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Then z-z

„ „ „, „ (χ-β}(p-q} _____
β a (χ-g) (β-g) 7 -g)(8 -q)

and therefore
, p-q C_________ zdz

√(α - q.β - q.y-q.8- q) J ^∕(z'' - z∖zt - z2} ,

which is pseudo-elliptic.
This case clearly corresponds to the two obviously pseudo* 

elliptic integrals
[ xdx 1 f dx
J √(1 - x∖ 1 - AV) and ‰√(l-√.l-A⅛2) ’

which immediately offer themselves when Jacobi’s normal 
form is used. The other four forms in this case are

f 1— x ∖∕k l + ar√A∩ dx
J l+x↑∕fc °1 1 — x ∖Jk ∖f(∖-χ2A-Pxl')y

and f Γ1 √(~ ⅞) nr 1 ÷ √(~ fol dx
J _1 + x y∕(— P) 1—λ j√(-&)_ √(1 — $\I - AΛr*) ‘

ON THE DIVISION OF THE PERIODS OF 
ELLIPTIC FUNCTIONS BY 9.

By W. Burnside, ALA.

The equation which determines P(3m) in terms of P(m) ia 

(3P*- ∣<√m- 3<∕jP- 1⅛y,,)≈P(3a)

= p∙ + sλ p, + 24λ p∙+‰'Ps - ⅝7√∕jΓ4 + (3y,, - Λ,<z.s) P'

+ (ϊίίΛ4 - ‰,≈⅞,) p+ ⅛⅛ -}.,.....................('),

where for brevity P is written for P (u).

If P(3m) =P(3w0),

the nine roots of this equation are

P(u0) , P(w0+2ω) , P(u0+∣ω) ,
P(u0+∣√), P(u0+∣ω'⅛ ∣ω), P(w0+ jω'+ fω), 
F(mm+ι<jω'), P(m0+-4ω'+ ∣ω), P(ttθ+∣ω'+∣ω)>
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w h e r e  2 ω,  2 ω'  i s a n y  p ai r  of  p ri miti v e  p e ri o d s  of  t h e elli pti c·:  
f u n cti o n; a n d h e n c e, if P  ( 3 u 0 ) a n d P (f ω) a r e b ot h r e -
g a r d e d  a s  k n o w n  q u a ntiti e s,

p  O o)  +  ∙p (m o +  lω ) +  p (-u a +  3 ω )

c a n o nl y  t a k e t h r e e diff e r e nt  v al u e s ; o r,  i n ot h e r  w o r d s,  t h e 
e q u ati o n (i) of t h e 9t h d e g r e e h a s  a r e s ol v e nt of t h e 3 r d  
d e g r e e,  w h o s e  c o effi ci e nt s a r e r ati o n al i n y 2 , y3 , P( 3 u 0 ) a n d

-p ( ⅜ω )∙ . . . . 1
T h e  di r e ct c al c ul ati o n of  t hi s r e s ol v e nt i n v ol v e s r at h e r  

l a b o ri o u s eli mi n ati o n s; b ut  it m a y  b e  d et e r mi n e d  v e r y  si m pl y  
i n di r e ctl y b y  fi n di n g t h e t w o c u bi c t r a n sf o r m ati o n s, t h e s u c -
c e s si v e p e rf o r m a n c e  of w hi c h  l e a d s t o t h e e q u ati o n (i) f o r· 
m ulti pli c ati o n  b y  3. T h e  g e n e r al  e q u ati o n  f o r t r a n sf o r m ati o n 
of  o r d e r  n  ( o d d), vi z.

4 ⅛..∙)- λ ., 4[(λ .- ⅞m ⅛
gi v e s  f o r n  =  3,

P( u,  ∣ ω, 2 ω')  = P( u)  +  P( n  +  ∣ ω) +  P( u  —  ∣ ω)  —  2  P(∣  ω)...(ii)

T h e  i n v a ri a nt s <f 2 , g ∖  of  t h e n e w  elli pti c  f u n cti o n o n t h e 
l eft- h a n d si d e of t hi s e q u ati o n a r e e a sil y d et e r mi n e d b y  
e x p a n di n g  e a c h  si d e i n p o w e r s  of  u. T hi s  gi v e s

i +  u > +  V L  √ + ..- 1 +  £ ?  m ∙ <+  h  √  +  ω ∙∙ ≈jp "  (∣ ω )
√ 2 0 2 8 √ 2 0 2 8 v 3 7

