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For the second equation a;3 -3x + 1 = 0, ω denoting as 
before, the roots are

a = ωj + ωs, whence α3 = ωi + αfτ + 2, = 2 + c, 

b = ωi + ωπ, „ b2 = + ftp + 2, = 2 + α,

c = ωl + ω^, „ cs=ωθ + ft√ + 2, = 2 + 6.

The equation x3 — 5x2 + 6τ — 1 = 0, which, writing therein 
x + 2 for a?, gives xa + x2 — 2x - 1 = 0 is considered in Ilermite’s 
Cours d,Analyse, Paris 1873, p. 12, and this suggested to me 
the foregoing investigation.

NOTE ON MR. KLEIBER’S FUNCTIONS K. AND <7..1 1

By J. W. L. Glaisker.

§ 1. The  expansions of K and G in ascending powers 
of Jι — h given by Mr. Kleiber in § 29 of his paper, (pp. 29, 30 
of this volume) do not agree with those given in Vol. xix., 
pp. 146-150 (February, 1890), and it is easy to see that the 
former are incorrect. I proceed therefore to investigate the 
expansions of K. and Gi in powers of h' — h.

The function K., §§ 2-6.

§ 2. Mr. Kleiber’s identification of K and W with P 2
and Pjl in § 11 (pp. 10, 11) is not very precise; but we may 
regard Ki as defined by equation (146), p. 27, viz.

‰⅛+yp A._ σ--⅜)(f-wi-⅝) A.+&,
7r V i∖2a 1.2∖3x

We know also that Ki satisfies the differential equation 
(115), viz.

ωsU(⅛-⅛(c-i>=oi 

and we have also

7f0 = Λ^and JΓ1 = 2TF=7+P.
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T h es e  l att er r es ults m a y  b e  e asil y  pr o v e d  b y  p utti n g  z  =  0  

a n d  i =  1 i n t h e s eri es f or K i; w e  t h us fi n d

2 K λ 1  1 2 , l3 . 33 ,a  1 3 . 32 . 52  _
- =  1  +  - A +  - 3 Λ  + & c·,

2 K.  1  1. 3,  1 3. 3. 5,2  1 2 . 32 . 5. 7,s j p

a n d  t h es e s eri es ar e  t h e v al u es  of  — ~  a n d  2  r es p e cti v el y.

7 Γ  7 Γ

§  3. Pr o c e e di n g  n o w  t o t h e e x p a nsi o n of  K i i n p o w ers  

of  λ  =  A'- A  ( d e n ot e d b y  Mr.  Kl ei b er  b y  a ?), w e  s e e t h at K i 
s atisfi es t h e diff er e nti al  e q u ati o n

z. - ^i∖ d 2 u d u z .2 1 λ  
( 1_ χ) _ _ 2 χ _ +(ί  - ∣ ) u =  0.

T his  is L e g e n dr e ’s e q u ati o n, a n d w e  k n o w t h at it is 

s atisfi e d b y  t h e t w o s eri es

A- 1 — %r  λ  + ----- 4  j---------- λ ------------------- θ]  λ  ̂+  <s c ∙ >

a n d

^ λ - ¾λ .+ o ,,- ⅜ xf- y)λ .- σ ι- ⅜) y- ⅜)ft ^ F) v + & a

T h es e  ar e disti n ct  s ol uti o ns of  t h e diff er e nti al  e q u ati o n ; 

a n d  w e  n oti c e  t h at n eit h er  of  t h e s eri es t er mi n at es w h er e  i is 
a n  i nt e g er, as  is s u p p os e d t o b e  t h e c as e.

W e  m a y  p ut  t h er ef or e

J ζ. =  α.J. +  A i⅞

w h er e  a i a n d  ̂ bi ar e  c o nst a nts.

