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ON CERTAIN SERIES AND DEFINITE 
INTEGRALS.

By J. W. L. Glaisher.

The  series for K in ascending powers of h' — h which was 
given on p. 147 of vol. xix., and is referred to on p. 73 of 
the present volume suggests that it would be interesting to 
express as a definite integral a more general series which 
includes it as a particular case⅛ It will be seen that we are 
thus led to several curious results involving definite integrals 
and series.

The general theorem, §§ 1-5.
§ 1. Since

J e^u~ udu = ⅜Γ (-y- ) >

we find) by expanding e~xuυ in ascending powers of xuv, and 
integrating term by term with respect to u and vi

√hΦ)√⅛-,)--'∙(4->m

÷fi∙-(⅛ι)''m-H

-ιr(^41)r(⅞j)iι÷t"Siι*'l-'
+ (g + 1) (α + 3) (ff ÷ Ό (# + 3) )

->6)'∙(s)b⅝∙÷^f"'1∣y-υ
+ α(°c÷2) (α + 4)ff(ft + 2) (ff + 4) χ5 + & )

5 ! 2 J

In order that the integral may be finite α and /3 must 
both be > —1. The series is always convergent if x lies 
between — 1 and + 1.

Transforming the above integral by putting u = s’, v = ii, 
we see that it may also be written in the form

4 Γ Γ e^'^s^t^dsdt.
J 0 J 0

YOL. XXII, H

www.rcin.org.pl
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§  2. R e pl a ci n g  x  b y  2 x  i n t h es e r es ults, w e  h a v e  t h er ef or e

4  Γ  Γ  

J 0 ∙' 0

=  1 6  p  j" e ~ si~ t' ~2 xs 2t 2  sw t ^ 1 ds dt  

.r( ⅛)r( ⅞i)'(,tL ± ⅛ ⅛t! ⅛

+  (g  +  1 ) ( β +  3 ) +  1 ) +  3 ) a , < +  & c <I

- h( M) b+ a( a + 2) 3i— ≈ i
+  α  ( « +  2)  ( « +  4)  / 3 (∕ 3 +  2)  (∕ 3 +  4)  % s +  & θ  J ,

i n w hi c h  α  a n d  β  ar e  >  —  1,  a n d  x  >  —  1  a n d  <  1.

§  3. P utti n g  u  =  r  si n θ 1 υ ≈ r  c os θ,  w e  fi n d

Γ Γ e ≠ ≠∙ t oΛ ‰f e

∙' 0 t' 0

=  f Γ  e ^ σ + * st a 2 elr,  r" <5  ( βi n 0)∙( ∞ s 0)', r d θ d r  

j 0 J 0

1 τ√ α  + / 3 +  2 ^ fi7r (si n 0)α  ( c os 0∕ j a 

- 2 k 2  ) Jo ( 1 +  x  si π 2 0)i < ^ +, >  ™

1 r, ( a +  β  +  2 ^ p  (si n ⅛ 0) a ( c os ⅛ 0∕

~ ∏  2 J Jo (l + zsi n 0)i < ^

Si mil arl y,  p utti n g  s  =  r  si n  θ 1 t =  r  c os  θ 1 w e  fi n d

Γ  r - ^- ^ ^e β ^ ds dt

J  Q J  Q
=  Γ  ( c osff),∣ 3f ' rtiff <l r,

J  Q  J  Q
w h er e  h  =  ⅛- ⅜ x i

_  1 , √ α +  β  +  2 ∖  fi’ (3 ⅛  β) 2 ∙ *, ( c os 0) ,',*' j a 

Ϊ k 2  (l-∕ιsi n,2 0) , w"' i" ,

_  1  r ( a +  β  +  2 ∖  [’ (si n ∣ 0) >∙ ÷ 1  ( c os ⅛ 0),'w  ,a

~  8 I 2  ) J, ( 1 - Λ  fl σ∙

w w w.r ci n. or g. pl
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I n t hi s l a st i nt e g r al l et θ  =  a m  u : it t h u s b e c o m e s  

1 r , Z a +  ∣ 8 ÷ 2 ∖ f2 x s n w  ( 1 —  c n zi) α (l +  c n ⅛ y 7
=  ̂ 1∖- — )}t ---------- ( d ^ p ® -----------d u >

w h e r e  t h e s q u a r e of t h e m o d ul u s  i n t h e elli pti c f u n cti o n s
■ J L __ J L < y∙

2  2 ∙ Z∕.