+  1 12 i Λ Pi v( u) + & C.,

a n d  t h e r ef o r e g'  =  g 2 +  2 0 2 3 " ( ^ ω),

‰ ^ = Λ  +  2 8 P i'(j o.)t

o r,  if P(∣ ω)  =  α,

λ ' = 1 2 0 <x,- 9λ , < 7 ,' = 2 8 0u '- 4 2 < ¾7 ,- 2 7 <z , 5,

a  b ei n g  gi v e n  b y  t h e e q u ati o n

T h e  a d diti o n  e q u ati o n  gi v e s

P( u +i < o)  + Γ( u- w =- 2[- P W + A∣ ω)] +i  ’

a n d  t h e r ef o r e, o n  w riti n g

P( u)  =  x, 7 5 (ii, ∣ ω, 2 ω)  = y,
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P E RI O D S  O F  E L LI P TI C  F U N C TI O N S  B Y  9. 9 1

t h e e q u ati o n  (ii) f o r t h e c u bi c t r a n sf o r m ati o n b e c o m e s

=  x " ~ 2 x 'a  +  ̂ 7 α '2 ~ x  ~  2 α " ^ ~, 9 ,3 et ∕iiι∖

( a; —  α) 3  * '

T h e  e q u ati o n f o r gi vi n g P  ( u, ∣ ω, ∣ ω,) o r z i n t e r m s of  
∣ ω, 2 ω ,) will  b e of  t h e s a m e f o r m wit h  g' 2 a n d ∕3 f o r 

g 2 a n d  y 3 , a n d  b  f o r α,  w h e r e  b  i s t h e p r o p e rl y  c h o s e n r o ot of
t h e e q u ati o n

δ 4  - I g'fi - g'J >  - ⅛s r ∖ l =  0 ∙

li e n e e

z  - y 3  ~  s⅛ i b +  (l b* ~  W  y  ~ 2 y  ~  W  - ∕8 ri v ∖
( y- 6∕  →  λ

b ut z  =  P  ( u, ∣ ω, ∣ ωz) =  9 P  ( 3 m , 2 < u , 2 ω')  ;

a n d  t h e r ef o r e t h e eli mi n ati o n  of  y  b et w e e n  (iii) a n d  (i v) m u st  
l e a d t o e q u ati o n (i).

O n  m a ki n g  t h e s u b stit uti o n f o r y i n (i v) a n d c al c ul ati n g  
t h e fi r st f e w t e r m s, t h e r e r e s ult s

a ?-  ( 6 α +  2 ⅞)  x∙ 8  +  ( 3 3 α a  +  I 2 a b +  7 ⅞ 8  - % g-  ⅜∕ 2 ) z g 7  +...

(∙ c —  α) 2  [ < r3- 2 a r 3 α  +  ( 7 α 3- ⅛ r y 2 ) x  —  2 a d- ⅛ g 2 a  - g3 ~ b{ x  — α) a]j

C o m p a ri n g  t hi s wit h  t h e e q u ati o n (i), t h e c o effi ci e nt of  
x * i n t h e n u m e r at o r  m u st  v a ni s h  a n d  t h e r ef o r e

J =  - 3 α.

O n  s u b stit uti n g t hi s v al u e i n t h e c o effi ci e nt of  x 1 i n t h e 
n u m e r at o r  a n d  e q u ati n g  t h e r e s ult t o 3 <∕ 2 ,

∕2  =  6 6 α a +  2 4 α δ  +  1 4 0 3 - ⅛ g 2 

=  1 2 0 α' 2 —  9 y 2 ,

v e rif yi n g t h e p r e vi o u sl y  f o u n d v al u e,  w hil e  t h e c o effi ci e nt of  
« 6 , w hi c h  1  h a v e  n ot  w ritt e n  d o w n  a s it i s r at h e r l o n g, v e rifi e s  
t h e v al u e  of  g' 2 . T h e  d e n o mi n at o r  al s o,  o n  t a ki n g a c c o u nt  of  
t h e e q u ati o n gi vi n g t h e v al u e of  α,  will  b e  f o u n d at  o n c e  t o 
r e d u c e t o

m o r e o v e r,  o n  w riti n g  i n t h e e q u ati o n f o r b t h e v al u e s f o u n d 
f o r ⅞  g ∖  a ° d g' z h a vi n g  r e g a r d t o t h e e q u ati o n  f o r α,  it will  b e
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found to be satisfied. These verifications are sufficient ta. 
ensure the accuracy of the analysis, the possibility of the· 
process being known independently.

When the values of ó, y'2, y'3 are substituted in (iv), it 
becomes

_ ys+ ⅛ayi+ (3α2+ ∣^) y - 46a3+ ⅞7 a<jg+ 27 g3 , 
(2Z+3α)a λ

and now equation (i) may be replaced by equations (iii) and 
(iv'), and, regarding a as a known quantity, depends for 
solution on these two cubics.