§  4. T o  d et er mi n e  a i w e  m a y  p ut  A  =  A' ; t h e n λ  =  0  a n d  
A  =  ⅜. W e  t h us fi n d

⅛.  c- ⅜ι,  y- υ σ ι- ⅜) i σ ,-i) σ,- ⅜) σ,- v) ι, ⅛,

τ r  1 ’ 2  +  1 ,. 2, 2 ’ 1 ,. 2,. 3, 2 “ '

Si mil arl y,  b y  diff er e nti ati n g  t h e r el ati o n K i =  a iΛ.  +  b iB i 
wit h  r es p e ct t o A  or  λ,  a n d  p utti n g  A  =  A',  w e  fi n d

2 ⅞,  (.-- ⅜)( C- ⅜) 1 , ( C- ⅜)( C- ⅜)( C- ⅜) 1
τ τ 1 * 2  1 ,. 2 2 1 +  Γ. 2 ,. 3 2 3

T h us  t h e v al u es  of  a 1 a n d  A 1 ar e d et er mi n e d  i n t h e f or m of  
a eri es.

w w w.r ci n. or g. pl



D R.  G L AI SII E R,  M R.  K L EI B E R ,S  F U N C TI O N S  K i A N D  G i. 7 3

§  5. P utti n g  i =  O,  w e  h a v e  t h er ef or e

^ = α o A +

{
1 2  1 2 'ι3  1 2 5 2 q 2  ∖

1 +  2l  λ * +  2 ∑ O  λ 4 + ∑ 4. β. 8. 1 0. 1 2 λ '+,t c ∙∫

I i, 3 ’ „  3 ,. 7' „  3 ,. 7s.ll, ,1  . )+  M λ + 2 ∑ 3  λ + 2 ∑ 6 ∑ 5 λ  + 2. 4... 1 2. 7 λ  +  & c ·} ’

, 2 ¾  , 1’1  1 ,. 3 * 1  1 ,. 3 *. 5, 1  ,
w h er e  - = 1 +  -, - +  -1 +  ζrjr θi -, +  & C .,

2 ⅛ _£ 3 £  1 2 . 32  £  _  la. 32 . 52 £

7 Γ  2 2 2  2 2 4  2 3 2 2 4 2 6 2" l

D e n oti n g  b y K o a n d G o t h e v al u es  of  K  a n d G  w h e n

λ  =  0 (t h at is t o s a y w h e n  t h e m o d ul us  is —  J , it is e vi d e nt

∖  2 K 0  y 2 '
t h at t h e first s eri es is e q u al t o------ ; a n d it is e as y  t o pr o v e

t h at t h e s e c o n d s eri es is e q u al t o---------- , f or
7 Γ ’

% G  M h' d K 7 7 ,fl2  l2 . 3a 7  p. 3 2 . 52 p )

w 7 τ d h ( 2 2. 4  2. 4. 6  J

w hi c h,  w h e n  ⅛  =  ⅛'  =  -i-, b e c o m es  i d e nti c al wit h  t h e a b o v e  

s eri es f or - ⅛. V

7 Γ

T h us  α n  =  K o a n d  b a  =  - < 7 °,  a n d w e  m a y  writ e  t h e r es ult 
i n t h e f or m

i'-.∙.'∣ .j1 - + 5 ⅛l g e +. √. 1 0 'i,.

- φ ⅛∙ ÷ ⅛ ÷ S ⅛∙ ÷ < 4

w hi c h  is t h e s a m e as t h e e x p a nsi o n gi v e n o n p. 1 4 7 of  

V ol.  xι x.

§  6 P utti n g  f = I, w e  h a v e

- ^iι —  α ιy ^ι  +

£  3 ,a  3 2 . 7 , 4 3 a . 7a.lt Ά β p )
=  α ,∣ l-- V-2-jjg λ  -2. 4. 6 .8 .1 0 .1 2 λ  -& c · }
j, L 1 2 . 5 λ 3 l,. 5a . 9 8 la . 52 . 9a . 1 3 7 8 )

+  M λ  +  2 4J λ  +  2 A 6 ^ 5 λ  + 2 Λ ∑ 4 2J λ  + & C f

w w w.r ci n. or g. pl
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2 a  2 b
w h e r e  — 1 a n d — -1 a r e  t h e v al u e s  of  t h e s e ri e s  