§  4. It h a s  t h u s b e e n  s h o w n t h at t h e v al u e  of  t h e s e ri e s

r ( Ψ M ⅞ 1 )iι +c"+l 2 Γ 1 ∙*,
+  ( α  +!)( « +  3)  (∕ 3 +  1)  (∕ 3 +  3)  a , 4 +  & c I

+  tt( α +  2)( α  +  4) ⅜ ⅞(fl  +  2)(ff + ⅜)  χ , +  &  ) 

5 1  J

i s r e p r e s e nt e d b y  t h e fi v e d efi nit e  i nt e g r al s

4f e ~ u ~ v  ~ 2 x ^ u ltυ ^ d u d υ ................................................(i)

J 0 ∙j 0

=  1 6  Γ  i°° e ~ s 4~ ti~ 2^ tis , a + 1f'3 +i ds dt, .............................................(ii)

j 0 J 0
=  r / « + £ ± 2 \  Γ ⅛I ⅛ ⅛ ⅛ ‰ ...........(iii)

∖  2 JJ0 ( 1 -)-£ c si n g) 4( a + / 3 + 2)  k 7

_  ∕β  +  0 + 2 ∖  r( 3 i ni ^-( c o «i e)’®
I 2 J]o  β ................(

1 _ ∕ α +  / 3  +  2 ∖ 1r 2 κ s n w ( 1 —  c r n z) a (l +  c n w Y 3 7 z λ  
=  5 = ⅛  Γ  (— — ) J' ----------- <w ⅛ il---------- ώ  ( v),

w h e r e,  a s b ef o r e,  a  a n d  / 3 a r e e a c h  >  - 1,  %  li e s b et w e e n  —  1  
aι > d +  1,  a n d  Λ,  t h e s q u a r e of  t h e m o d ul u s  i n t h e l a st i nt e g r al,
s = ⅛  - | a ?.

§ 5. T h e  f o r m ul a o bt ai n e d b y  e q u ati n g (iii) a n d (i v) i s 
p e r h a p s  d e s e r vi n g  of  b ei n g  n oti c e d  s e p a r at el y. It m a y  b e  
w ritt e n

Γ ( si n ⅛ g)a ( c o3 ι g∕ f usi n g  ( si n ⅜ g) 3 a ( c o s ⅛ g) ^

J o (l + » si n 0)* <**'*M) J o ( 1 - A  si n 2 t/)4( 1 +/ J +: <) i ’ 

w h er e  7t  =  j - J a ∙.

H  2

w w w.r ci n. or g. pl
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T h e  s p e ci al c as e α  =  —  ⅛,  / 3 =  - ⅛,  § θ.

§  6. If a  =  —  ⅜  a n d  β  =  —  ⅜,  t h e n

r( Ψ)r( ⅛2 ) =r' ω > 

a n d r(f)r(i) =r(-ι) =1 6r, α >∙

T h e  s eri es i n §  4  t h er ef or e b e c o m es
1 ',ω } 1+ ^ i+ ⅛ ⅛ ,+ M

a n d  t h e i nt e gr al ( v)

=  2 Γ  ( ⅛) J d u  =  4 π V Γ.

If h  b e  t h e s q u ar e of  t h e m o d ul us,  t h e n x  =  1  —  % h  =  h'  —  h,  
w hi c h  is t h e q u a ntit y  d e n ot e d  b y  λ  i n t h e p a p er  i n v ol.  xi x.  

