as will be seen from §20). We have then for these 
associative relations

dx
2nP,n
1 - xi .......... (93),

dRιl^
dx -i(" + ι)Λ.......... ..........(«Ο,

dU nV
.......... (95),____ n__

dx 1 — x
dV nU

..........(96).dx 1 + x

List of formulae involving Pn, Pn, TJn, Jζ1, § 19.

§ 19. I give in this section a list of the formulae connect-
ing Pn, Pn, Un, Vn, expressed in four variables x, k, h, θ, 
where

ar=l- 2A2 = 1 -2Λ = cos20..................... (97).

Some of these formulae have been found in the preceding 
sections, some others may be easily deduced from them by 
simple operations:

(0

0 ” “ 2x dfχ + n + 1) u = θ,

w = c1P +caP',

(1-P)i~ + n(n+l)u = 0,
u = clfin + cfif,
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lβ MR. KLEIBER, FUNCTIONS DERIVABLE FROM

z, a. d2u xdu ,

w = ςiζ1 + c27n,, 

z< ,,d'2u ,t xdu „

U = C1Vu + c2unf 

dP 2nR___ n - n

dx 1 — a:2 ’

¾=-i('i÷,)P..

<ztζι n Vn 
dx 1 — x ’

⅛=.∆5i

dx 1 — x,

(ii).

λ(1“Α)^+(1”2λ)^ + Λ(η + 1)Μ = θ’ 

u = cipn + c2pn')

A (1 - A) + + n (n + 1) u = 0,

m = cA + cA'>

7 Z« 7X (Fu ,-, l∖du . , n
l<-1~^dk∙ + <-l- ,l>dh + nu = 0' 

w=clz7n + c2Fn',

7 Z-∙ τ >. d U 1 (ilt(j n
λ(1-⅛+ ⅛+nn=θ-

*=<≈Λ+<'Λ'>

Λ = j^(w + 1, -w > 1j λ), 

u,> = f( n ,-nili A),
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T H E  C O M P L E T E  E L LI P TI C  I N T E G R A L S, 1 7

d p n  _ n R n  

d h  h  ( 1 - h)  1

d R „  , .∖  7 1
^- = < w ÷ 1 > p -

n  v
d h - h

d V n  _ n τ-r 
d h ~ T ^ h  n '

III.

^  +  2  c ot 2 0 ^  +  4 n( n +  1)  m  =  0,

m  =  < jΛ  +  c Λ' j

- 2 c ot 2 0 ⅛  +  4 n  ( n +l) w =  0,

m  =  < A  +  < A',
P u  λ „ „ ćf o , 9 
√ F + 2 c β o 2 ',5s + 4 n  “ = θ >

M = = c 1 i ζl +  c 2 7 ∕,

- 2  c e c 2 0 ^  +  4 n z u  =  0,  
a θ  d β  1

u ≈ c lV n + c iU ^  

d p n ^  2 n  R n

d θ  si n  θ  c os  θ  ’

/ 7 7 ?
= 2  ( η + 1)  si n  θ  c os  Θ P n 1  

d^ =- 2 n U n θ V n ,

¾ =  2 n c oti ¾

i(l- y) ^ +  (l- 3 ⅛ ≈) ⅛ +  4 n( n  +  l)f e =  0,

U  ≈  C l ^ u +  ł
V O L.  X XII,  C
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18 MR. KLEIBER, FUNCTIONS DERIVABLE FROM

4W (w  + 1)^m = °,
w = cA+<A'>

⅛(l-F)^ + (l-Γ)^+4Λ = 0, 

tt = c1tζ, + caFn',

n≈clVn + ciU^

I adjoin also the formulas transformed to the variable 
φ = 20, i. e. the angle φ for which cos φ = x. The system (iii) 
takes a somewhat simpler form in this case, as the numerical 
coefficients disappear altogether in the differential equations. 
Thus we have

d1u ι ,du . .
5φ∙+cot≠s≠+n<n + 1>=θ- 

m = cΛ + cΛ,j

d'iw . ,du z . ,x 
<-∞t'⅛ + n'' υ '

μ  = c1Pn + c2Pn,
∖

<Pm , du ι ,
3φ∙+c^3φ + nu=0>

m=ca +cλ '>
diu , du ,
Sφ>-cec≠Sφ + ntt=0'

M = CιFn + C2iζ',

<ZP-^=-2ncec≠Pft,

⅛= (n÷ l)sin≠Ptt,

dUn_ nsinφ y
dφ ~ 1 + cosφ

dVn n cosφ y
dφ — 1 — cos<∕> **
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THE COMPLETE ELLIPTIC INTEGRALS. 19

Relations between three functions of the qroun 
Pn^,o §20.

§ 20. The four functions Pn, Rn, Un, Vn constitute a 
group of quantities most intimately connected with one 
another. Any of these quantities may be expressed by means 
of any two others linearly. It is known from Gauss’s theory 
of the hypergeometric series that we have

F(a,+ 1, β + 1, 7+ 1, x)

= I i ^-F^a+1, - f(¾ β> 7, *)]..........(θ8)>

β1 γ,x)≈c~ F(a + 1, /3 + 1,7+1, x) ...(99), ‘ 

whence we find

F(a, β, 7, α) = “ [F(α +1, β, 7, x)-F(a, β,7, a)] (100).

Putting here
a==n1 β--nj 7 = 1, x = h ................(101),

we have
(J Ύ)
^iF(n,-n, l,λ) = ^(7(w+l,-n, 1, h')-F(n,-n, 1, A)},

or else h^½i + nUn = nPn...................................(102),

or again, in virtue of § 19,
Fn=

i. e. independently of n,
P= U- V......................................(103).

In the same way we find

U=R + (l-K)P ........................... (104),

whence we may deduce also the expression connecting 
-P, Ri V and R, U1 V. We have thus the following set of 
finite relations between P, R, U, V:

R-Uh- Vh' = Q ........................... (105),
p - U + V =0 ...........................(106),

Ph - R + 7=0 ................. (107),

Ph' + R-U =0 ...........................(108).
C2
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20 ME. KLEIBER, FUNCTIONS DERIVABLE FROM

Formułce involving the derivatives of P, Pn, 27, Tζ, and also 
formula for Pn+1, Pn+l, E7n+1, Tζ1+1, ifcc., § 21.

