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ON CERTAIN NUMERICAL PRODUCTS IN
WHICH THE EXPONENTS DEPEND
UPON THE NUMBERS.

By J. W. L. Glaisher.

Ratios of products in which the exponent is the same as the
number, §§ 1-17.

§ 1. In Vol. vi. (pp. 71-76) of the Messenger an expression
was obtained for the value of the quotient
T P g
1.5%9°...(4n - 3)" ?
when = is very large. It is only recently that I have noticed

that a similar method enables us to assign the value of the
product

2o )™
I AT T
§ 2. Proceeding as in Vol. vI., p. 189, let

el e R e
ﬁlogu‘=m+ 1a® + 12 + 12’ + &e.

x «° x° x'
+2(§+§-2—,+é2~.+«}§,+&c.)

then

@ a® a® a
+3(§+§37,+-}§+}é—,+&c.)

z @ .2 & )
+n(n+sﬂ.+%ns++ﬂ1+&c-

=n+}82° + 182" + $ 82" + &e,,

where S’_=1+_1 + 1

1
gtgtgtse

_* ‘On a numerical continued product,’ Messenger, Vol. V1, pp. 71-76, and
‘Further note on certain numerical continued products,” Vol. V1., pp. 189-192,
Other papers connected with the same subject, and which are referred to in the
present paper, are ‘ On the numerical value of a certain series,’ Proe. Lond. Math.
Soe,, Vol. v1IL, pp. 200~204, and ‘ Proof of Stirling’s theorem 1.2.5...n=/(2n) n"e-",
Quart, Journ, Math., Vol. Xv., pp. 5764,
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146 DR. GLAISHER, ON NUMERICAL PRODUCTS.

Thus

iR s B

] e?n:cegs’,x‘" +38,a% + 28" + &e.

§ 8. Putting #=1 in this result, we find

£.7.10...3n+1)" _ o 38,3 +18, 35+ e
R Y P ’
whence, cubing each side,
L7000 B+ D™ o0 18,5438, 4+ 4o i
gv B g% B L
Now 1.2.3.4...3n+1)=/(2m) (3n+ 1)
o }\/(2‘”) (3n)3n+ge—3n,
and 3.6.9...3n= 3" y/(2m) n"H "
so that, by division,
1.2.4.5.7...(3n+ 1) =e
Multiplying the above quotient by this product, we have

Sn+g,~3n-1

—2n 32M§n2n+1'

Rt o (e R | gl
T

The values of S, S, S,, ... have been tabulated ¥, so that
the calculation of the series in the exponent presents no

difficulty.

1 1
eé‘Sz 3 = gs‘:?"l' &e.

= /3 (3n)™

§ 4. The exponent in the general formula of § 2 is
38,%° + 382 + $ 8" + &e.;

and this series may be readily expressed as an integral.
For, we have

# St A 28z - 282° - 282° - &e.,
@

: The values of Sy, from =1 to n=385, were calculated, to sixteen places of
decimals, by Legendre (7raité des Fonctions Elliptiques, Vol. 11., p. 432). This table
is reprinted De Morgan's Diff. and Int. Cale., p. 554. The values of Sy Bysiny - Be
were given in Vol. vi1r, p. 190, of the Proc. Lond. Math, Soc. to twenty-two places,
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 147
whence 38,2+ 252° + 282" + &e.
f’” x dx 1 f”” x dx
=X —T = —— .
[}

o, tanme T tanx

We may also write the value of the series in the form
% —a logsin 7z +f log sin 7 de,
0
which is readily obtained by integration by parts.