T h us  t h e a b o v e r es ult is t h e s a m e as t h e e x p a nsi o n of K  
gi v e n  o n  p.  1 4 7  of  t h at v ol u m e.

T h e  c as e  a ≈i- ⅜,  β  =  -i- ⅜ι § § 7, 8.

§  7. L et  α  =  f —  j, / 3 =  - ⅛  - ⅛,  t h e n t h e s eri es i n §  4  

=  r(i +  w r(i-4 0 { 1 - ⅛ L∙ ÷( ^ <→ ) ≈∙- ^

+  R  (-  i +  4 0  Γ  (- 1  - i θ {( C - i) ≈

_  o--i)ft ,-f) x >  +  ( C-i)( >,-i) Pl- V)  χ ,, _  & c .),

a n d  t h e i nt e gr als (iii), (i v) a n d  ( v) b e c o m e

∏
o o  ∕λ ∖  2i

ft . r (t a n A 0)2 * j o

~  2 πi 7i --- J ∙ * a ∖ i cl θJ  0 (I —  A  si n t))i

t h e m o d ul us  b ei n g  as  b ef or e  =  √( ∣  - l2 x).
I n t h es e f or m ul a e i m ust  li e b et w e e n  - 1, a n d  +  ⅞.

w w w.r ci n. or g. pl
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§  8. T h e t w o s e ri e s w hi c h  o c c u r i n t h e s e ri e s i n t h e 
p r e c e di n g  s e cti o n a r e t h e s e ri e s A.  a n d B i of  p. 7 2 of  t h e 
p r e s e nt v ol u m e. It f oll o w s t h e r ef o r e t h at t h e a b o v e t h r e e 
i nt e g r al s s ati sf y L e g e n d r e ’s e q u ati o n.

F or  e x a m pl e,  t a ki n g t h e t hir d i nt e gr al, w e  s e e t h at if

f2*∕l- c n w ∖ i 
w  = τ------  d u.

Jo ∖ l +  c n uj ’

t h e n w  s atisfi es L e g e n dr e ’s e q u ati o n

z , . 8 λ d 2 w d w  1 .
(1 ~ λ ) d λ 2- 2 λ d λ, +  ( 4 - ⅛)w ~ ⅛

w h er e  λ  =  A'  - Λ,  h  b ei n g  t h e s q u ar e d m o d ul us  of  t h e elli pti c  

f u n cti o ns.

T h e  c as e α  =  β i § §  9- 1 1.

§  9. If β  =  a,  t h e s eri es i n § ∙ 1 b e c o m es

r C τ 1 ) {1 + ⅛r x ' +  — 1ζf , + 3 y - ≈* +& < =·}

-∣ r∙ g) { a ⅛ + βF ^ ^ 4 ⅛ ± ¾( Ξ ± ζ Σ ,̂ + ⅛ c.Jt

a n d  t h e fi v e i nt e gr als ar e  

4  Γ  f ° °

j 0 J 0

=  1 6  Γ  f∖ -s'-ti-2 xs 2∖ st γ * + 1 ds dt  

. J 0 J o

_  Γ( 0t +l)  Γ (si nfl)g  

“ 2 a )0 ( 1 +  a:  si n  0) * + 1  α σ

- r < o c  +  1 ) Γ Qi nfl Γ + 1 fjθ
~ 2 > i a Jo (l- hsi n 3 d) a +l  

Γ( α + 1)  f2 ^( s n w) , β + 1 , Γ( a  +  l)f * .3 x + 1 ,s=- ⅜- 2 J0 ( ⅛ ≠ ^ = ⅛--J 0 < s d^

It i s s u p p o s e d t h at a  >  - 1 a n d t h at x li e s b et w e e n  - 1 
a n d +  k

w w w.r ci n. or g. pl
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§ 10. The last result shows that, α being > — 1, 