§21. Substituting for P, R, Ui F, their values expressed 
by means of the derivatives of the corresponding associated 
function, we may find a group of formulae giving the value 
of any derivative expressed by means of any two functions
. 1 dP dR dUn dV

of the group P., ⅛ ¾, , -rf, 7g- .

Thus, e.y., we have

i¾-∙(lP.-A),4o.

The number of such formulae is 28, viz. (i) 8 expressing 
any quantities P, P, 27, F, by means of a second quantity 
together with its derivative, e. g.

T7 -T)'Pu-il" n ~dh1

(ii) 4 expressions for the derivative of any of these quantities 
by means of two functions, e.g.

(iii) 8 expressions for the derivative of any of the two 
quantities by means of any other quantity together with its 
derivative, as

<727n _ .rdPn
Λ ηΡ" + Ά~&’

(iv) 4 expressions for any of the quantities by means of the 
derivatives of any two other quantities, e.g.

p=_hdUn + hfdVn 
n dh n dh 5

and, lastly, (v) 4 expressions for the derivative of any quantity 
by means of the derivatives of any two other quantities, 
as e. g.

dP^dJJn~dV^ 
dh dh dh
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T H E  C O M P L E T E  E L LI P TI C  I N T E G R A L S. 2 1

A g ai n,  t h e r e e xi st s  a  g r e at  n u m b e r  of  r el ati o n s c o n n e cti n g  
t h r e e c o n s e c uti v e q u a ntiti e s  of  t h e s a m e ki n d,  s u c h a s

P P  P  R  R  R  U  U  U V  V  V∙z ∙ n ¼ H -r n > -r n- ∖ 1  -iln + ∖ l j-in' > j-ln- ∖ 1  ¼ι +l)  ¼ 0  ¼ι- H  F n +l)  V  nl  y  n- H

o r  e x p r e s si n g a n y of  t h e s e 1 2 q u a ntiti e s,  o r of  t h ei r d e ri v a -
ti v e s, b y  m e a n s  of  a n y t w o ot h e r  q u a ntiti e s  of  t h e c o m pl et e  
s e ri e s of 2 4 q u a ntiti e s, t h e 1 2 j u st w ritt e n  a n d t h ei r 1 2  
d e ri v ati v e s. T h e f o r m ul a e a r e a n al o g o u s t o t h e k n o w n  
r el ati o n s b et w e e n  t h r e e c o n s e c uti v e s p h e ri c al h a r m o ni c s  a n d  
ot h e r  si mil a r f o r m ul a e k n o w n  i n t h e t h e o r y of  t h e s e f u n cti o n s.

T h e  q u a ntiti es W  a n d  H,  §  2 2.

§  2 2. I h a v e  m e nti o n e d  i n § 5 a q u a ntit y W,  i nt r o d u c e d 
b y  D r.  Gl ai s h e r,  w h o  h a s  f o u n d t h at it b e a r s  a cl o s e a n al o g y  
t o K 1 a n d t h e q u a ntit y  H,  w hi c h  I i nt r o d u c e d i n t h e p a p e r  
q u ot e d a b o v e, a s b ei n g c o n n e ct e d wit h  W  b y a r el ati o n  
a n al o g o u s  t o t h at c o n n e cti n g G  a n d  K. T h e s e  t w o q u a ntiti e s  
a p p e a r n o w  f r o m t h e g e n e r al p oi nt of  vi e w t a k e n i n t hi s 
p a p e r a s t h e fi r st el e m e nt s of a n i nfi nit e s e ri e s of si mil a r  
f u n cti o n s of t h e s a m e ki n d. I n f a ct, t h e q u a ntit y W  
s ati sfi e s t h e diff e r e nti al  e q u ati o n

A(l- Λ) ^(l- 2 Z i) ⅛  +  ⅛  =  O ..........( 1 0 9);

w h e n c e  w e  at  o n c e  c o n cl u d e  t h at

W = c P  s ......................................( 1 1 0).
2

I n t h e s a m e w a y  w e  h a v e f o r t h e diff e r e nti al e q u ati o n  
s ati sfi e d b y

^( 1- ^) ^ϊ  +  4 Μ  =  θ ...........................( 1 1 1 ),

w h e n c e  H = c R  i ........................( 1 1 2),

or  als o  w e  m a y  writ e

W ≈ c P + y  H = c R +l .........................( 1 1 3).

N ot e.  A s  n  ( n +  1)  i s l eft u n c h a n g e d  b y  t h e c h a n g e of  n  
i nt o —  ( w +  l), w e  h a v e  g e n e r all y 7 ji =  7 J_ ( .+l) , a n d t h e r ef o r e 
al s o  R.  =  P_ (i + 1), if P,  R  d e n ot e g e n e r all y  a n y  s ol uti o n of  t h e 
diff e r e nti al  e q u ati o n s  a b o v e.
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2 2  M R.  K L EI B E R,  F U N C TI O N S D E RI V A B L E  F R O M

T h u s, W  a n d II a r e, t o g et h e r wit h  K  a n d 6 i, t h e fi r st 
t e r m s of  t h e i nfi nit e s e ri e s of  f u n cti o n s

P P P P  -I’ -i’ -I’ *·· ’ - ⅛( 2i +ι p ∙,,>

,,∙,∙β -i( 2 ⅛l p ” ·’

o r  el s e  t h e y a r e  t h e t w o mi d dl e  t e r m s of  t h e s e ri e s

P P P P  ∙"j--i∙) ∙l _ υ u  x sj ∙∙∙,i2  α a a

... P 4 , P i, Ą, ....

S u p p o si n g K o , G a t o d e n ot e  K y G  r e s p e cti v el y, w e  s h all  
w rit e  al s o

2 T Γ = ^ j, H = G l,
a n d  g e n e r all y

c ^-j( 2ι + l) - ................( 1 1 4 ) >

a n d  w e  h a v e  t h u s t h e t w o i nfi nit e s e ri e s of  f u n cti o n s

κ 0 , K v  K„  ...,

G ≈ι, ∙∙∙ >

of w hi c h  t h e fi r st t w o t e r m s a r e k n o w n i n b ot h c a s e s.  
N o w  a s t h e r e e xi st s a r e c u r r e nt r el ati o n b et w e e n a n y  
t h r e e P ’s o r a n y t h r e e P ’s, t h e r e e xi st s a si mil a r r el ati o n  
b et w e e n a n y t h r e e 7 Γ ,s a n d a n y t h r e e G ,s', a n d k n o wi n g  
t w o of  t h e m w e  m a y  c o n st r u ct a n y ot h e r. T h u s,  w e  m a y  
c o n si d e r t h e w h ol e  s e ri e s a s  k n o w n.