§5. The value of the first quotient in § 1 may also be
deduced from the general theorem in §2; for, by putting
x=1%, we find

(§) (_) (9)3 (4”"'1)"_65"8352;‘3+§S4413+"°'
ST e )T 2

whence, raising both sides to the fourth power,

(5 ‘(9 8(13)” (4n+1>“" A 3s,yﬁug;s(,N&c
=1'%2] (== - e
3) 7) 11 in—-1

Now 1.2.3...(4n+1)=4(27) (dn +1)" 4,
and 2.4.6...4n=4/(27) 2" (2n)" e ™;
whence, by division,

1.8.5.7.. (47&-} 1)_e—2n dnt§ 2n+1
Multiplying the above result by this product, we find

5%.9%13%...(4n + 1)
EaM e~

b RTRERS |
S2@+§S‘I‘+&c'

}\/2 (4 )2n+1

§ 6. The result obtained in the previous papers already
referred to was®
g dn 2 )"
1555 9% (4n - 3)"

= (dn)"ed,
where

2 1 1 1
A=;(1_§+Z’) ‘—‘+ —&C)

1 1
= §+§s,‘—,+%s4§;+,‘,sﬁé-s+&c.,

* Messenger, Vol. V1., p, 192.
L2
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148 DR. GLAISHER, ON NUMERICAL PRODUCTS.

s, denoting the series

7 s i |
g;,—;l—,.-l' 5—;.—&0.

From this result it follows that

1L55%.9%.. (4n 4 1)
A (-1

1
1z 4

e ( 411)’“1 el—A.

§ 7. By equating this value of the product to that found
in § 5, we obtain the relations

3 log2+ 358, : +§SA$+ &e.

2 1 1 1 1
=1—"—r (1—§+%—E+ 8—1—&0.)
1 1 1

=%—%322—,‘ —“%842—4—-1786~2—6—&c.

§ 8. The equality of the first two e.xpressions may be
readily verified : for, by § 4,
il 1 4 (i xde
%S,I,'}'%S‘Z;"I'&c. =1- 'l—l" _/; m,

g0 that the equation becomes

™ xdzx ) bl | 1
e cx W i e SN S )
fo tanx §w10g2+2(1 9+25 49+&c),

which is derivable from the known results

i1ractanacdoa— 3w lo 2+%(1 !+~]— l+&
f‘ " g 9735 "1 °‘)

§m
de:%rlog‘l.

, tanz

v § 9. By equating the first and last expressions in § 7, we
nd

1 1 il
log2+§S,‘1+%S‘P +&c.=1—§32:—a "':1:’542_3‘&0‘
d
NOW su:: (1 ’2"——:) Sn’
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 149

so that the right-hand side when expressed in terms of §’
becomes

1 1 1 1
¥ %Sné i %82.2-5 T8 %84 98 i %8456_&(:‘
Thus the equation reduces to
log2=1-18,1 - 18,7~ 18,5 &e,y
which may be easily verified: for by § 4,
1 1 B 2 (" xdx
b e N 'l 2 s P Jlieiind:ss
-3_822‘*-%64284- }Sscb+&c' 1 T A tan
=1-log2.

§ 10. It will be noticed that the expression

1 1 1
I, 5 +E8 S+ &e

is even more convenient for calculation than

1

1 1
s —-+%s‘é—*+,}sﬁé—,+&c.

221

from which the numerical value of the series 1 - § + Jz — &c.
was obtained to 22 places of decimals in vol. VIIL. of the
Proc. Lond. Math. Soc. (p. 200).

§ 11. The process employed in §§ 2 and 3 affords also the

value of the quotient

(a+ 1) (2a + 1)*""... (na + 1)""
(a—1)"" (2a—-1)“"... (na=1)""?

the numerator containing the first n numbers which = 1, mod. a,
and the denominator the first n numbers which =~ 1, mod. a¥,
each number being raised to a power equal to itself.

* These numbers are of interest in connexion with several arithmetical
enquiries, and I have suggested that they may be conveniently called the
supereven and subeven numbers to modulus a. (Quar. Jour. Math. vol. XXVL,
Pp. 64). Thus the numbers occurring in the numerators of the quotients in § 1 are
the subeven numbers to mod. 4 and mod. 3 respectively, and the numbers in the
denominators are the supereven numbers to the same moduli.
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150 DR. GLAISHER, ON NUMERICAL PRODUCTS.