∫∖8auy*"*i

= r> (⅛-1) {ι+M,-+(«+υ·(«+3)^.+&c i

- ⅛r (?) U+¾a>, √+°,fr÷2γ*+⅛, a,+&c 11
∖2∕ ( 3. ο ι J

where the square of the modulus = ⅜ — ⅜λγ.
Putting α = ⅛w — ⅜, so that n may have any value > — 1, 

this formula may be written

γGιγ1) r*
-l F=γl J s d"u '7ii

τ'C-⅜jj[.÷⅛a ÷a,-∙÷*-l

- ∙r, (4-,) ⅛ ∙ ÷ %⅛'∙, ÷fc⅞S⅛2 ·■+s∙ I ■
This is a generalisation of the theorem in § 6, which 

corresponds to the case n = 0.
If h be the squared modulus of the elliptic functions, then 

^ = λ = Λ'- h. The theorem under this form will be con-
sidered more in detail in a separate paper.

§ 11. By putting 2x for .r, and changing the sign of λ ∙, we 
can thus express as the sum or difference of two definite 
integrals the series

1 + il±J2, √ + (" + l)∙(" + 5), λ. + &C)

and * , + ⅛≤-' √ + ("÷3∏>,⅝ + &c.
2 31 5.

The case α=-β, §§ 12—15.

§12. By putting /3 =-a in the general theorem, the 
series becomes
rz,,1xrzι i J, («-1> , (as-1,)(a-3,) 4 χ ) 
Γ (⅛ + ⅛a) Γ (⅜ — ⅜a)11 - √+ -------- <x4- &c.|

, ιr∕ι ∖r∕ 1 Jj a2fai-2,) s a,(a2-2a) fa8-4,) , χ 1 +1rGa) Γ (-ia)∣ai^----- 7 x ÷ —-------------------------- -x'- &c.|,

www.rcin.org.pl
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a n d  t h e i nt e g r al s b e c o m e  

4  J”

=  1 6  f Γ
J o J o

=  f ( ^ W d θ

J 0 1  ⅛  x  si n #

f7 r si n #  ft a n ⅜ 0)2 * j a
=  J„ l- h,i n- Γd β

f2 κ 1  / 1  —  c nιt V
=  I s d  tt ----------- a u ∣
Jo ∖l  +  c n √  

t h e s q u a r e d m o d ul u s  b ei n g  =  ⅜  -
T h e  q u a ntit y  α i s r e st ri ct e d t o v al u e s  i nt e r m e di at e t o —  1  

a n d  ⅛  1.

§  1 3. T h e  s e ri e s i n t h e p r e c e di n g  s e cti o n a d mit s of  s u m -
m ati o n  a s  f oll o w s:

It i s k n o w n  t h at t h e s e ri e s

«  _  aJ ⅛ ≤ √ + ⅛ Lj w- ≤)  z  _ & c _

3 1  5 1

. , si n  f α si n - 1#)
1 3 e q u alt θ .

a n d  t h at t h e s eri es

1  α 2 -l 2 2 f a2  —  1 2 ) f a, —  3 2 ) 4  „
1 "- 2 Γ " +  -----------3 Γ ------------ "-f e

, , c o s  f a si n - 1#)
1 8 e q u alt 0  √(l- √)  ∙

Al s o

Γ  ( ⅛ +  ⅜ a)  Γ  ( ⅛ —  ⅛ a)  =  — — y r — — r — τ —  =  — τ —  j. 
κ 7 v 2 sι n( ⅜ +  ⅜ a) π  c o s ⅛ a π ,

a n d  r  (j a) Γ  ( 1 —  ⅛ a)  = - τ- y— ,
κ z v z s n 1 ^ a 7 r

s o t h at Γ  ( ½ a) Γ  (  - ⅛ a)  = ------ Λ ‰-  .
v 2 7 v 2 7 a s m ⅛ a 7 r

T h e  s c ri e s i n q u e sti o n  t h e r ef o r e

7 r c o s  ( a si n - 1#) σ r  si n f a si n - 1#)

c o s∣ a 7 r √( 1  —  # *)  si n∣ a 7 r √( 1  - #")