T h e  q u a ntiti es  K.,  G i, §  2 3.

§  2 3. T h e  q u a ntiti e s  K.,  G.,  i nt r o d u c e d i n t h e p r e c e di n g  
s e cti o n, c o n stit ut e a  cl a s s of  f u n cti o n s w hi c h  it i s c o n v e ni e nt t o 
c o n si d e r  s e p a r at el y  f o r t h e m s el v e s. T h e  diff e r e nti al  e q u ati o n s  
s ati sfi e d b y  t h e m a r e

∕7 2  7 Γ  rf J Γ
h h ’̂‘+  (,’ -i) K l =  0  ....( 11 5),  

ω' ⅛  + (i *-t) 0i= o....(ii 6).
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T H E  C O M P L E T E  E L LI P TI C  I N T E G R A L S. 2 3

W e  s h all d e n ot e b y  Ki  a n d G i' r e s p e cti v el y t h e s a m e  
f u n cti o n s of  h'  a s E,  G i a r e  of  h. T h u s  t h e c o m pl et e  s ol uti o n s  
of  t h e e q u ati o n s  j u st w ritt e n  a r e

cΛ i +  < ⅛ κ 7 >

c 1 6 ii +  c 2 6 ii'.

T h e  diff e r e nti al  a s s o ci ati v e  r el ati o n s b et w e e n  K.  a n d G i a r e

f, =  τ  β < ...............................< 1 1 7 )-

l =-w - 1 v f∙........................... < ll 8) >

a n d,  l astl y, w e  h a v e

cΛ  =  ̂ ( ⅜  +  A ⅜ ~ b  1 M)  .....................( ∏ 9).

T h e  q u a ntiti es  E i 1 Ii, § 2 4.

§  2 4. I n t h e s a m e w a y  a s  w e  h a v e  d efi n e d  t h e f u n cti o n s 
K.,  G.  a s p a rti c ul a r  c a s e s of  P n , B n f o r 2 n  =  o d d  i nt e g e r, w e  
d efi n e  t w o n e w  f u n cti o n s E.,  li b y  t h e r el ati o n s

c i2 ¾ =  £ 7_| ( 2i + 1), c iΛ = ^ Li( 2i + i)................( 1 2 0).

W e  s h all t h u s h a v e  a n  i nfi nit e s e ri e s of  f u n cti o n s

∙∙∙ ¾  Λ,  ··· »

.∙∙ X, l j T o , 7 1 ,...,

of  w hi c h  E 0 - Ey I0 ≈I 1 a r e al r e a d y k n o w n,  a n d t h e ot h e r s  
m a y  b e  f o u n d f r o m t h e k n o w n  v al u e s  of  K i, G i, b y  m e a n s  of  
t h e e q u ati o n s  of  §  2 0. T h e  diff e r e nti al  e q u ati o n s  s ati sfi e d b y  
t h e s e f u n cti o n s a r e

I, , d2E. lfd E.  r.z . ,x  1 -1 „  λ z
~ d E +  ⅛  ~ d h  +  ti( 4∙+  1 ) + - ⅞ =  θ∙∙∙( 1 2 1),

II, d 2I. ' 7  di.  r.z . ,λ  iι z  λ z x
1 e  ~ λ  ⅛  +  C √ 4  +  1 ) +  ⅛] ji =  0...( 1 2 2).

T h e  diff e r e nti al  a s s o ci ati v e  r el ati o n s b et w e e n  E.  a n d  Z  a r e  

d E. 1 + 2i  τ  z λ

ιr =- i< ............. < 1 2 3 > >
Z Z. 1 —  2 z  7 -,

m ' =-∣Γ e '............ < , 2 4> >
a n d,  l astl y,

c Λ  =  i∙(i( 2i+ l)1 —  ⅛( 2i +l),  1, A)... ( 1 2 5).
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T h e  c o m pl et e s ol uti o n s of  t h e a b o v e diff e r e nti al  e q u ati o n s  
a r e  e a sil y  f o u n d t o b e

< > A + cΛ' .................................( 1 2 θ ) >

c 1ιi +  c ,e ;................ ( 1 2 7),

- E,∕, 7 7  d e n oti n g  t h e s a m e f u n cti o n of  A'  a s  E.,  I. a r e  of  h.

D e v el o p m e nt  of  P n , R n , U n , V n i n s e ri es, §  2 5.

§  2 5. T h e  h y p e r g e o m et ri c  e x p r e s si o n of  7 5 n , U n , gi v e s at  
o n c e  t h e d e v el o p m e nt  of  t h e t w o f u n cti o n s i n a s c e n di n g  p o w e r s  
of  h. T h u s

. d 1  ( n + 1)  n  l , ( n +  2)  ( w + 1)  ft ( w - 1)  „
c n r n  —  1 -------- p --- λ  +  ---------- [ ξ ψ---------  λ

_ (ft +  3)  (ft +  2)  (ft +  1)  ft (ft - 1)  (ft - 2)  ^ 1 2 g ^

1. 2  . 3

⅛  V. = 1  - nf +⅛ ≈ + ...( 1 2 9) ;

c λ  d e n ot e s  h e r e  a n  a r bit r a r y  c o n st a nt.
It i s e a s y  t o p r o v e  t h at Z 7 ι c o nt ai n s 1  —  A  a s a f a ct o r f o r 

e v e r y  i nt e g e r v al u e  of  n,  e x c e pti n g  n = Q  ( a s U o  =  1). I n t h e 
s a m e w a y  w e  m a y  e a sil y s h o w t h at V n c o nt ai n s A,  a n d R ll 
A  ( 1 —  A),  a s  f a ct o r s.

F o r  if w e  p ut  A  —  1 i n t h e s e ri e s of  U n , w e  h a v e

(.. ¾,-.- ⅞ ÷ ¾a --,< ,,-i ⅞ ¾'-,,÷∙∙-.
.....................( 1 3 0).

