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These latter results may be easily proved by putting /=0
and =1 in the series for K,; we thus find

2K, 1, g, L35
= T ltphtgphtph't &,
2k, 18, 217, 805 e
= ol -Toe %
and these series are the values of %and MT+E) respectively.

§ 3. Proceeding now to the expansion of XK, in powers
of A=4"—% (denoted by Mr. Kleiber by x), we see that K,
gatisfies the differential equation
d'u du .
(I—Z\’)Z-i;—ﬂha+(t’—i)u=0.

This is Legendre’s equation, and we know that it is
satisfied by the two series

1 1Y ({A-25 A (_28) (-8
A‘=1—E§'ih’+(‘ D=3 )J\.' (- .i )(@*-51) M+ &e.,

4! 6
and
BFl—%‘% Aot (‘.‘_%)5(':.'_4‘19) A (3.2_%)('3.’_;49!)(’-"1§l ) A&,

These are distinet solutions of the differential equation ;
and we notice that neither of the series terminates where ¢ is
an integer, as is supposed to be the case,

We may put therefore

K.=ad,+6B,
where a, and &, are constants.

§4. To determine a, we may put z=F%"; then A=0 and
k=%, 'We thus find
2

o_, -1 @@-DE-P1_E-PE-PET-FL e
bl ol L U 2.5 g

Similarly, by differentiating the relation K, =a.4,+6,B;
with respect to 4 or A, and putting h="4’, we find
25, _-§1 (P-PE-P1 r (@E-DE-HE-Y)
TR ST 123

Thus the values of a, and b, are determined in the form of
geries.

1l
ig'-&c.
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§ 5. Putting ¢=0, we have therefore
K=ad,+6,0,

12 ] 13' 53 1!.52. 9! }
A N s~
{1 t5a Mt saes M traeso e

3 i 1] ]
+é, {7” 743" *3 2.;:8.5 ¢ o ‘23?2% 2 &"'} »
2 T b ¥ g2 g3
where  Ti=ltitiig 3t g gt
2, __U1 D31 1351 .o
T 228 294 2% 29.4%6 2
Denoting by K° and G° the values of K and G when
A=0 (that is to say when the modulus is é) , it is evident

that the first series is equal to —; and it is easy to prove
m™ o

that the second series is equal to — ——, for
ko

2@ 4WK dE_,,,(1' 108", 135
T ;E""}‘i2+2'—4}'+2'4‘ "‘*“‘cf

which, when h=k'= :f? becomes identical with the above

series for — —° .

Thus a, —}i"’ and ,=— @, and we may write the result
in the form

¢ 1.5 1°.5,9°
>0 l ‘_ e '] R'i i Y |
Keiq " t3a65" taassi0nz  T& }

t] 3 73 3 -l 2
—2G°{T7L+ s el x"+3'7'” x‘+&c.},

2.4.6 2.4.6.8.10 2.4.6..

which is the same as the expansion given on p. 147 of
Vol. x1x.

§6 Patting ¢=1, we have
Ki=a4,+3D,

2 3 m2
=al{l—i7\."~— el g setali 1l 5o &c.}

2.4 2.4.6.8 2.4.6.8.10.12

5 ., 1M5%9 ., IL5.9.13,
”‘{l ua“ﬁds’.ﬁ*z.4....1277""&
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25 4
where 2%‘- and ;_-—‘ are the values of the series

1.3 1.3.5 1°.8%.5.7

o (I ) 3*5 o )
and ;{2—+ 1 h+ e k+&cI,

when % is put equal to 4.
2(F4-F)

The former of these series is equal to ——— and the

latter (which is equal to the derivative of the former with
respect to A maultiplied by —$)

) 2(I+ & S I

gr TV TA

Putting 2=}, we have therefore (since I°=G" -3K°,
B =0"+1K°),

A, =
T Gt G T
giving a,=2@, b=3K"
Thus we have finally
3 G 1 3L 11
L% L] S 3__ 4_ a__ R
el {l 5.4V 7468 g1zt &"'}
1.5 1%.5%.9
o 3 1
+K{ 246“’2468107""&"}

which, since I,=1+ E, is tho same as the result given on
p. 150 of Vol. x1x.

The function G, §§ 7, 8.
§ 7. Mr. Kleiber’s functions K, and &, are connected by

the relations

_oh dk, o 2 dG,
20+ dh’ ¢S 97 M “dh
* In equations (117) and (118) on p. 23, Mr. Kleiber has written thesc relations
dK; 241 e,
S _;Fa‘, .(;T‘:_(‘.-na..

i.e. a 2 is omitted in both, Tt was clearly his intention that they should be as in
the text, since when 1 = 0, A, and G are to Lecowe K aud G.
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Thus we may define G, by the series

2 i-p) (-2 el 0l )
_@=-DE-HE"-%)
T s A+ &c}

The function @, satisfies the differential equation

W T4 (=D u=0,
and we have also
G,=G, G=3{FI-LE).
These latter results may be pl:oved as follows. Patting