2 7 γ si n a  ( ⅜ π- si n - 1#)  2 7 r si n  ( a c o s - 1#)

si 1 1 a 7 r √(t  - # *) si n a 7 r √(l- # *)

w w w.r ci n. or g. pl
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§ 1 4. W e  t h us fi n d t h at

4  J"° J” e → ≈ → ,-t o' Q * *

=  Γ  ιft a πiβ > J()

J q 1  +  x si n #

_  ∕ si n # (t a n ^ #) ( ⅛ _  ∣  _  ιa ,)

- J, l- λ8 i n,0 a , ' 4  2 ?

=  f 8 di *( l + c nι θ d u, (m θ d)'  =  ⅛-i ∞

2- 7 γ si n  ( α c os - 1x)

si n α π √( 1-  x i) 5

w h er e  a  a n d  x  m ust  b ot h  li e b et w e e n  - 1 a n d  +  1.

§  1 5. As  a  p arti c ul ar  c as e, p utti n g  α  =  0,  w o  h a v e·

J β J o J o 1  +  asi n #

sι n θ d θ Γ κ , j c os " 1 x  

J o 1  - A  si n # J o  √(l- <l

It i s e a s y  t o v erif y  t h at
Γ 4 7r d θ _ c os ^ 1 x  

J o 1 + xsi n # √(l- α > 3 ) *

, 1  , 1 2 1∙ 3 4  1. 3. 5 β „
f or ̂ 7 7i ------- n  - 1  ÷  3 i c +  5 ^ 7  a 5 +  7 Γ ^ Γr  a 3 +  & c *

√( 1- x) 2  2. 4  2. 4. 6

=  - [ ( 1 +  x i si n 3 #  +  x 4  si n 4 #  +  x β  si n 0 #  +  & c.)  # #,.
π  J 0

a n d,  b y  diff er e nti ati n g  t h e k n o w n  e x p a nsi o n  of  (si n ~1x) ∖  

si n - 1x  2 8 2. 4 ε 2. 4. 6 - p
^( Γ = ^)  =  a = + 3 a =  +  3 7 5 ≈  ⅛ 7 ≈  + & C ·

f *7r= ( x si n  #  +  x 3  si n 3 #  +  x 6  si n 5 #  +  & c.)  d d,
1  J0

s o t h at

^ ^ 7 ∕√ "i  8 'n  * √ ^ =  ί { 1  —  α  si n θ  +  x 3 si n 3 #  —  x 3  si n 3 #  +  & c. }  # #  
y(l  —  x  ) J  θ

_  p τ _ _ _ _ d θ
J 1  +  x  si n  #  *

w w w.r ci n. or g. pl
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It is also easy to verify that

f^7r sιnθdθ c o s-1λ j 
Jo 1 —Asin20 √(l-ic8),

p cos-1aj cos^1 (1 — 2A2) sin~1A
√(1 — a;2) 2A √(1 - Aa) k √( 1 — ⅛*}

, 27„ 2.4 7, 2.4.6 70 p=1 + 3i ⅛i+½τi+&c'

= f (sin Θ + Tci sin30 + ki sinδ0 + &c.) d&
J 0

_ f*7r sin θdθ 
-J0 1 - sin20 ’

The case α = 1, /3 = 2, §§ 16, 17.

§ 16. When a = 1 and β = 2, the series in § 4

=r<φ!^+24^+^w<,}

-⅜Γ(⅜)∣2^ + ^∣∣^i≈3 + ^^^ a5+&cj

√7Γ 1

= _2 (1 + ic)a ’