7 Γ  I T

, l. aι l2 . 3. 5,a  1 2 . 32 . 5. 7.3  „

, , fl. 3 . 1 *. 3. 5 1 , 1 ,. 3,. 5. 7 „ , )
a n d  4∣ V +  ̂ K Γ a +  2'. 4 ,. 6 k  + & c ∙ ∫,

w h e n  h  i s p ut  e q u al t o ⅜.
2  (Ί  i ∕∕J λ

T h e  f o r m e r of  t h e s e s e ri e s i s e q u al t o — -------- i a n d t h e
7 Γ

l att e r ( w hi c h i s e q u al t o t h e d e ri v ati v e  of  t h e f o r m e r wit h  
r e s p e ct t o Λ  m ulti pli e d  b y  —  ⅛)

_ i £ Ł Ł L L S  =  ? Il
2  d k ι γ π  ( 4 λ' 4/ z  ∫ ’

P utti n g A  =  ⅜,  w e  h a v e t h e r ef o r e ( si n c e 7 0 =  G q  - ⅜ E ∖

e o ≈. < p + ⅛ k v ),
⅛  _ ⅛  =  ∑ o

7 Γ  7 Γ ’ 7 Γ 7 Γ ’

gi vi n g  a i =  2  Q o , b l =  ⅜ K a .

T h u s  w e  h a v e  fi n all y

<- Η'- ⅛ S'--!

∙ 4∙ ⅛ ÷ ⅛∙ 4

w hi c h,  si n c e K ∖  =  1  ÷  E i i s t h e s a m e a s t h e r e s ult gi v e n o n  
p.  1 5 0  of  V ol.  xi x.

T h e  f u n cti o n G r i 1 § §  7,  8.

§  7. M r.  Kl ei b e r ’s f u n cti o n s K i a n d G i a r e c o n n e ct e d b y  
t h e r el ati o n s

f bff d κi _____ 2~ cL ⅛ *

i 2i  + 1 d h  ' i 2i- ∖ d h

* I n e q u ati o ns  ( 1 1 7) a n d  ( 1 1 8) o n  p.  2 3,  Mr.  Kl ei b er  h as  writt e n  t h es e r el ati o ns

< = τ S r 5  .

i. e. a  2  is o mitt e d  i n b ot h. It w as  cl e arl y  his  i nt e nti o n t h at t h e y s h o ul d b e  as i n 
t h e t e xt, si n c e w h e n  i =  0,  K l a n d 6 ∖  ar e  t o b e c o m e  K  a n d  G.

w w w.r ci n. or g. pl
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T h us  w e  m a y  d efi n e  G i b y  t h e s eri es

2_ a  _ _ 1 ) ∫4  _  £ _- j  4 ∙+  σ ι-i) σ,- ⅝) w
,r ' i∙ T f'. 2 +  1 ,. 2'. 3 i

T h e  f u n cti o n G i s atisfi es t h e diff er e nti al  e q u ati o n  

Λ A' ⅛  +  (i <-i)ιi =  O,

a n d  w e  h a v e  als o

G ≈ 1 = ⅛( ⅛' ∕- ^).

T h es e  l att er r es ults m a y  b e  pr o v e d  as f oll o ws. P utti n g  

2 ćr
i =  0  a n d  i =  1 i n t h e s eri es f or — w e  fi n d 

7 Γ

2 G 0 1 f, la ,3  l2 . 3a ,3  1 2 . 32 . 52 ,4 . „ )^ π ~  *  f +  2 Γ 2 h  +  2\ϊ ΰ  a  +  2 1 . 4i.i > TIh  +  & < 4

a n d

2 G,  1 f. 1. 3, a 1 2 . 3. 5 ,3 la . 3a. 5. 7,4  „ 1
V  = ^ i Γ- 5 ^ Α " ? Λ\ 3 Α - 2 ΰ\ 6 ΰΑ - & C j ∙

2 < 7
T h e  f or m er s eri es is t h e d e v el o p m e nt of -— , s o t h at 

¾ = G.