N o w  f r o m t h e diff e r e nti al  r el ati o n s e xi sti n g b et w e e n P ι 
a n d P  , U  a n d V  , w e  s e e t h at 7 ? v a ni s h e s f o r A  =  0 a n d

H ∕ n  β m  n

A  =  0,  a n d T ζ ι v a ni s h e s  f o r A  =  1.
W e  s h all t h e r ef o r e c o n si d e r t h r e e n e w  f u n cti o n s u n , v n , r l 

d efi n e d  b y  t h e e q u ati o n s

R n  =  c n h h 'r n- V U n  =  < j, Λ∖ - H V n  =  C n h V n-l  —  ( 1 3l).

R e m a r k. H e r e,  a s e v e r y w h e r e, w e  d e n ot e  g e n e r all y bj  
c, c n , c i, & c.  a n y  a r bit r a r y  c o n st a nt s  w hi c h  m a y  b e  diff e r e nt  i r 
diff e r e nt  f o r m ul a e. T h u s  i n t h e t h r e e e q u ati o n s  ( 1 3 1) c n m aj  
b e  diff e r e nt  i n e a c h  c a s e.

W e  s h all w rit e  al s o  f o r s y m m et r y

P.  =  < ≈. P. ....................................( 1 3 2).
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Thus the differential equations satisfied by pn, rn1 un, vn, are 

ω'⅛,+ (A'“ ^)⅛ + "("+l)^ = θ∙∙∙OS3), 

«' Sf +2 ~ ⅜ + « + 3) r, = 0 ...(134),

+ n(n + 2) wn = 0...(135),

W ^∙~ lh+<n + ^ ”. = 0 -O36)·

All these functions are special cases of the hypergeometric 
series, viz.

cnPn = F(n + 1> ~nι 1> λ)..... . ..........(137)>

cfrn = A(n+3, →> 2> f)................ (138),

cA = ^(w + 2> ~w> 1> 70.................(139),

Cnvn = j,(w + 2> ~W) 2> Λ)................ (13θ)∙

Thus we write at once the following series for pn} rn_t1 
un-v Vn-1 '

e r - 1 - <w~1) <w + 2) I 4. <n - 1) 0 + 3) ft3-2^2 7 s 
Cn+1 n-l “ 1 2 n + 34 23

(n-l)Q¾ + 4)√-2,√-38
4 28 32 Λ +∙∙Al42λ

, w8-T7 ra8-l8√-28
cn+iwn-l — 1 p Ί 18 2a ^

√-l, n8-2*raa- 38 78 z . 
p----------p----f -Λs +...(143),

, w,-l∖ w’-l’n’-2’
W,-, = l------ Γ^λ  + -3 2r^i

-⅛i'⅛a⅛^A∙+...(144).
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Examples of the four functions 1 § 26.

§26. Putting in these series w = 0, 1, 2, &c. we find the 
following expressions for the first terms of the infinite series 
of functions pn, rn, un^ rn, the first of them being the spherical 
harmonic function.

0∙

c0Po=1> 
cιPι=l- 2λ>

c-iPi —1 “ ÷
czp3= 1 - ÷ 60½2 - 252/Ą

(ii).

c.r0 = 1>
c1r1 = 1 — 2½,

cjjr1 = 1 — 5h ÷ 5ht1

cart = 1 — + 2lA, — 14/?,

(hi).

ς>‰ = 1,
c1ul = 1 — 3h,

cau2 = 1 — 8h + 10A2,

c3u3 = l-15h + 45h3 - 35h3,

(iv).*

c<Λ = 1,
c1vl = 2 - 3h,

c3v3 = 3 — 12Λ + 10∕<2, 

c3v3 = 4-30h + 60⅛2 - 35A3,

* In order to avoid fractions in the expression of v I have taken the constant 
equal to ncn instead of c„,
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Choice of the arbitrary constants^ § 27.
§27. The constants cn may be chosen arbitrarily. But 

we shall choose them so that Pn shall be identical with 
Legendre’s function usually designated by this letter. 
Therefore cn in (77) must be put = 1, as also in the series 
(128), which follows from (77). Then also we shall have 
cn = 1 in the corresponding expressions of Rn, Un1 Fn, the 
constants in pni rn, un1 vn remaining still arbitrary. Again 
we shall choose the constants ci in the expressions (114) so 
that for i = 0 they shall give the known functions K, G1 E 
as also in (120), so that they shall give for i = 0 the known 
functions Ei I. We may put for any n or i

¾ = ⅞.........................................(1<5)∙

Series for K., Gi, E., ∕., § 2S.
§28. Putting in the series (128), (129) n = — ∣(2f + 1), 

we shall have the corresponding series for Ki, Gi; we may 
find also series for Ei, 1. from the relations (105)-(108), or 
also from the series (143), (144) for wn, vn.

We find, by the first method,
2 7Γ i2 -4- i2 — -l i3 — A 

τr 1 la λ+ 13 22 λ
1"i — i ι'2 _ A √2 _ 2 5-⅛λ⅛⅛-^3+..........(W,

⅛- 2*~1 ⅞ ji ~,⅜⅞ i-i--—i t'a~ ⅛ 
ττ - 2 V 2 + 3 2a

√3 _1 ι'2- 9 √2 - 25 )
- i-r⅛^^AΛ3+...j∙...(147), 

2⅞ _ 1 i (t*+1) ÷ ⅛ I , « (ι + 1) + ⅜ i(«+ 1) — ⅛ (1 ∙ 3) λ3
V -l----------Γ— a + —p ? a

_ ⅞(⅝ +1) + ⅛ ¾(¾+l)-⅛(1.3) ⅞(¾+l)-⅜(3.5) + (148)
1' 2 3

~i = _2ι^+l Λ ∫i _¾'(β+l)-⅛(l∙3) i 
w 2 I 2

t(∕+j)-⅛(1.3) ⅞(⅞ + l)-I (3.5)
+ 3 2a

_ ¾(f+l)-∣(1.3) f(¾+l)-1-(3.5) ^(»+l)-|(5-7)A3| J
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Thus e.g. for i — 0, we find the known series 

2JΓ , 1*.3, 4 12.38.5, β
— = 1 + 2'i +2∏*i +2U∖6,i +∙",

'∕jΓi ∣ 12.y∣r∙8l3⅛* ∣1,∙s,∙5,u∙∙l Ί— - i,c L1+4>2,- +4>.6, +4∙.β∙.8'4* J ,

τr - 1- 2∙i 2-.4∙ 2".4,.6, ∙",

2/ 1,,Γ 1,.3,, V.3'.5,. l'.3i.5'.7 ,,ι Ί
τr L 2.2 2.4.3 2 .4 .b .4 J

The series for un, vn give also

2G. 2t-lιzι 1√1 f2-⅜λ_· =------A(l-A)p--A

÷ O⅞dfl ⅞'- (*.*~ ⅜)¾⅝> g→> A>+...)(150) 

⅛ = (i-⅞)(1√Q∙÷1)-K1∙l,)⅞
+ »(»·+_!)-⅜(1.3) <iω)-j(3⅛J 

1 2 ∕
whence we derive for i = 0 the new series

^-μ∙σ-^l÷^+^M∙+^+...)m 

^ = 0-^)(1÷∣^⅛∙+S^...) ..........(-a).