For, putting w=}l in the theorem of §2, and raising both

sides to the power a, we find

('a+1 i (2a+1)’“ 3a + 1)3“ ('na+ 1)’“‘
a—]) 2a~1 (3(1—1 ' \na-1

A |
g egsz T3Stk

Now

(1 —2") (2" =) ... (n" = 2)

a v o’
po 2 2 2 s i el Pllleeviiil
=1%2"3%..n (1 1,,) (1 22}...(1 n)

_yn SINTX
=2 ———.
T

. 1 5
Putting n= 3 this result becomes
(@’—1) (2%*'-1)...(n'a’— 1) =2 sin% (na)’ e

Multiplying the products as before, we find

(a + 1)a+l (2a _'_ 1)2a+1."(na + ])na+l
(a-1)""(Q2a-1)""...(na—1)""

g i
. T 38, —+38,— +&o.
=2sin— (na)""'e’ ‘@ At it
a

§ 12. If a=3, the factor multiplying the exponential
=v?) (3n)2ﬂ+l,

- V2 (4n)2”+l,
agreeing with §§ 3 and 5.
If @ = 6, the factor = (6n)™"".

and, if a=14, it

§13. Tt is easy to obtain a corresponding general formula
in which only uneven multiples of a occur.
For, proceeding as in §§ 2 and 11, we find

(a+l)“ (3a+1)’“ (5a+] @ ((2n—1)a+1)¢"0e
a-1) \3a—1 5a—1) " l@r=-1)a-1
ey Lt

?
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 151

1 l 1
where U=14+- + 5 ,}; + &e.

2l
Also
(1'=a%) (3°—a”)...[(2n - 1) - 27}

=1%3%..(2n - 1)* (1 L ”1-‘"—'> (1 i3 g) {1 —(z—n”i—l)-,-}

22n+1 n!n ~2n cosl '"_w,

so that
@-1) (' =1)..[@n—1)a" -1} =2 cos2l; (2an)™ ™",

e+ D (Ba D" On—1)a + 1}(lﬂ—l)a+l
(a=1)"Ba-1)""...{2r—-1) @ — 1}
1

7 =

=9 cos;_; (2an)'"eg 25

Thus

+§U‘a—1"+&c.w
i
§14. Putting a =2, we find

37 =)

27, &c
1.5%...(4n 3)4n-s=~/2(4n)‘" gt il

Dividing by (4n+1)*"*" and inverting the quotient, we
obtain

e ) con O BB i

FT.(n—1)"" V2 it en

where B=3 ,z,+§ 24+&c.

§15. Comparing the result with that found i"n § 5, we find'

—10g2+1 % 22: U;.z-t - &e. _% 242'*'%6' 4‘+&C

Since 7,=(1- }) s

n )

the left-hand side becomes

_10g2+]_ 221+§ !zl g 42‘ % dzl
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152 DR. GLAISHER, ON NUMERICAL PRODUCTS.

Thus the equation reduces to

1

AE’_ &C-,

log2=1-48,; - 8
which is the same as that found in § 9.

§ 16. We may also obtain without difficulty the value of
the product :
(a+1)"(2a — 1) (8a +1)**...(2na — 1)***
(a A5 l)a—l (2a + 1)2a+1 (3a i l)aa—l"'(zna + l)maﬂ.
in which the signé are alternatively positive and negative in

the numerator and in the denominator.
For, proceeding as in § 2, if

iy (1 + w)’ (2 - m)’ (3 ;¥ w)’ (2n - x)’"
“\l-z) \2+2/ 8-/ """ \2n4+z/ ?
then tlogu=3s2’+ {52’ + }sa + &e.,

1 1
where, as before, s,=1- R &e.

Thus
(a + l)“ (2a - 1)""‘ (3(1 + 1)"‘ (2na B s
a=1/ \2a+1 a1/ " 2na+1)

% 1
--e%sz a—z+g“ a—("*‘&()-

Also

(a’'-1)(8%"—1)...{(2n—-1)"a’ - 1}
(2%a'-1) (4'a’~1)...(4n"a" - 1)

_ 1N (n—1) (1 _al’) (1_ é%) {1 —(271——11)”(1’}

R 1 1 1
(1- 72) (- ) = (1~ 57

s
4 cos2—a 1
,%m=%cot2 .
T 2a
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 153

Thus, by multiplication, we find

@12 et i (9ne = 1)nart 1 T
—— = cot — ¢°
(a=1)"" QRa+1)" ... 2na+1)"*" ~ 2pa  2a '

1 1 1
where O=3s, = $s, S+, 2t &e.