T o  d et er mi n e  t h e v al u e  of  t h e l att er s eri es w e  fi n d, b y  
2 2 £  2/

m ulti pl yi n g  t h e k n o w n s eri es f or —  a n d —  b y  h  a n d 1 1  

r es p e cti v el y,

2 h E ll,( 3 7  3 a . 5' 3 8 . 52 . 7 r,p )— = a' ^ι + _  4  +  _  ⅛ ≈ +  2,r-- ⅛ ≈ +  & c.  j

2i' Z ,,,( 1 1 ,. 3, li. 3,. 5,, 1 ,. 3, 5 ,. 7 , _ 1Ί Γ  =-  ω  ∣ 2  +  2 ~ ? + 2 iΛ i7 β h  +  2 U Γ 6i 8  i +  & 4  ’

w h e n c e

2( A∙ E- Λ 7) ,,,( 3 1 ,. 3. 5, . 1 ,. 3,. 5. 7ij , l,. 3,. 5i. 7. 9 ,,ι J  
, = ii⅛ + 7 T i⅛  h  +  Λ M ∖ 8 λ  + & C ] >

( 1 1. 3,  1 ,. 3. 5 ,i l,. 3,. 5. 7ls γ , J
~ 3 h ( 2 ~ ^ Λ,~ Ψ ^ 6 k  2 ,. 4,. 6,. 8λ &  J’

O U  m ulti pl yi n g  t h e s cri es b y  h' ≈  1 - Λ.

w w w.r ci n. or g. pl
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Thus
2#,_ 1 2 (7ιE- El)

7Γ 0 7Γ i

giving
G = ⅛(EI-hE).

§ 8. The values of Go and G1 may of course be readily 
deduced from the relation

_ 2λλ' dKi 
^i^2f+l dh>

for, using this formula, we have

e∙=2ω'f=β>

, „ ihh, ιlK, Mh'd(I+E)
and ffl = - -s=-5---------

2ldl (I E) . ∕,,, 7P∖=—¼-2t ∣=^w-λ^
as before.

The quantity ^hE- lι,I was denoted by Mr. Kleiber by If 
so that G}= — ⅛H. Mr. Kleiber has pointed out tlιat the 
functions TK= ⅜ (1 + E) and II are connected by reciprocal 
relations, which may be written

dW dll
dh ’ d dh

Expansion of G. in powers of λ, §§ 9—12.

§ 9. The differential equation with respect to λ, which is. 
satisfied by G., is

(i-λι)⅛+σ,-i)≈<=θ,

and we have
6≈=≈a +0Λ>

where

Λ,=l-¾i V÷ grf>p λ.. [i½iMλ.+⅛c*

* The series for lin in equation (159), p. 29, should be 
P ._1 «(«+!).2l «(»-!) (»+!)(»+2) ..4 n(n-l)(n-8)(n+l)(n+2)(n+4) Jι u 
λ" -1 —2 J x + —Π -x 6I -------

www.rcin.org.pl
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7  It

^ λ -i ^ v√ ^-i Hf- ⅛ .)v- g = M ^ y) y → )v +f e .

a n d α i a n d β i ar e c o nst a nts, w h os e  v al u es ar e gi v e n  b y  t h e 
f or m ul a e

⅞ =-(i-  i) {i  - ⅛ i+ ⅞ ¾ ^ i∙ * ■-  & < =. } , 

v'  =  I ( ≈'- i) { 1  - ⅛ j ⅞ + g 7 pff ~ i-l **-  & °}  >

w h e n  A  is p ut  e q u al  t o ∣ .

§  1 0. F or  i =  0,  w e  h a v e

V = 4 { a + ⅛ a , + 2 ⅛ λ , + ̂ ] ,
^  =  -i {l +  ∣ i ⅛ + ⅛∣ 3∙  +  ⅛ e },  

w h e n  A  is p ut  e q u al  t o ∣ .