Transformation to the variable x, § 29

§ 29. The functions Pn, Pn, Vn and ∕fi, (λ, Ei, I. may 
be also developed in elegant series proceeding in ascending 
powers of the variable x≈l-2h = h'- h. The development 
of Pn is known from the theory of spherical harmonic functions. 
That of Rn may be found by simple integration of the series; 
and from the series for Pn and Pn those for Un, Vn may be 
found by simple algebraical processes. Again by changing 
n into — ⅜ (2f + 1) we shall find series for A^i, Gi, E. and 7.. 
These series are for Pn symbolically,

Λ» =F(-m, τn + l, ⅜, x2) ................(154),

∙fLι = ^(- >, ⅜, √) ......(155),
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or  i n d e v el o p e d  f or m, writi n g  m  =  2 m  or  n  =  2 m  +  l i n t h es e 

f or m ul a e,

Λ =ι- ⅛ ∙̂

+  ( n- 2) n(, +  l)( n +  3) i. _ „j f or n ......... ( 1 5 6) >

P. ≈ √ι- i a + 2^ w ^ 1- ^

+  ( n ÷ 4)( n +  2)( n-l)( n - 3)  y _ ) f oj. *   ..........( 1 5 ?)

B ut  w e  h a v e

⅞  =  - ⅛( n  +  1 )∫ Pn < ‰ +  G.

T h us  t a ki n g i n a c c o u nt  als o t h e s e c o n d ass o ci ati v e  f or m ul a 

e xisti n g b et w e e n  P n a n d B n w hi c h  d et er mi n es  t h e v al u e  of  

t h e c o nst a nt,  w e  fi n d

I.

s „  =  - i ( « +1 )*  (1  -" t- g∣ 1 --j∙

+  ⅛- 2)  «  ( « +!)( « + 3)  χ , _ }  f or n  e τ e n ......... ( 1 5 8)j

¾ =-i( n +l)(l  +  ̂ ,  - c" ~ 1 × n ∙t∙2 ^ ⅛-) n o d d  ( 1 5 9), 

a n d,  f or a n y  n,

p- 1 m ~ 1 - ( "-l)( >i- 2) ,
" π -* 2 ∣ «

_  ( n-l)( π- 3)( π- ⅛) χ , _.................(1 6 0 )ι

3  I

F,  =  1  +  2 T- ⅛  - (ιι~  1 )(w ± g)  a ,∙

+  ( η- 1)( η- 3)( η + 2) ^ _.........(∙1 6 η,
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II.

τr 2! 4!

.OF-J)y-¾z+........................
6!

or else

2Ki 1 4i3-l'∖2 , (4f3-l3)(4f3-53)^
τr ~1 2a.2l + 2∖4!

where the numerators of the coefficients contain the product 
of the difference of (2f)3, and the powers of the numbers of 
the form 4∕> + 1. For i = 0 we have

2/v , la 3 13.52 4 13.53.9, β z,z,λ
- = 1+2T2∣ai +2v∏≈+-25τr*+........................(1M)·

Again we have for the series τr

-σ--,⅜)(c-y)(c-⅜)ie.+.,,)..........(165).

or else

2<7,. 2f-l Λ 4∕s — 1, s ι (4f3-12) (4f3-52) 4 
'T^--2-Ύ 23.3! x + 24.5! x

(4⅛a — 13) (4f3 — 53) (4⅛3 — 93) β ∖ 
-------------------- 2∖7!---------------- X +-J -(1θθ)’

e.y. for ∕=0

In the same way we have for E. and Ii

2E. 2i + 3 4i2- 3a x2 4f3- 33 2i + 7 x3 . x+ _ _-+...(168),

2/. , 2≈+3 4ι,-3,√- 4l,-3,2i+7 x' , .
V = 12!------F-—3!+∙∙∙<169)∙
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for m not equal to n. These functions were applied by 
Tchebicheff to the solution of the question of finding an 
integral algebraic function of given degree, deviating in 
certain given limits the least from zero. Our cases corres-
pond exactly to those considered by Tchebicheff from a quite 
different point of view, viz. those corresponding to

λ = 0, μ> = 0, 

λ = 1, μ, = 0, 

λ = 0, μ = 1, 

λ=l, ∕ι = l,
which give respectively Pn, tζi, Fn and 5,l.

This gives for i = 0
2 E τ*
V = 1 + S1-⅛-i53π+......................<17θ)>

V = 1-^-⅛Γ! + <>Γ!+..................... <171>∙

Λ property of the four functions ΛA ûn, Ki Gobi's 
polynomials 71, § 30.

§ 30. It is known that we have, for Legendre’s function Λ> 
the following equation

ff^ = O................................. (∏2),

for any m not equal to n.
The functions JRn1 Un, Vn possess similar properties, viz., 

we have
r+1 JJ U ∖L,τfi ώ=θ.........................................<l73>-

f+1 F FJ ∙ m dx = 0 ∖m not =n ........... .  (H4),
j-1 1 ~ x 
r» ft R
J-ι (1 + x)(1-λ ∙) k '

Thus these four functions are particular cases of the 
functions Γm,∙ Tn, so denoted by Jacobi, which possess the 
property

y+ι rp rn

1 77----- 777---- 77 dx = θ ................. (17θ),(l+x)λ(l-ic)μ v ',
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Expressed in the variable A, we have generally

These equations may be proved in the following way. 
We have

f1 ⅛¾ Jl _ f1 ⅛ d^n∖ dh~-^- f R dPJo hh' dh~J0hh'{ n dh)dh n),m n

= --1 i' RmPn + - f pjfydk. 
njo m n njo n dh

But Rm vanishes at both limits; therefore

Q. E.D.

ft⅛⅛-°.................................<->’

and particularly
fp.P.Λ = O...................................(178),

∙' 0
∫1-^'√A = O.....................................(179),

r1 V V-⅛i"<∕⅞ = O.................................... (180),

∫'⅛⅛Λ = 0.................................... (181),

and obviously also
C KiKjdh≈0.....................................(182),

J 0
j"S5<β = 0........................... (183),

∫* 1-⅛dh = O.....................................(184),

∫^λ = 0-∙......................0*®)»

we may write also

[ d>mPn<M=0> i h'vn<⅞=0> f A⅛∕A = O, i Mιvmvndh=Q. 
J o J 0 J 0 ' 0
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Kaving thus proved the formula for R we may find easily 
the corresponding expressions for U and V.