Thus we see that

∏oo -Ui-Vl-2xUV 2 7 7
e uvdudv

=Ό.“·*™'·'··“=4'ί^Γ··

and also

f7r sin⅛<9cos2⅛fl _ 2 Γ” sin3⅝fl cos5⅛fl 
J ο (1 + cc sin θ) j Jo (1 — hsmiθy

1 [2λ'βnu (1 — cnw) (1 + cnw), j 1
^8]β (dn√ ^(T+^∕,

The last two equations give rise immediately to the 
following results :

f*7r sin30 fjrsn3u s 1 2

Ja (i-Asin^id0~ J0 dn4u du~ 5 (1 + xf ~ 3A'* ‘

www.rcin.org.pl
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T h e  fi r st e q u ati o n  i s e q ui v al e nt  t o t h e p a rti c ul a r  c a s e n  =  2  
of  t h e k n o w n  t h e o r e m

, 0 0 . ∞ - ∞ ; t W — 1

I I ... e "a " i' ^∙∙∙ î'i," w- l' yn z n ...t n  d x d y... dt  
J 0 J 0 J o

V n u fn- υ  1. 2. 3...  i n— t) 
= ,ii''2, ≠ ∙ ⅛ ÷∙,-■

§  1 7. It i s e vi d e nt t h at w e  m a y  o bt ai n m o r e  g e n e r al  
r e s ult s b y  diff e r e nti ati n g t h e a b o v e t h e o r e m s wit h  r e s p e ct  
t o x. F o r  e x a m pl e,  n  b ei n g  a n y  p o siti v e  i nt e g e r, w e  h a v e

Π
- ^ ∏  » +i 7 7 V 7 r n  ∙

e  u  υ d u d v  =  -ii+ i - +  --, ⅞,

fκ s n 2 n -1 u  , 2. 4. 6∙...( 2 n- 2) 1
β' v 'n S Ja ,J Λ *  =  1. 3. 5...( 2 n -l) X » ’

■ w h e r e  n  i s a n y  p o siti v e  i nt e g e r g r e at e r  t h a n u nit y.
T h e  c o r r e s p o n di n g f o r m ul a w h e n  n i s n ot  r e st ri ct e d t o 

i nt e g r al v al u e s  i s gi v e n  i n §  2 0  of  t h e f oll o wi n g p a p e r.  

F o r m uł c e  d e ri v a bl e  b y  r e p e at e d diff e r e nti ati o n,  § § 1 8,  1 9.

§  1 8. W e  m a y  al s o i nt r o d u c e i nt o t h e d o u bl e i nt e g r al s 
t w o l ett e r s a a n d b wit h  r e s p e ct t o w hi c h,  a s w ell  a s t o x,  
t h e y m a y  b e  diff e r e nti at e d.

T h u s  f r o m § § 1 5,  1 6,  a n d  t h e c a s e α  =  - ⅛  of  § 9,  w e  fi n d

i 7 √

∏
o °  c θ s ~ 1 τ π,

- a ui- b v'l-' 2 x u v j j 1  d iV i

e  d u d v = ∖  - 7 7- 7------- 3 ^ ∖  j

Γ f - a u2 - b υ2- ti x u υ 3. 7  7 V 7 r  1I I e  u υ  d u d υ = ∙ -- π ----------∏ τ 2 ,J o Jo  8 Ó * ( a +  a i0 4∕ ,

w h e r e  -ff"( λ) d e n ot e  t h e c o m pl et e  elli pti c  i nt e g r al c o r r e s p o n di n g  
t o t h e s q u a r e d m o d ul u s  h.

B y  diff e r e nti ati n g  t h e s e r e s ult s m  ti m e s wit h  r e s p e ct t o a r  
n ti m e s wit h  r e s p e ct t o δ,  a n d r ti m e s wit h  r e s p e ct t o a ?, w e  
o bt ai n t h e v al u e s of  t h e i nt e g r al s i n t h e c a s e i n w hi c h  t h e 
p o w e r s  of  u  a n d  v w hi c h  o c c u r  a r e  r e s p e cti v el y

w s m + ry 2 n + r ̂ m + r +l  y 2 " + r + 2 w 2 m + r-j y 2 n + r-j

w w w.r ci n. or g. pl
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I n t h e fi r st c a s e t h e e x p o n e nt s a r e a n y  p o siti v e  i nt e g r al 
n u m b e r s  w h o s e  diff e r e n c e  i s e v e n,  i n t h e s e c o n d a n y p o siti v e  
i nt e g r al n u m b e r s  w h o s e  diff e r e n c e  i s u n e v e n,  a n d i n t h e t hi r d