§ 17. Putting 2n for n in the result of § 11, it becomes

(a+ 1) (2a 4+ 1)"... (2na + 1)
(@a-1)""(2a—-1)“" ... 2na — 1)

=2sin g (2na)* e,

1 1 1
where A4=3 ,;,+§8407.+2,Ss;o+&c.

Multiplying together this formula and that found in the
preceding section, and taking the square root of each side of
the equation, we find
(a+ 1)a+l (3(1 + ])ﬂa"'l... {(2” L1 1) a + 1}(2n—1)a+l
(@a—-1)""Ba—1)""...{(2n —1) a = 1}t"="

& 2 doll nal 3(44C
= «/{2 sin — cot - (2na) }ei ) :

which agrees with the formula in § 13, for the quantity under
the square root sign )

2 K no
=4 cos %(2na)‘ A
and, obviously,
1 1 1
%@L¥@=%Q?+%q;+%q$+&&

Ratios of products tn which the exponent 13 the square of the
number, §§ 18—43.

§ 18. We may readily obtain similar formule in which the

exponents are the squares of the numbers.

Thus, let
<l+m X (2+w)‘ (3 +m>° (n+m)"’
U= ’
1—90) 2—x/ \3—w n—x
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154 DR. GLAISHER, ON NUMERICAL. PR¢DUCTS..

then
1 1: 1 1
i = 4 sy = = e = v
3 logu %n(n+l)w+3l(1+2 gt +n>a;
+ 18,° + $8x" + &e.,
and, since
1 : 1+ +1— + logn
A g et L YT A0ER
we have
b ngwse" (r+1) m+%'y'a:“+§saw5+%tssz7+&c.,
80 that

a+ 1\ /2a+ 1 da? 3a+1)9“2 (mz+1>"’“2
(a—l) (2a—1> (Sa—l “"\na -1

2 0% 1 1
i ns-‘—len(n+1)a+§ C—l+§S’ ] +¥‘S¢ ;;6+ &c-;-

§19. Let
V= (12 A w’) (22 g xﬂ)ﬂ (32 P w’)B.'. (n’ foa w')",
then
log ve=log (1'.2%.8°%... n™)
Ly N
(1+§ +5+...+n—)m
- 318" — 18Sa° - &e.;
whence
v=1%2%35° n2nn—w2e—'ya:2—%sa;c4-gs,,z°—&c.

Now it was shown in Vol. VII of the Messenger (p. 43)
that

1A n2+Int oy —in?
1.2%.8"... n" = Ant” HirHaEgAY
where 4 is a constant whose value is there assigned.

Therefore
g2 WP dea? —inte ya?—]Sgut=} S5t~ &e.
v=A"n e ;. y

and, putting w=2, we find

@ - 1)* (2% - )" (3% = D%... (e’ - 1)

2 2y 1 1
4a 2(n? 2 r 0 SN - - —_— — — &C,
i aa (n’ +n)an2 (W +n+d)a i a-— -8 15 @ do 3
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_DR. GLAISHER, ON NUMERICAL PRODUCTS. 155

'§20. Let
20 65 G20~

1 1 1
then 11 =(1 o e —)
3 logw +2+3+ +’Il x

+ 382’ + $52° + &e,,

80 that e n?ne2rya:+§S3m3+§S',,m'+&c.

(a+1)2a+1)Ba+1)..(na+1)

(@a-1)2a—1)(3a-1)...(na — 1)
2 2y

=naea +45, 3+“S +&°

and therefore

§ 21. Multiplying together the results contained in the
three preceding sections, we find

(a+ 1)(a+l) (2 A 1) (2a+1)? (7’1 g 1)(na+1)2
(a- )a— 1)2 (2a R )(Za—l) (na — )(na—l)’

—AM( ) (n*+n)a 3 52‘"“+§7+4P,
o A | o MR | s AR |
R Pae i oo b S b B L e
where P=ors St s @ tiso o T &0

§22. The value of the constant 4 was expressed in
Vol. viL of the Messenger, (p. 46) in the form

e 23"6 'n'%ei (‘ﬁ')’"‘&sz—%ss‘*‘%h—&c-)

where s, has the same meaning as in §6; and its numerical
value was there found to be

A =1.28242 7130.

