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NOTE ON THE ORTHOTOMIC CURVE OF 
A SYSTEM OF LINES IN A PLANE.

By Prof. Cayley.

Considering in piano a singly infinite system of lines, then 
to each point of the plane there corresponds a line (not in 
general a unique line), and we can therefore express in terms 
of the coordinates (a?, y) of the point the cosine-inclinations 
ct, /3 of the line to the axes. The differential equation of the 
orthotomic curve is then adx+ βdy = 0, and it is a well-known 
and easily demonstrable theorem that adx + βdy is a complete 
differential, say it is =dV', the integral equation of the ortho-
tomic curve is therefore V=f(adx + βdy}, = const., and we 
see further that V is a solution of the partial differential

. fdV∖i fdV∖2 ,
e,uatι°n + =1.

A2 Y2
If the lines are the normals of the ellipse — + -r = 1, 

a b
then, writing the equation of the normal at the point A, Y in 
the form

(x - A) = γ (y - T), = λ suppose,

we have A = -ax ■ Y = ;
a + λ ’ b + λ ’

and therefore °X - -i + z-r-,y -τ⅛ -1 = 0,
(α + λ∕ (6 + λ)3 ’

which last equation determines λ as a function of x, y. We
X Y x

have α, β proportional to — , yj or say we have a—M------  ,
CL Ο & + Λ∙

β = ¾+λ- whθnce >=(i‰+(6⅛)∙i or, writing 

for convenience
χ2 vt _ n

(α + λ)2 + {b + λ)2 λ*-θ,

(viz., this equation defines k as a function of £c, y and λ, that is 
of X and y), we have

λx ∖y
k (α -ι- λ) ’ k (b + λ) ’

and we ought therefore to have
λ ∕ xdx ydy ∖ 
k ∖α + λ, b + λ∕

a complete differential, =dV.
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This is easily verified, for from the assumed value

*=√A+A-ι)
∖d 4^ λ b -j- A ∕

we deduce
d,c_2λ (Λ⅛ + s½L∖ + dλ (-J⅛s + 7⅛, _ 0,

\ćt + λ b + λ√ ∖(u + λ,) (b + λ) J

-9> , y⅛ >.
∖α + λ b + λ∕ ’

and we have therefore
,τr λ dk 1 dk 
i,~iΑ' = ⅛~k'

where k denotes a function of (.r, y') defined as above; hence 
the equation V= const, gives k = const., or the equation of 
the orthotoωic curve is given by the system of equations

I ⅛* 1-0
(α + λ)≈ + (4 + λ), ’

*a i ? *,-0
(a + λ), (6 + λ), V ’

where k is a constant; these equations (eliminating λ) give in 
fact the equation of the parallel curve of the ellipse, and 
k denotes the normal distance of a point on the curve from 
the ellipse. I recall that the first equation may be replaced by

— + J^----1 = O 
a + λ b ■+ λ λ ’

and since the derived equation hereof in regard to λ is the 
second equation, we have the equation of the parallel curve in 
the known form

Disct. {(λ + k'} (λ + α) (λ + b) — (b + λ) xa — (α + λ) yl} = 0.

I notice further that considering k a function of ;r, y as 
above, we have

∖<∆c∕ "∖⅛∕ ∕ 4Z∕ (∖α⅛∕ ∖i(y∕ ∫ 1

v f x' y' 1 xv x ∙ (dV∖' (dV∖* 1k2 {(α + λ), + (6 + λ)2∫ ’ that 18 UJ + k dy J ~ l7

as it should be.
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