The process by which (iv') has been derived from (ii) 
shews that if

a = 9P(3w0),

then y = P(uθ) + P(w0 +jω)+P(ui +jω}-2<¾

and that therefore, if in (iv') y' be written for y + 2α, the 
resulting equation will be the resolvent of (i) originally 
referred to. If for z the four values of 9P(∣tυ) be substituted 
successively, the 36 resulting values of x will be the values 
of j>^wω÷ w corresponding to all pairs of values of

w, n except (0, 0), (0, 3), (3, 0), (3, 3), and (3, 6).
To illustrate the application of these equations the case

y2 = 0 may be taken. There is no real loss of generality 
in putting y3 = 4 ; and if then, following Halphen’s notation,,

_ Γ dx
ft,2~yι √(4P-4),

2ω3 is the smallest positive real period; while, if 

ω'8 = w2 √3,

2ω'2 is the smallest positive pure imaginary period..

Also 2ω = ω2 + ω' 2,

2ω' = ω2 — ω'3

are a pair of primitive periods.
The values of a in this case are

0, 2’, 2’a, 2⅛2, where α = - ∣ - i (⅜ √3),, 

whence it immediately follows that

P(K) = 2s, P(K) = o,,
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peri o ds o f  el l ipt ic f un c t io n s by 9. 93

To discriminate between the other two values the equation 

P (αw) = a,Pu
łnay be used.

Now α = =
2ωa ωi

therefore P (∣ω) = P = 23α,

P(jω')=p(^∣⅛) = 2⅛

Taking now in the two cubics (iii) and (iv') 

a = 0, 3 = 0,
they reduce to

∕ + 108 = 0, 
xi — yx2 — 4 = 0;

one set of values of x is

W,), -p(⅜ω'2+3ω'3) = p(^O> -p(iω'2+ 3ω∖) = ^(⅛ω'2)ι 

and these being real correspond to the real value of y, viz.
2∕ = -3.2,.

Hence these three quantities are the roots of 
√ + 3.2‰a- 4 = 0,

which may be at once found in the form

— 2-i sec∣7r, - 2^j sec ⅛7r, - 2~i sec∣7Γ,

the cube root being the real one.
Now, since .P(∣ω'2) = 0, P(∣ω'2), P(⅜√2), and P(⅞ω'i)

are in ascending order of magnitude, the last being positive. 
Hence

-P(∣ω'j) = - 2-i sec⅜7r,

-p(lω'8) = - 2~l sec⅛7rj 

P(⅞ω'2) = - 2~i sec⅜π.

Since αω'8 = ⅜ (3ω2 - ω'a) = ω + 2ω',

and — o l 2m'2 = ⅜ (3ω2 4^ ω'2) = 2⅛> + ω .
Six more values may be obtained from the given three by 

applications of the equation
P (αu) = aP (u).

www.rcin.org.pl



94 MR. BURNSIDE, ON THE DIVISION OF THE

The sets of values of the argument which correspond to the 
two imaginary values of y are ⅜, ⅜, and § of 4ω — ω' and of 
2ω + ω'. There seems to be no ready way of discriminating 
between these; so that the numerical calculation of the 
various values of P(∣ω) will probably be most easily per-
formed by finding P(∣ω2), P(⅜ω3), P(f ω2) and then using 
the addition equation for the rest.

The direct calculation of these three quantities is made 
by using the values

a = 2i, z = 9.2f.

When the real value of y so obtained from (iv') is used in 
(iii), the resulting equation has the three quantities in question 
for its roots.

On making the substitutions, the equation for y is

y8 - 3.2i∕ - 51.2⅛∕ - 400 = 0;

and by applying Cardan’s method the three roots of this 
equation are found to be

2l (1 + 3i)a, 2ł (1 + α3*)2, 2l (1 + α23i)2∙

Entering the first of these in equation (iii), and writing 

*=2‰∙', ∕3 = (l + 3*)i,

the equation for x is

√3- (2 + β) x'2 + (7 + 2β) √ - (3 + /3) = 0 ...(v).

The application of Cardan’s method of solution to this 
equation, which has three real roots, leads to forms which are 
useless for numerical calculation; but the values of x may be 
obtained in a form explicitly free from imaginaries in the 
following way.

Suppose the values
a = 0, z = 9.2^

be substituted in the two cubics.
The three resulting cubics for x' will be found to be 

(writing again x = 2‰'),

xi - I sec §7T xn — 1 = 0I
x'8 - ∣ sec ⅛π x'2 — 1=0 ..................... (vi),
x'3 - % sec §7r x2 — 1 = 0 I
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•and the three sets of values of x will be

p(lω2), ^(lω2±⅛ω'2), 

p(⅜ω2)> p (⅜ω2 ± lω'2),

p(⅞ω2)> ^‰÷∣ω∕),

the order in which the equations and sets of roots are written 
not necessarily agreeing. Hence, it follows that the equation 
(v) has one root in common with each of the equations (vi).