We can also express 4 in terms of S's (instead of s’s) as
follows.

§ 23. In the paper just quoted it was shown that

& L]
JogP bt [esrurade
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156 DR. GLAISHER, ON NUMERICAL PRODUCTS..

Now
logT" (1+2)=%logm+ % loge — Llogsinme

—qx — 38’ - $8,2° — &e. 5
whence: :

b 3 4
flogl-"(t+w)dx=ilogw+-§—[m]ogw—w» —%—Tf logsinxda
o

ozl 2] e

=}logm+{log} - i—— gvrlog - &y
T Wi sl vy S KRS
RV B S
Thus
8 1 28]
l+2f logT (L4 x)de=4%logm+4 - iy_;ﬁ?_ﬁéz—ﬁ_&c"'

and therefore

S.
where Q=§i -+
§ 24. Substituting this value of 4 in the formula of §21
it becomes

@+ 1) (20 + )Y, (na 4+ 1)
(a- 1) @2a - D (ng - 1)

, 2
fo 204 242 patia-dya+§Y—4R
. =2 (na) n3 Bae IR )

where
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DR. GLATISHER, ON NUMERICAL PRODUCTS. 157
§ 25. By putting a =2 in the formula of § 21, it becomes

9 4n?+4n+1
39 5% (2’” + 1)4 i = A° (2n)4n2+4nne2n+§’y+4P,
AN IR N

where

S

5

5.6.7

+ &e.

w;,..

4

Al

i

.9
The left-hand side

Ant44ntd antdn+l Lyfrden
and, denoting the second factor by u,

logu=(4n"+ 4n + 1) log(l-}%‘)

=(4n’+ 4n + 1) (2n z(2n)‘+& )

=2n+2-5=2n+3.
Thus, the left-hand side
Lt (2n)4n’44n+1é2n+§.

The right-hand side
1 48 fo.\An*Hntl ntdy+4P
=§AB(2n)n+ n+en+§'y !
50 that the equation becomes
§==-log2+48logd +iy+4P,
that is
4P=3 + log2—-8logd —
§ 26. It is easy to deduce from Messenger, VIL., p. 46, that
log A = 024875 44770 3,

the last figure being uncertain.
We also have

log2=069314 71805 6, ¢=0057721 56649 O,
and the right-hand side is thus found to be
= 001070 61426 9.
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158 DR. GLAISHER, ON NUMERICAL PRODUCTS.

- §27. In order to calculate the value of the series 4P,
viz.
S lsaS i S

sas2teser T 789 zﬁ+&°’

it is convenient to consider the more general series

A I R
TR AT e e e GU R

The value of this series can obviously be obtained much
more rapidly by transforming it into one in which the terms
depend upon 8, S,, &e., where

8 =8-1,8'=85-1, &e.

This transformation may be readily effected for

7+&c

1+a*, a+1 a " a 1
: log;_—l-i- 2—10g(a —-1)-—aloga—§—§d.

Thus the series in question

=(a+ >log(a+l) ( )log(“_l)_al‘)ga_é_;a

S o R | S' 1
tssatier T Tae s T &

§ 28. The series 4P of § 28 is therefore equal to
9log3—8log2— 13

i | S’1 oIS
_+ s — —

+ 3459 5.6.7 2
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"The first line is found to be
=0-00899 98202 0,
and the terms of the series in the second line are respectively
' 000168 38075 3,
2 19808 1,
5176 9,
158 5,
5 6,
P 27
giving as the value of 4P
0:01070 61426 6,
'Whéch agrees, except in the last figure, with the value obtained
n § 26.