a n y f r a cti o n s of t h e f o r m s a n d — —  , w hi c h  a r e
2 2 ’

n ot  <  —  I a n d diff e r  b y  a n  e v e n n u m b e r. Z e r o  i s of  c o u r s e  
t o b e  c o u nt e d a s  a n  e v e n  n u m b e r  i n b ot h  c a s e s.

§  1 9. F o r  e x a m pl e,  t a ki n g t h e l a st of  t h e t h r e e e q u ati o n s  
a n d  diff e r e nti ati n g  wit h  r e s p e ct t o α,  w e  fi n d

f f —  a u t- b υ2 - 2 x u v i ii -∣ -∣ ∖ fπ  v f'π ' d d Γ  
I I e  m ⅛  d u d υ  =  — r -i ∕ v  —  ■ . , x  -rr ,
Jβ J o 4 α V  4 α ⅜ * d h

a n d,  diff er e nti ati n g  wit h  r e s p e ct t o a:,

Γ Γ e- * * ⅛∙,w , * =
J. J. 4 α ⅛ *  d h

w h e n,  p utti n g  a  a n d  b  e q u al  t o u nit y,

=  ⅛-  ⅛ *f  g ) ,

a n d

f c° f -r Ui-V 2 — 2 $ U V J ⅜  7 J ∖∣ T T G  
I e  u- υ * d u d υ  =  —  7-7 7 .
Jo J6  8 h h

T h e  diff e r e nti al  e q u ati o n  f o r K  d e ri v e d  f r o m t h e d o u bl e  
d efi nit e  i nt e g r al, § 2 0.

§  2 0. B y  i nt r o d u ci n g a  a n d b i nt o t h e d efi nit e  i nt e g r al i n 
t h e e q u ati o n

w e  h a v e

It i s e vi d e nt t h at t h e eff e ct of  diff e r e nti ati n g  t h e d efi nit e  
i nt e g r al t wi c e wit h  r e s p e ct t o x  i s t h e s a m e a s diff e r e nti ati n g  
it o n c e wit h  r e s p e ct t o a, a n d o n c e wit h  r e s p e ct t o b } a n d  

m ulti pl yi n g  b y  4  ; s o t h at,

l f  u ~ M > k ( ⅛- ⅛m )'

+ 1  d 3 u . d 2 u
efl  d x t~ ^ d a d b'

w w w.r ci n. or g. pl



1 0 8 D E.  G L AI S H E R,  O N  C E R T AI N  D E FI NI T E  I N T E G R A L S,

,, d 2 ιι 1 d 2K  
n ° w < * ⅛ , - 4 α sii < ½ * ;

d u  _ K x d K  
d a  ~ ± a ib i +  4 a ⅞ i d h  '

d 2 u K x d K x 1 d 2K  
w h θ n c e  d a d b  ~  1 θ a ⅛i  4 a ⅛J  d h +  1 6 a ψ  d h'  *

S u bstit uti n g  i n t h e diff er e nti al  r el ati o n, w e  t h us fi n d.

d 2K _  d K d^ K
d Ji i a ⅜ ⅛ d h +  a b d K i ,

N o w  ⅜- 7 Γ ⅛i  =  ½,  ⅛  +  ∑r ‰  =  ⅛' >

2  2 α ⅜ 4  ’ 2  2 α ⅛ 4  ,

aj 8
w h e n c e  1 ------ y =  4 A A',

a b 1

a n d  - ‰ =  h'  —  h r
a ib *

s o t h at t h e r es ult b e c o m es

4 ⅛ A' ⅞J +  4  [ h' - Λ) K =  0,  

d h  d h

w hi c h  is t h e w ell- k n o w n  diff er e nti al  e q u ati o n  s atisfi e d b y  K.