2  6r
T h e  f or m er s eri es is t h e d e v el o p m e nt  of  —  a n d  t h e l att er

∖  2 K  . π
is e q u al  t o —  ∣ — ; s o t h at, p utti n g  A  =  ∣ , w e  h a v e

* 0 = < Λ  ft =  - ⅛ * °,

gi vi n g

- i7r  { λ  +  2 ⅛  +  2 ⅛  λ ' +  2 ⅛ ½  λ ' +  & C ·) ’

t h at is

° = 6 ' "ίι +ά ν + ^ ν + 2Ώ λ " + Μ

- xj r > f *x  , 1 * V, 1 ∙̂ 5 * Vι  1 ∙̂ δ '∙9 1 Vιf e'
2  ⅛ λ + 2 X 6 λ  +  2. 4. 6. 8 4 0 λ  +  2. 4, 6... 1 4 λ  +  & C 'J ’

w hi c h  is t h e f or m ul a gi v e n  o n  p.  1 1 8  of  V ol.  xι x.

§  1 1. Si mil arl y  p utti n g  7 =  1,  w e  h a v e  

( 71 =  α 1A 1 + ∕3 1 Γ 1 ,

w w w.r ci n. or g. pl
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w h er e

A- =l-  ±  V  - - 1 1 1 χ ._ 3. 1. S ». 9 _
1  2. 4  2. 4. 6. 8  2. 4. 6. 8. 1 0. 1 2  ,

τ z >  3 '3  3 2 . 7 . 3 2 . 72 . 1 1 . χ

1  2. 4. 3  2. 4. 6. 8. 5  2. 4...  1 2. 7  ,

a n d  α 1 a n d  β l ar e  gi v e n  b y  t h e e q u ati o ns

2 α.  1 f 1. 3 ,, 1 2 . 3. 5 1 3  „ )

2 / 3,  . ∫1  1. 3,  1*. 3. S,,  , 1
v = i{ 1 -v λ -2 ^ λ -& c p

w h e n  A  is p ut  e q u al t o ⅜.

T h e  f or m er s eri es =  —  ⅞  b y  §  7,  a n d  t h e l att eri
7 Γ

w hi c h  is t h e d eri v ati v e of t h e f or m er wit h  r es p e ct t o A  

2  ( 7 + E }
m ulti pli e d  b y  —  ⅜,  is e q u al  t o ∣  —   ----- - ,

T h us,  p utti n g  A  =  ⅜,

£ 5  =  _ j ^ °  2 ∕⅛  =  ι4 2 0

7 Γ  7 Γ ’ 7 Γ 4 7 Γ ’

gi vi n g  α,  =  - ⅛ ∕< θ , 0 l =  ⅛  G 0 i

w h e n c e  w e  fi n d

r . ,7 r oi τ 3 α 8 3. 1. 5 λ 4 3. 1 2 . 5 2 . 9 0
C,  =  - ⅛ 7 Γ ρ _ _ χ _ _ δ λ _ — _- χ - & ο.|

, z 7 0 r 3 '8  3 2 . 7 , 5 3 2 . 72 . 1 1 x  7 p )
+  i β Γ 2. 4. 3  ^ ^ 2 .̂ 4. 6. 8. 5 λ  ̂ S ∏ M λ  _ & C' p

t h at i s
c _ _ _ _ ii- 41 - 1 A 5 ■ > < 1 '∙8 '∙9

, a ∣ 3 2. 4 λ 2. 4. 6. 8 λ  2, 4... 1 2 λ

2. 4... 1 6  j

+  ff⅛ λ a λ .- q  .v  ⅛- f al,

( 2 2. 4. 6  2. 4. 6. 8. 1 0  2. 4... 1 4  )

It will  b e  r e m e m b er e d ( § 8)  t h at 6 r1 =  ⅛  ( A 7- lι E) ≈- ⅛ Π.

w w w.r ci n. or g. pl
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§ 12. The above expansion of Gx may also be readily 
obtained by deducing it from the expansion of Kx in § 6 by 
means of the formula

ι-λ2<⅜r1 
6^1~ 3 dk '

Similarly we may deduce the expansion of Kl from that 
of G, by the formula

1 cι∖

General values of the constants in the expansions of K. and Gi1
§§ 13, 14.