§ 29. Putting a=1 in the formula of §21 (and noticing
that the limit of «** when @ is zero is unity) the left-hand
member

24.8%..(n + 1)n2+2n+1 7242041
B e

= (1 E 7}1)

= n"z(n +1)

n*+2n+1

20%4+2n+1 3
=nn+n+ en-h}

The right-hand member’
WPt 1 4P
-t e+ nnez+§'y+ g
S, S S

N 5 ik Ao
where P=o5% 5671 780

Thus the equation becomes
§=dlogd +3§y+4Dh
that is P=% -logd - %v.

§ 30. The right-hand side of the equation is easily found

to be
= 003004 29121 5.
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160 DR. GLAISHER, ON NUMERICAL PRODUCTS.

Expressing, as in § 27, the series
S, S, S, :
545 587 T TRe

as the sum of the two series

. ST 0 : + &e
3405 hi6T " 'T.8:9 %
S, Sy S,
i 325 567 T Tas T &

we notice that the first series

1 { B | 1 R 1
—5 [2{1+§+5+...+2—7‘2——‘_l}—1 ————— oo oo —
1 1
i ém]
n being infinite,

1 1 1
- (y+2log2+logn—ry—logn—1—§ +:£—n—-_l-_)

=log2 - %
=002648 05138 9.
The terms in the second series are
0:00336 76150 5,
17 58464 5,
1 65660 3,
20286 8,
2879 9,
449 5,
75 0,
13 1,
2 4,

4
giving as the value of P, :

003004 29121 3,

which agrees with the value found for the right-hand side of
the equation, except in the last figure.
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DR. GLATISHER, ON NUMERICAL PRODUCTS. 161

§ 31. By putting a=4 in the formula of §§21 and 24,
we find
R B 4 YW
8%, 79 11, (4rz; '
= 4 (4n)8n*+8n ng e4nHy+4P,

oS TR ey T S |

here P=
b od 5458 T 561 vt 7se ot &
or, substituting for 4 its value (§ 23)
= 2?(4 )8n2+8nn%e4n+g_gy—43 y
Sl ISE S 1 \
h 0 ( o ) P gt .)
‘i g B=zlgaztsertramt&
S 1, 8 S, )
¥ (3.4.5 560 4”+789 4’+&°' !

§32. On p. 191 of Vol. vI. of the Messenger it was shown
that, n being even,

7Y g S

R P
1‘.5'5.9“...(2n-3)(2”‘3)”_(Qn) s

gk 1 8 .1 8, =+l
where T:i’j L + &e.y
s, denoting, as before, the series
1 1 1
-=+ = - =+ &ec.
st Tl Dt

§ 33. Writing 2n for  in this result, inverting the quotient
and multiplying by

(4n+1 )(4n+1 g )(4n+1)( +4_ln)

= (412)(4n+1)2 Pl

16n%+8n+1

we find
1%.5%.9%...(4n + 1)(4n+1)2 { 2?{ (471)8n2+8n+% e4n+%+T *
8. 7% 11, (4n = 1) :

* The formula given in the bottom line but two of p. 191 of Vol. vI. is correct,
but the expression derived from it, on the bottom line of the page, is erroneous,
the factor ¢ 1 being omittted.

VOL. XXIII. M
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162 DR. GLAISHER, ON NUMERICAL PRODUCTS.

§ 34. The value found in § 31 may be written
2% ( 4n)8n’+8n+§ e4n+H'y—4R,

80 that, by comparing the two values, we have
—3log2+ i+ T=§-fy =48,
that is, 4R+ T=1} - Fy—%log2.

This result I have verified to five places of decimals, each
side of the equation being = 0:08921....

§ 35. By putting a =3 in §§21 and 24, we find

1‘.4'”.749.:.(3a+ 1)(3u+1)1_ o 6(n?tn) Y Bntdy+4P
— = A"(8a) nte ¥
2¢.5%.8%...(3a — 1)®*V

it Bt g
where  P=gc 5+ 55k st igs

6 (n%+ In+2—Fy-4R
= 2% (30)° () ¥ Predy4R.