G e n er alis e d  f or m of  t h e d o u bl e  i nt e gr als, §  2 1.

§  2 1. If i n pl a c e of  t h e i nt e gr als i n §  3  w e  c o nsi d er t h e 

m or e  g e n er al  i nt e gr als i n w hi c h  t h e e x p o n e nt is r ais e d t o. 

t h e p o w er  r a, w e  fi n d t h at

ff e- ^ ^ " u∙̂ d u d υ  ∖

=  4  Γ Γ e ^ * i, + 1'+ w,, 1 "s' " ,i,'i,,i∕s Λ  

J  0  J  0

1 τ √ α  +  ∕ 3 +  2 ∖ f7 r ( si n ⅞ 0 ∏ c o s ⅛ 0∕ y ∩
- Τ η  Γ  k 2 n ~ ~  ∕ J o (l + ^ 8i n ^ + γ,

1 t ι^ o c  +  ∕3  +  2 ∖  [7 γ si n # (si n ⅛ 0 yx  ( c os ⅛ 0 yj

~ Γ n k 2 Γ ~ y  Jo ( 1 - A  8 i n * 0 +̂ a >

1 π ∕ α +  ∕ 3 +  2 ∖ f2 κ  s n u  ( 1 +  c n u } a  ( 1 +  c n uf  j
J n -------( d n urπ λ-

w w w.r ci n. or g. pl
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T h e s e  l a st t h r e e e x p r e s si o n s,  i n w hi c h  all  p o siti v e  v al u e s  of  n  
a r e  a d mi s si bl e diff e r  f r o m t h e c o r r e s p o n di n g f o r m ul a e i n § §  3  

a n d 4 o nl y  b y  t h e f a ct o r - , w hi c h  o c c u r s o ut si d e t h e w h ol e

e x p r e s si o n,  a n d  al s o  i n t h e a r g u m e nt  of  t h e G a m m a  f u n cti o n,.
T h u s,  t a ki n g t h e fi r st d o u bl e  i nt e g r al, w e  s e e t h at it s v al u e  

w h e n  t h e e x p o n e nt u 2 + v 2  +  2 xιt v i s r ai s e d t o t h e p o w e r  n  
b e a r s  t o it s v al u e  w h e n  t h e e x p o n e nt  i s r ai s e d t o t h e p o w e r  m  
t h e r ati o of

1  r +  + t o - Γ  fg  +  '3  +  2, ⅛.
n ∖ 2 n J m  ∖ 2 m J

D E V E L O P M E N T S  I N P O W E R S  O F  k' 2 - k∖

B y  J. W.  I ∣ . Gl ais ħ er.

T h e  g e n er al  t h e or e m ^ § 1.

§  1. In  § § 9  a n d 1 0  of  t h e p r e c e di n g  p a p e r  it w a s  s h o w n  
t h at

r(— rj
1 6∫c°∫ ° 0  =  f *s d ^ u d u

- k ⅛ 1 H ∙ ÷' ⅛' *ii⅛ i× ∙÷ < "l

- ∙t, ( ⅛-,) ( b + ¾ ⅛' χ,  ÷  i¾ ⅛ 2 ' χ ∙ ÷  *∙-}  ■

w h e r e  ∖  =  h'  —  h,  h  a n d  h'  d e n oti n g  F  a n d  k' 2 r e s p e cti v el y.
T h e  l ett e r n  i s n ot  r e st ri ct e d t o i nt e g r al v al u e s : it m a y  

h a v e  a n y  v al u e  >  —  1.

Diff er e nti al  r el ati o n b et w e e n  P n  a n d  P n + a , § 2.

§  2. B y  diff e r e nti ati n g  t h e fi r st r el ati o n

r  fw ^ * ^
J J e-ιl- <'-2 w s∙t' ⅛ ⅛ =  . ∖ ,,2 e ' fκ sd " u ⅛

∙, o ∙, o  2  J  q

w w w.r ci n. or g. pl