Thus the four functions appear once more to constitute 
one closed group of most intimately connected quantities 
completing each other. The generating function of any of 
them is included in the general expression

{l+5 + √(l- 2sx + s3)]λ {1 —s + V(l - %s∙κ ^f,s)}μ ∕ 186)
√(1 - 2sx + s2)

Writing generally G (F") for the generating function of F, 
we have

g<¾ = √σ-t+-7).........(187)’
ffW=v⅛Γ...................... (188)’

g(¾°√(1Λt⅛y.........<l89>-

g(r>V(i⅛......... (190)'
The numerators of the generating functions of Cζ,, Vn are 

Respectively the maximum and minimum values of the 
denominator.

Another property of the same functions, § 31.
§31. It is also known from the theory of Legendre’s functions 

that they may be represented as the wth differential coefficient 
Of xi — ], viz.

pωJ 1 (191)
∙f"w-2"n! *” ................( λ

or, putting x = 1 — 2h, i. e. dx = - 2dh,

............. ∙∙∙∙∙(-)∙

Consider the analogous expressions

fi1 = ⅛[F(l -i⅛)-], fl,=⅛-(l-λ)"]!

VOL. XXII. D
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developing the expressions in brackets, we have

7/ — — ∑ f V (w -1) ! 7n+1
l~ dhn l } (n-i-l)lil

v f v (n~1)Kw + Oi ι<
' (n — i — 1) ! i! i 1 ’

dn n'
*~dhn ι } (w-i-l)!(z+l)!

vz wl(n + ⅞)! ,i
'' ' (n-i-l)∖(i + 1) ! i∙

But we have seen that

=2 ( v ("+*')l ! ll>
' (n — i — 1) 1 i∖ i! n ’

. „ _ v ζ_γ (^~ l2)...(na-⅞a) a,∙
cΛ-ι 2( ) i∣(,∙+l)l li

= s( V (lι^u)i V
' (n - i — 1) ! i! (i + 1) ! n ,

thu9 <‰ = ................<193>'

‰ = (-)∙^.[⅛'-(l-A)n]............... (1M),

where the constant factors are incorporated in the arbitrary 
constants cn.

In the same way we shall find

V.-,=⅛[^,(l-⅛Γ1] ................(195).

Thus the complete system involves the four products 

⅛n(l-A)n, An (1 — Λ)n"l,

A"^1(l-A)n, A"^1(l-λ)"^1,

and pn, un, vn1 rn are respectively proportional to the w⅛ differ-
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ential coefficients of these quantities. We find for the functions 
Tn, Ko tlιe elegant formulae

<A = ⅛,F(l-i)Ι ............... (196),

⅛p.-o-i)s.(*∙(1-*r*ι............... oθυ,

c"r"=7i .............(198).

<A=⅛ O - V ⅛ 1⅛m (1 - i)~}..........(199),

and it is easy to transcribe these formulae for x as the inde-
pendent variable, writing 1 + x = 2λ, 1 — x = 2 (1 — A).

The notation of Weierstrass, § 32.

§32. Weierstrass uses, instead of K and E, the two 
functions ω, ■?/, of which the expression shall be given here-
after, and instead of hf k'2 the quantities e1, e2, eg, or also 

t73, λ, Δ, thus defined: e1, e2, e3, are the roots of the cubic
in the denominator of the integral

∕{(^-eι) (y -⅛)O-⅛)}...................(2θθ),

<73, ya, are the invariants of this cubic

⅛3 = ⅛ (eιa+ √÷ √) = “ (eA + eA + e3e1).........(2θ1)>

⅛y3 = Ws...............................................................................(2θ2)>

and el + e2+ea = 0 ...........................................................(203),

Δ its discriminant; thus

δ = ⅞3 “ 27y32 = lθ (e1 - ¾)lι (ei - ⅛)* (⅛ - e1),∙ ∙ ∙ (204).

Lastly λ≈τ⅛........................................(2θ5))
fιJ C3

Expressed in terms of the modulus

2-tf 27?-1 1 + 7? zon,,λ
β'=-3iC' e> = -3λ-' p>=-^3λ^ ..........(2°θ>>

D2
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1 + λ' h-Tι 1 + A z x
or f∙=-3x',==--3^>f≈=~-3√.......... <2θυ>

whence also h = ——-3, Jι =■ ——-2 ......................(208).
eι~e3 eι~ e3

Then, with these definitions,

ω = √λ,.K.......... ................................................................(209),

77 = — elω + ∖∕∖.E = √λ {jE-⅛(l + A,)^}....(210),

or else K≈~............................................(211),
yλ

.........................................................................(212),

"Whereas thus ω corresponds exactly to K1 η is more 
similar to Gr of Dr. Glaisher.

Associative relation between ω∆11 and 97 Δ 12, § 33.

§ 33. Introduce a new quantity, the absolute invariant f 

J=f...........................................(213),

and write for shortness,
ω∆^ = ω,, 97∆1'i = ηl........................(214).

τh en Ιj  = - 2⅛ (j~ iΓV⅛............... (215),

df = 24√3^-1)^ω1............... (216).

Thus ω1 and ηl are associated functions, and the equations 
satisfied by them are

j(1 - J) + ⅜ (1 - 7∙∕) ¾ - ⅛ ω, = 0 ∙∙∙(21O,

∕(1 - /) ⅛ + ⅜ (2 - 6J) ⅛ - ⅛ω1 = 0 ...(218).