37+&c.;

or e
8,01 B P
where .R—‘ﬁ E‘ ‘5—75 : + —8 b +&C.
. < 8, 1
~345 P 56T B 7893 &

§ 36. Considering now the general product in which
uneven numbers only occur, and proceeding as in §18, we
find that

a+ 1)“z (3a LRy I
(a—l 3a—1) " l@r=-1)a+1
1 1 3
¢2“"2+§U‘&+gU'E'HUEES+&°'

= )
where, if r> 1,

U—1+3,+ ,+&c.,
d U=1 : +—1 oot
- s g p i e e
Thus U=4y+log2+3§logn;
and therefore eV = 2ntel?,
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§37. Asin §19, we can show that
(= &) (@ = )., (20 ~ 1) =2
; =1%.8%5%,., (2n = 1)7E D N
where N=Ua'+ 31U+ } U’ + &e.
Now, putting 2n for n in the formula quoted in § 19,
1.2%.8°... (2n)" = 4 (2n) "™,
and, multiplying the same formula by 2+
2°.4%.6%... (2n)" = 49" P g i
whence, by division,
1.8".. (2n = 1)™ (2n = 1)1 = 471 9",V A"
Substituting this value, we find that
(a’—1)" (8a" = 1)*"... {(2n — 1)" @* — 1)@V

=A_4a(2a7t)4a”22§“n_£“6—2a’n -20, -_U, = -30; ——&c

§ 38. We also have

(a+1)(Ba+t )..{(2n—1) a+1] _ 20, 110,510, 46
(a—l)(3a—1)...{(2,,_1)a_1}—e )

§ 39. Multiplying these results, we have ﬁn‘ally'

(a+ 1)(a+1)a (3a + 1)(aa+1)zm {(2n £ g ]}{(Zn—l)a+1}:
(@=1)""" (3~ 1)V {(an = 1) g =101

Ay 4a(2 l>4an 2§a —§a QU, +4V
U 1 U 1 U 1
< soia S vy B R TR g a’+&°"

or, substituting for U, its value, the quotient
a 2 e
TP S Savic 19
D A—-la zd Sa (2an>4an" " 3 8a a :
M2
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§ 40. Putting a =2,

£ =1
1.5%... (dn—8)0" "

-8 8n? — +4V
A2 (an)*" w7V

A N T
b o BN A 1 :
where Vet atisiptiss rtEe

§ 41. Inverting the quotient and multiplying by
(4n+ D
as in § 33, the formula becomes

1%.5%,. (nt )T —24%( 4n)8n2+8nn§e4n+§—-§'y—417
. 2 L.
vy 7 T Y

§42. Comparing this result with that found in §31, we
have

log2 +8logd+3—4y—4V=16log4d +{y+4PF,
that is, 4P+4V=4+log2—8logd - }v.
o9 1 S, 1 S,

1
- 3 whs, § T 7 o .
=325 Pt 567 & Tras T

Now P

and Ve —+ — b et BB SF TN

3.4.5 5.6.7 2° ' 7.8.9 2
Also U= (1 - él;) 8.
Nt AT SN

h AR ON g 458 o :
s that P+ V=rc s+ o tige ot

Thus P+ V is the same as the P of §25, and the above
equation is the same as the relation found in that section, and
verified in the three following sections.

§43. As another verification let a=1 in §39. The
formula then gives

(271)4"2 =A*2 (2n)4n1e§7+4v,

Al s
Wi V=s15" 567" 789 T &
that is, 4V=14logd -log2—4ivy.
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S S, S
N V= 3 5 1 i
i 325 T 567 T Tae T&e

A AR o L

the former series
=-4logd+3-3y (§29),
and the latter

=—8logd+5§+log2-Ly (§25),
so that the equation is verified.

Calculation of log 4, §§ 44—4 .

§44. The constant 4 was calculated in the Messenger,
Vol. ViL p. 46, by means of the series

8logd=,5log2+%logm—1y+is,—1s,+1s,— &e
It may, however, be calculated more readily by means of
the formule obtained in §§25 and 29.
§45. Thus, from § 25 we have
8logd=4%+log2 -4y —4P, -

R e A e
g Pe 55T 567 T 7as o T &

and, taking the expression for 4P given in § 28, we find
8logd=23F -9 log3 -

VG SR S WSR-S

TB453° BT TES 3~ e

from which log 4 may be readlly calculated to as many
figures as the values of S;, S,,... permit.