The three values of x may therefore by ordinary elimi-
nation be expressed rationally in terms of /3 and the secants.

The result of the elimination and subsequent simplification 
is to give the three following values for √, viz.

_ , + 3⅜ 2 + 3t + 3t-¾CQ8⅜^ r _ ,
1 — 2 cos ∣r7r 4- 4 cos ∣r7r ’ ’

A very rough numerical calculation shews that these are 
in ascending order of magnitude for the values 4, 1, 2 of r ; 
hence

p(ia } = - 2*+ 12* 2 + 3* + 3* — 2 cos ⅛τr 
2' 1 — 2 COS ∣7Γ ÷ 4 COS2 ⅜7Γ ’

while P (⅜ω2) and P(⅞ωJ are the same functions of c0s⅜7r 
and cos §7r.

I have verified the accuracy of this analysis by the actual 
elimination of x' between (v) and x'* — ⅛yx2 — 1=0, the 
result being y* — ⅛yi + 1 = 0, as it should be.

It is interesting to notice that for the value 
z = 9α

the cubic for y can be formally solved in any case in a form 
suitable for numerical calculation if a be real.

The equation in question becomes on clearing fractions 

(y - α)3 - 9 (6αa - ⅛y2) (y - α)- 3 (60α3 - 1 ∖ag, - 9y3) = 0.

Now, if ai = 4α3 - g3a - y3,

a =Ga — ⅜g,i,.

so that gi = 12α*-2α",

<73 = — 8α3 + 2αα" - α'2,
the equation becomes

(3/ - α)8 - 9α" (y - a) - 3 (iaa" + 9α',) =∙ 0 .. .(vii)y
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w hil e  t h e s a m e s u b stit uti o n s t h r o w t h e e q u ati o n f o r a i nt o 
t h e f o r m

1 2 α α' ii —  α " 2  =  0.

C a r d a n ’s s ol uti o n of  e q u ati o n  ( vii) n o w  i s

< 4 α " ⅛ 1 a ι i
y  - d =  —  —  α 2  +  3 ⅛ 5 < % V ,⅛  w h e r e  a 3  =  1)

2 3 a 3
ι Γ ∣ 3 i a " ∏ 2

or  #  = a a +  a  -i ̂ ~ T
L  2 3 a ?  J

W h e n  t hi s v al u e of  y i s u s e d i n t h e e q u ati o n f o r x, it 
r e d u c e s o n  t a ki n g x- a- ⅜( y-  a),  s a y x' 1 f o r t h e u n k n o w n,  t o

x' 3  —  m x'  —  m n  =  0,

, ,λ ? .λ  ι„ 6 a „ 6 a ∖
w h e r e m  =  a -1  a 3 a 5 ll +  a-  — + a  —  — 4 1 i

3 3  κ  2 5  a s 2 3 cr '

2 i i ,λ  ∕ 3 i a" i∖
n  =  a  -ia ia  3 ( 1  +  a  —  — ⅛  ),

3 3  ×  2 *  a s'

a n d t h e o nl y n e w  i r r ati o n al s i n v ol v e d i n t h e v al u e s  of  x  a r e  
c u b e- r o ot s of

7 ≤j
W  +  2 ∖ 3 i a i ’

w h e r e  7  i s a p ri miti v e  t w elft h r o ot of  u nit y.
T h o u g h  n ot  di r e ctl y  c o n n e ct e d  wit h  t h e s u bj e ct  of  t hi s p a p e r,

it m a y  b e  p oi nt e d  o ut  t h at t h e r el ati o n  

α  =  - 3 ⅛

f o u n d b et w e e n t h e c o n st a nt s e m pl o y e d, w hi c h  m a y  b e e x -
p r e s s e d  i n t h e f o r m

P(∣ ω,  2 ω, 2 ω')  =  - 3 P( % ω'1 ∣ ω, ⅜ ω'),

i s o nl y  t h e fi r st of  a  s e ri e s w hi c h  m a y  b e  e a sil y v e rifi e d  b y  
o bt ai ni n g t h e l e a di n g t e r m s of  t w o t r a n sf o r m ati o n s of o d d  
d e g r e e  n,  w hi c h  l e a d t o m ulti pli c ati o n.  T h e  g e n e r al f o r m of  
t h e r el ati o n i s

⅛ 1 ) n ∕ 2 r ω rt Λ τ √ 2 r ω' 2 ω o Λ? ∙ P{ vι 2 “’2 ω ) =" n f p ( v > V , 2 ωλ
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