§ 13. Denoting the values of K. and G. when h is put 
equal to ⅜ by JY, and Gι0, we can show that, in general,

Ki = K°Ai-(2i+Y> Gι°Bi,
and Gi = Gt0Xi + ⅛ (2i - 1) Ki0 Yi.

To prove the first of these results, we see that, by putting 
λ = 0 in the equation

⅞ = αA + zA
we have at once a. = ∕√iθ; and by differentiating with respect 
to λ and putting λ = 0, we find

u© .
, UλA=o

∙∖τ z7 1 — λ3 dK.Now (7. = --τ--- 7TΓΓi1 2ι + 1 dk
whence, putting λ = 0,

z7o-_____ L_ (dKλ
i 2i + 1 ∖ dk Jλ=o'

and therefore ∖-~ + 1) ^i°∙

Treating in a similar manner the equation

Gi = aiXi + βiYi,
we have α. = Gt0, and

since jf = -4- ¾¾.
• 2t-l dk

www.rcin.org.pl
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§  1 4. A p pl yi n g  t h e g e n e r al  f o r m ul a e t o t h e c a s e s i =  0  a n d  
i =  1,  w e  fi n d

k = k °a q - g * b 0 ,
G = G 0X 0 - ⅛ K' Υn ,

a g r e ei n g  wit h  t h e r e s ult s i n § §  5  a n d  1 0,

a n d  K 1 =  K l0 A l- 3 Gl0 B l,

G l= G l0X i +  ⅛ K i' > Yl,

a g r e ei n g  wit h  t h e r e s ult s i n § §  6  a n d 1 1,  si n c e 

J Γ1 0 =(∕ + ^) θ  =  2 < 7 0 ,

a n d  G l0  =  ⅜  ( KI- h E) 0  =  - ⅜ K o .

V al u es  of  t h e si n gl e s e ri es ^ § § 1 5- 1 7.

§  1 5. It will  b e  s e e n t h at i n § 2 9  of  t hi s p a p e r  ( p p. 2 8- 3 0),  
M r.  Kl ei b e r  h a s  o nl y  t a k e n a c c o u nt  of  o n e  of  t h e t w o s e ri e s  
w hi c h  a r e  i n v ol v e d i n t h e e x p a n si o n s  of  K i a n d G i i n p o w e r s  
of  λ.

Fr o m  p.  1 4 8  of  V ol.  xι x.,  w e  s e e  t h at 
, 1 ’ 1 2 . 52  1 2 . 5 2 . 92 β „ ∕f' +  ∕v
1  +  2 Λ λ  + 2 X 6 7 8 λ  + 2 Ζ ΣΪ 2 λ + & °· ----- Ϊ Κ Γ’

, i ι * ,, ι,. 5 ≈ ,t . O ’- a
tt n d 2 λ + 2 Z 6 λ  +  2. 4. 6. 8. 1 0 λ  + * c∙--ffi~ ,

s o t h at t h e v al u e s  of  t h e s e ri e s i n e q u ati o n s ( 1 6 4) a n d ( 1 6 7) 
K  +  K , G  —  G'

of  M r.  Kl ei b e r ’s p a p e r  s h o ul d b e ∙ ■ z zl √  ■ a n d — —  i n st e a d
,, 2 A' j2 S  K

o i  —  a n d  —  .
7 Γ  7 Γ

§  1 6. P utti n g  x  =  U  s o t h at ⅞  = —  a; a n d Tι =  ⅛  +  x 1 it 
i s e vi d e nt  t h at w e  o bt ai n  a s  t h e v al u e  of  t h e s e ri e s

, Γ , l2 . 52 4 1 2 . 52 . 92 β ι „
1  +  2l *  + ^I Γ x  + ~ 6 Γ x + & C ·’

, 1* , 1 ,. 5, s 1 ,. 5,. 9" , , ,
a n d  a;  +  — j a s 3  +  - y∣- x +  — yf" ~ a 5 ÷  & c  i

t h e r e s p e cti v e q u a ntiti e s

-fl √( ⅛ + g)) +  *l √(i- < 0)

2 *( ⅛)

w w w.r ci n. or g. pl



i)K. QLAISHEE, ME. KLEIBEE⅛ FUNCTIONS -S^j AND Ge 81 

g{√(⅜ + ^]-g(√(⅜-^))

7f(√⅛) ’ -.

where Λ'(∕>) is used to denote the value of K when the 
modulus is^>.