¢=0 and ¢=1 in the series for 2—;—", we find

ol g ANE L FNBLE
]“"'2* Btapgttopggthe
and
2@, L, B Ll o, LR B
3 "'%{ a.a" 2’.4’.3}"2*.4*.6*.4}"&"'}'

The former series is the development of %g, so that

T =T
To determine the value of the latter series we find, by

multiplying the known series for —;_E and -;;[ by % and %’

respectively,

2}2.E ’ ] 3 5 7 ]
2 kh{ &+z,4,}z rrb’?"”&"}

r ] 33 lSil
21[ M{ RS I L DY Wt k‘+&c}

RO LT 2‘ 4.6 2’. 4,68
whence
2(hE-K1) 3 1"l 3 O LR R =l
—_— I hE e i .
™ i ‘( T Mt ppes 18

(L 1.8, 1.8.5., 1.3.5.7, .|
w‘fﬁ‘aaﬁ CaUr e £
on multiplying the scrics by A'=1 - &

= 34
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DR. GLAISHER, MR, KLEIBER’S FUNCTIONS K, AND G 77
Y—X i)\.’ (e*-3) (4" U)hn (e*=3) (<* 245]{‘3.2“'831 ]7\.'+&c
3! al 7! )

and o and B3, are constants, whose values are given by the
formula

e (O di DD ),

1%.2%.3
—1G-1) {1 . e‘*l—ziﬂ(e"— bHE- %)k,_&c_} ’

.2*

when % is put equal to 4.

§10. For ¢ =0, we have

20, o Yo
?— %{ }l 2,4—3 ?l'i‘&c}
280_ 5 12 1) &
_11_.__..1.{14. b 2,4,1”&.:.}

when % is put equal to §. 4
The former series is the development of %T and the latter

is equal to — %2—5, so that, putting 2=3}, we have
a,= G B,=-1K",

giving
G # e l : 3! 7' = :
= (7 {l+*—l Jniﬁbl-i.mlﬂx.i-&c'}
125 1°.5%.9°
=1 0 3 & T
£ {“’243 54685 To46..127 " +&°'}’
that is
G ‘2 r;‘z 72 o &
=G s — A C.
{ TN taEes e T }
125" 1% 59!
~3 % — A ———— N 1 &e.
’m{ “2 6™ tases0” Taae.ae ! }’

which is the formula given on p. 148 of Vol, XI1x.

§ 11. Similarly putting ¢=1, we have
¢, =aX,+8Y,
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where
3 B8R 3.15%9 _,
== == e A=
=1 2.4 s 2.4.6.8 i 2.4,6.8.10,12 !
i S e T 2 e, N - &
b %.4.,.12.7 §

== M = a8

1
and «, and Bl are given by the equations
& [ 1598+ 5 S
—il 3.2 —grgh - &,
28 1.3.5 )
i Y — &=
i{l L o - & &c'j’

when % is put equal to . g
EM by § 7, and the latter,

The former series =—3}
which is the derivative of the former with respect to %
2(1+ E)
multiplied by — 4, is equal to } A==

Thus, putting /=%,

2 K26, 4G
o ! x ¢ g
giving a,=-3K°, B,=i@
whence we find
s 818 | . 8LBE
A 34,13 A'— &e.

3
G =-3K {1 iA” T 2468
il TR i i el |
* %GOI 243" ~32685" ~2anazar "

that is
7 2 2
Lo b, SITAES

1
G =yl 15
- 37 24" " 2468" " 24..12
Ty ot
PLE9N8 ., o )

S aEeab ]
1 S o5 TN & BRI 1
T Wl

1 {é M ia6 " T 246810
It will be remembered (§ 8) that G, = 3 (K'I-LE)
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§14. A;&)Iylng the general formulze to the cases ¢ =0 and

i=1, we fin
K=K°4,- G"B,
&= 6%, - iK',
agreeing with the results in §§ 5 and 10,
and K =K'4 -3G'B,
G =G'X +1K’Y,
agreeing with the results in §§ 6 and 11, since
K'=I+E)Y=2G,
and G =4 (KI-hE) =-}K"
Values of the single series, §§ 15-17.

§15. It will be seen that in § 29 of this paper (pp.28—30),
Mr. Kleiber has only taken account of one of the two series
which are involved in the expansions of K and (, in powers
of A.

From p. 148 of Vol. x1x., we see that

I e, 1M8 o 1N5 9’ 3 K+K
1"“‘"’""246&17t W TRy OOl
. L5 G -G
i g +2467‘+z45310l+&°_ "
50 that the values of the series in equations (164) and (167)
of Mr. Kleiber’s paper should be & and —;— instead

P L. 96 — 2%
of — and —

T T

§16. Putting z=§rso that h=}—= and A=} +a, it
is cvident that we obtain as the value of the serics

12 r? ]3 59 9?‘

1+ a:’+ L zt+ - ol — '+ &e.,
3 1, 5? 12 5! 99
and :r+"I x""—l— 1 z' + &ey

the respective quantmes

KE{WGE+o)+ KW({G - ﬂ“)?
23 (w)
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