The first of these equations is already known; it has 
been found by Brims (Dorpater Festschrift 1875 : Ueber die 
Perioden der elliptischen lntegrale. See also Halphen, Traitβ 
des fonctions elliptiques I. p. 314, whence 1 take the 
quotation).
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Thus we may write
c1ω1 = F7( 1* 12, 1i2, f, J) ...............(21θ)j

c1i7ι = (-1⅛ ~ ⅛j ⅜) ∙^) ..............(220).

Relation between ω and ηi δ 34.

§ 34. The quantities ω and η themselves are in a relation 
similar to the associative relation which exists between 
ω1 and ηt. For if we denote by D the operator

n _ ι o θ . 2 « θ
⅞r.^j + fc. gyj.

we shall have (Halphen, loc cit, pp. 307 and 30S)

Dω = -2η ............................(221),

¼=⅛8<*> .....................................(222),
the operator D having the following property

Z>Δ = 0 .............................................(223).

Differential equation, of tke first order satisfied by the ratio —1, 
§ 35. ’■ '

§ 35. I have shown in § 10 that the ratio of any two associ-
ated functions satisfies a differential equation of the first order 
and second degree. Since K and 6t, and also E and 7, are 
associated functions, they satisfy a similar equation, as I 
have shown in my paper quoted above. Again as ω1 and 97l 
are associated functions they also must satisfy a differential 
equation of the said form. And in fact, if we put

ωι ω 1
“ = =η Δ’ ............................(221),

u = υ = i=--ω^∙............................(™)-

we find the differential equations

24 √3 (Z- l)Vi + √ + 12j-i „ 0.........(226),

24√3(e∕- l)ijr4⅜  12 J~*υ' - 1 = 0 ...(227).*

The differential equation of the first sides satisfied by the ratios -7, and 
^j  has been given in my paper quoted above.
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III.
Geometrical illustration of some of the formulae contained in 

this paper.

Positive and negative association, § 36.

§ 36. The associative property defined in the first part of 
this paper admits of a very elegant geometrical illustration.

Suppose that we have transformed the equation satisfied 
by y to that independent variable which gives for this 
equation the form indicated in § 6, i.e.

La — - c .

We see from the eq. (26) that the new variable will be real

only if the sign of c be the same as that of Thus we

have two different cases to consider c>0 or c<0, and we 
may put

c = ± 1.

The two fundamental forms thus are :
1 d'iy 1 d∖ dy r _n 
Λ dxi Λ2 dx dx y ’

. . d2y 1 dL dy λ
SmnS dx2+Ldxdx~y^.............................. (228)’

d2y 1 dL dy n .c'n.
°r dx2+Ldx dx + y~Q ......................................θ^,

and for the associated function
d2v 1 dΛ, dy λ ,λλλ×
drf + Λ ώ .........................( 3θ),

d2η 1 dA dη x Ζλ„„χ
or 5i⅛⅛+, j ........................... (231)’

where LA = + 1 in the first case and — 1 in the second.
We may write the last equations also in the following form:

d 2η 1 dL dy _
dx2 L dx dx y ’

d2y 1 dL dy _
dP L dx dx^*r ’

in which they involve the same function L, which appears in 
the equations satisfied by y.
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The associative relations between y and η are in this case

dy 1
⅛= Λ,>

dη τ
di= 

dy 1
or =

dy τ
j*∙

Now we have in the first case 

dy dy
dxd->rr,∙

and in the second

dy dy

ixdi=-vη'
or ι⅛.ι⅛=+l ................... (232).

y ax η dx

If we take x, y as the polar coordinates (= /9, r) of a 
curve in the plane, and x, y as the polar coordinates (= θ, p) 
of the associated curve, we shall have from this equation the 
following property of the two curves :

1 dr 1 dp _ 
r dθ ’ p dθ ~

..........................(233).

Now, if we denote by η the angle which the tangent at 
any point of the first curve makes with the radius vector, 
and by r the angle which the tangent of the corresponding 
point of the second curve makes with the same radius vector, 
we shall have

tanτn tanμ, =± 1................................ (234),

if we define the corresponding points to be those on the same 
radius vector (i.e. for which 0 is the same).

This is the first case
tanm = cotμ ...............................(235),

and in the second
tanra = — cotμ-...............................(236),

i∙c. in the latter case the tangents at the corresponding points of 
two associated curves are at right angles^ and in the tormer case
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the tangent of one of two associated curves and the· normal at the 
corresponding point of the other make equal angles with the 
common radius vector.

I shall call in the case c = + 1 the two curves positively 
associated, in the second case c-- 1 negatively associated.

Special ease (i). Two circles, § 37.

§ 37. In the simplest case when L = A= c, we have seen 
in § 5 that the functions y, η are cos# and sin# respectivelyj 
thus, if we draw the curves

r =; c cos #,

1 ∙ Λ p — - sin σ,
c

c being any constant, we shall have

] dr 1 dp _ 
r dθ ' p dβ ’

and the two curves are negatively associated.
These equations represent two circles, the centre of one 

of them being on the axis of zr, that of the other on the axis 
of y. Thus the radii through one of the common points of 
the circles are at right angles. But then the radii through 
the second common point are also at right angles or the 
circles cut each other orthogonally. Thus we have the 
theorem :
If we draw a straight line through one of the points of 

intersection of two circles cutting each other orthogonally, this 
line shall meet, the two circles in two other points such that the 
tangents at these points to the circles shall be at right angles to 
each other; or, in other words, the radii through the 
points of intersection of this line with the two circles are at 
right angles.

More generally, taking account also of the other points 
of intersection of these radii with the circles, and of the 
second point of intersection of the two circles, we may 
enunciate the following proposition:
If we draw through the centres of two circles cutting each 

other orthogonally any two straight lines at right angles, these 
lines shall intersect the circles in two pairs of points such that 
each pair of them shall be collinear with the corresponding point 
of intersection of the two circles.
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Thus, in the figure the radii OlH, O2H drawn at right 
angles intersect the circles in the points B, C and A, 1), and 
we have the collinear systems

AS,G, CDS,, BSiA, BDSl.
Special case (ii). The hyperbolic sine and cosine, § 38.

§ 38. In the same way we find the corresponding property 
for the case of the hyperbolic sine and cosine. The figure 
shows the curves

r = c(eβ + e'9), 
p = c (es - e^θ).

As in this case we have

1 dr 1 dp _ 
r dθ ' p dθ ^L" ,

this equation shows that if we draw any radius vector such 
as OR, intersecting the hyperbolic sine curve in s and the 
hyperbolic cosine curve in c, then the tangent at c and the 
normal at s to the corresponding curves make equal angles
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with OR, or the triangle cAs is isosceles. The same is true 
for the triangle sBc, of which the sides sB, cB are respectively 
the tangent at s to the sinh-curve and the normal at c to 
the cosh-curve.