§ 17. In the paper in Vol. XI. the series for K and G 
were derived from the expansion of a definite integral. No 
doubt the simplest way of obtaining these results would be 
to derive the series for G from the differential equation

(i-v)‰⅛=θ,

which is satisfied by it, and to deduce the series for K from 
that for G by means of the relation

Series for W and Hi § 18.
§ 18. The expansions of W and II in powers of λ are 

respectively

W= Go jl - -5- λ2 - -4⅛-δ λ4 - f∙7-, .1∖6 - &c.l 
( 2.4 2.4.6.8 2.4...12 ∫

+ ι∕r{-1λ+-λ3 + -^5^- λ5 + <fec.'[∙,
2 (2 2.4.6 2.4.6.8.10 ∫,

and
H=≈∣S'0 j-1 _ 1 λa —-^-λ4- λβ- &c.|

2 (3 2.4 2.4.6.8 2.4...12 ∫
- 3Go V - -⅛∑- V - ⅛- &,} ,

(2 2.4.6 2.4.6.8.10 2.4...14 ∫,
whence it follows that

1 3 λ2 32.∙7 ,4 32.7s.ll β s W- 17'
2.4 2.4.6.8 2.4... 12 2(7° ’

1 , 13.5 λ8 12.52.9 α5 s W- W'
2 λ + 2.4.6 λ + 2.4.6.8.10 λ + &C* “ Κ» ,

1*∙5 V 12∙52∙9 oc & + H 
8 2.4λ 2.4,6.8λ 2.4...12λ & 3∕iθ ,

-1x--L-v 32∙7 v 32∙n11λ7
2 2.4.6 "2.4.6.8.10λ 2.4...14λ & 6<7θ *

The above series for 17 and T7± 17' were given on p. 150 
θf Vol. xιχ.

VOL. XXf. α
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The functions E. and 7i, § 19.

§ 19. I have not worked out the corresponding formulas 
for Ei and Z, which are considered by Mr. Kleiber in his

* ^ 2E 2l
paper. The series for — and — in equations (170) and (171)

are obviously incorrect, and it would seem that they do not, 
as in the case of equations (164) and (167), form part of the 
required expansions.* The formulas (168) and (169) are 
therefore also inaccurate. It may be added that the relations 
(123) and (124) need some modification, as when f=0, they 
are intended to reduce to

dE_f
dh 2h ’ dh 2h' ’

It should be stated that Mr. Kleiber’s paper was not put 
into type until after his death, so that he did not see any part 
of it in print. The paper has been printed from the manu-
script without alteration, except that slips of the pen, when 
noticed, were corrected.

NOTE ON
A PROBLEM IN THE THEORY OF NUMBERS.

By W. W. House Hall.
Th e elegant theorem on the resolution of numbers of 

a certain form into factors, which was given by Mr. Birch in 
the number of the Messenger for August (pp. 52—55), may be 
applied to determine the factors of the number 100895598169.

The partition of this number was proposed to Fermat by 
Mereenne; and, in a letter dated April 7, 1643, Fermat wrote to 
Mersenne, u Vous me demandez si le nombre 100895598169 est 
premier ou non,et une raethode pour decouvrir dans l’espace d’un 
jour s’il est premier ou compose. A cette question, je rdponds 
que ce nombre est compose et se fait du produit de ces deux: 
898423 et 112303, qui sont premiers.” The discovery of the 
method by which Fermat arrived at this result has been one 
of the puzzles of higher arithmetic.

Mr. Birch’s theorem on the factors of a number N depends 
on the proposition that, if numbers x and y (such that N>x>y) 
can be found to satisfy the equation

x2 = Ny + 1,

The series for JS, and I were given on p. 149 of Vol. xxi.
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