Special case (Hi). Legendre's Functions, § 39.

§39. We have investigated in this paper some properties 
of the function Rn associated with Legendre’s function Pλ . 
We have seen that if θ be the independent variable the 
equations of associative relation are

dP 2nR___n _  _  ________ ι∖
dθ sin 0 cos 0’

= 2 (n + 1) sin θ cos ΘPn,

1 dP 1 dR . ∕λoγ-∖whence _ _ 4„ („ + 1) ..........(287).

The right-hand side becomes equal to + 1 for n = - ∣, i. e. 
when Pn, Rn become K and G respectively.

In the same way we have for our new functions Un, Vn 
the relation

I dU 1 dV , , .
Uι~dθ ' Vn^dβ^~^n ......................^38-*,

which becomes equal to —1 for n = + ⅜. But in this case 
the functions un, vn themselves become E and I respectively. 
Thus we have to consider only these cases of our system of 
four functions Pn, Rn, Un, Vn.

Special case (iv). Elliptic Functions, § 40.

§ 40. The considerations of the last section lead us to the 
following propositions.

If we draw the curves represented by the equations 

r = clK, ρ = c2G, 

r = clE, p = c2I,

the modular angle θ being taken as the polar angle in polar 
coordinates, then (1) the tangent to one and the normal to 
the other of the curves (7f) and (ćr) at points lying on the 
same radius vector shall make equal (or rather supplementary)
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angles with this radius vector, and (2) the tangents to the 
curves (E) and (∕) shall be at right angles to each other. 
Or, in other words :

A radius vector through the origin constitutes (1) with 
the normal of one of the curves (K}, (G) and the tangent to the 
other at the points of intersection an isosceles triangle, and (2) 
with the normals or tangents of the curves (A,), (Z) a right- 
angled triangle.

T have drawn on the figure the curves representing the 
four elliptic integrals K, G, E, I. The constant c has been 
taken equal to 1 for ćr, E, I, and to ⅜ for K, in order to 
reduce the dimensions of the figure. With these constants 
the curves ⅛7Γ, E, 1 intersect in the same point.

The radius OR drawn through the origin 0 meets the 
four curves in the points g, i, k, e. The tangent kA at k 
to ∣∕Γ, and the normal gA at g to G meet in A, and gAk is 
an isosceles triangle. Again, the normals eB and iB at e and 
i to E and I meet in B and cut here at right angles.
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§  1 5. T h e  f u n cti o ns ass o ci at e d  wit h  U n ' - - - - - 1 3
§  1 6. C o m pl et e  s ol uti o ns of t h e diff er e nti al  e q u ati o ns of t h e s e c o n d or d er

s atisfi e d b y  U n  a n d  V „ - - - - - - 1 4
§  1 7.  Tr a nsf or m ati o n  t o t h e i n d e p e n d e nt v ari a bl e  x  ~  - - - 1 4
§  1 8.  C h oi c e  of  t h e ar bitr ar y  c o nst a nts  - - - - - - 1 5
§  1 9.  List  of  f or m ul a e i n v ol vi n g P M)  P nι  U n , V n  ^  ^  ’ ’ 1 5∙
§  2 0.  R el ati o ns  b et w e e n  t hr e e f u n cti o ns of  t h e gr o u ps  P n , R n , U n , V n - - 1 9
§  2 1. F or m ul a e  i n v ol vi n g t h e d eri v ati v es  of  P n , P n,  u n , V n , a n d  als o  f or m ul a e

f or ∙ P n +ι, E n + ι, A n ,1 , F n +l , & C·  ..... 2 0
§  2 2.  T h e  q u a ntiti es  W  a n d  II . . . . . . 2 1
§  2 3.  T h e  q u a ntiti es  A,  a n d  £,·  . . . . . . 2 2
§  2 4.  T h e  q u a ntiti es  A,·  a n d  ∕,∙ - - - - - - - 2 3

§  2 5. D e v el o p m e nt  of  P n,  R „,  U n , V n  i n s eri es - - - - - 2 4
§  2 6.  E x a m pl es  of  t h e f o ur f u n cti o ns - - - - - - 2 6
§  2 7.  C h oi c e  of  t h e ar bitr ar y  c o nst a nts  - - - - - 2 7
§  2 8. S eri es  f or A,·,  6 r,∙, A 1∙, ∕,∙ - - - - - - 2 7
§  2 9.  Tr a nsf or m ati o n  t o t h e v ari a bl e  x  . . . . . 2 8
§  3 0. A  pr o p ert y  of  t h e f o ur f u n cti o ns P n,  R n , U n,  V n ', J a c o bi ’s  p ol y n o mi als  T 3 1  
§  3 1.  A n ot h er  pr o p ert y  of  t h e s a m e f u n cti o ns - - - - 3 3
§  3 2. T h e  n ot ati o n  of  W ei erstr ass - - - - - - 3 5
§  3 3.  Ass o ci ati v e  r el ati o n b et w e e n  ω  ∆ ⅛ a n d η ∆ ~ι *  - - - - 3 6

§  3 4. R el ati o n  b et w e e n  ω  a n d  η  ------ 3 7

§  3 5. Diff er e nti al  e q u ati o n  of  t h e first or d er  s atisfi e d b y  t h e r ati o —  - - 3 7

III. G E O M E T RI C A L  I L L U S T R A TI O N O F  S O M E O F  T H E  F O R M U L A E  
C O N T AI N E D  I N T HI S  P A P E R.

§  3 6.  P ositi v e  a n d  n e g ati v e  ass o ci ati o n  - - - - - 3 8

§  3 7.  S p e ci al  c as e  (i). T w o  cir cl es - - - - - - 4 0∙
§  8 8.  S p e ci al  c as e  (ii). T h e  h y p er b oli c  si n e a n d  c osi n e  - - - 4 1
§  3 9.  S p e ci al  c as e (iii). L e g e n dr e ’s F u n cti o ns  - - - - 4 2
§  4 0. S p e ci al  c as e  (i v). Elli pti c  F u n cti o ns - - - - - 4 2.

St.  P et ers b ur g!!,  F e br u ar y,  1 8 9 0.
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