§46. Similarly from § 29
4logd=3-3y-4P,

S, S, 8
where P= 51 T 56T
In § 30 it was shown that
P=log2-2 + 8, +—§;+&c
i Tt W T Y Mo
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so that
4logd=2%F —3%y—4log2

S'I S5/ S7’
=4 (3.4.5 t567 T7897 &°'> ’

but this formula does not converge so rapidly as that given in
the preceding section.

§47. We can obtain another equation for log 4 by com~
paring the results in §§ 31 and 82, but the formula so obtained
requires the calculation of two series.

§48. When I wrote the paper upon 1%.2%.8%...n" in
Vol. v1. of the Messenger (1877) 1 was not aware that this
roduct had been considered before. I have recently found,
ﬁowever, that on page 97 of Vol. v. of the Quarterly Journal¥®
(1862) the late Mr. H, M. Jeffery gave the formula

1 92 o8 _ O—3a® Ja+ e ++%
11.2%8% ...a°=e a7 >

and determined C as 024875. This Cis the same as log 4
of this paper (§26). Apparently Jeffery did not seek to
obtain converging series for the calculation of C.

Values of some other products, §§ 49—55.
§49. By integrating between the limits 2 and 0 the
equation
log (14 2) +log (2 + ) +... +log (n + 2)
=log (1.2.3...n) + 8,z — 8,2’ + {8,2* — &e,,
) i | 1
where Sl=1+§+§+...+;‘,
it is easy to show that
1+2)" (24 2)""..(n+2)"* 3= iz (H)s B
e e
S S,

S
h i Wiy e ST A ek JEB1~ PN,
where R T8 % ~gp? +3.4x &e

* ¢On the expansion of powers of the trigonometrical ratios in terms of series
of ascending powers of the variables,’ pp. 91—108.
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; ! e :
Putting 2= i and writing for 8, its value ¢+ logn, the
equation becomes, when raised to the a™ power,

(a+1)™(2a + 1)™...(na + 1)"*"
jeargan

1 1 inunern n+i+lyYor

=27 a n 2ag’a ",
S Tl DO S RG-S e
h P o e, G0 ARTS  Gi ar" 2
et F s34 BadTIs A e
whence (a+ )™ @a+ )™ (na + )"
B

§50. By putting a=11in this result we do not obtain a
series for log 4, for the left-hand member

1 trdntd —in? nil
=2"3..(n+ l)n+ TR gk il e,

and, equating this value to the right-hand member, we find

CE
oo SRR ¢ 1 - 2 -
£ 1phr S widaptElogm )|

This equation can be easily verified; for, by integrating

logF(1+ 2)=—qa +—§‘ w"——g” z’+% at— &e.,

we find
B W
f ]og[‘(1+x)a’w——@}'y+23 3—1+4—‘—&c.;
and
1 1 1
f log ['(1 + 2) d:v=f ok d.Hf 1bg T (2) d»
° [} 0

the former integral being zero and the latter = § log (2).

, §51. If we put a=2, the right-hand member of the
equation becomes

At 2n?+21z+5 nn3+2n+§;} e—in”+§y— T,
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B ola S8 Y =8l

h LB o i bt Mg I A M A Pl
g T=ss - 340t 15 %3

and the left-hand member
=3%5%..(2n — 1)™ (2n)"e
o A-rgninHil, nn sl (§ 37),

Equating these values, we find

Blogd=1+5log2—4logm -1y
T8 T 83

AT T AR

ol

§52. Now, it was found in § 23 that
81 81 81
Blogd=4+ 5log2—dy—o) - 54 3~ 75 7~ &}
whence, by equating the values of 3 log 4,

S 1 B 1 a1
+Z—-2-+6726+&c—llog7r %

O
o
x|

ks

§ 53. To verify this equation, we notice that

S, B8
% gBlIl’ﬂ'w w ¥ 4&3 + +&0 i
whence, by integration,
g BT |

2__3 — o 4 i 2‘+&c _.f‘(log-rr+logx—logsmmc) dw

%
=%logm+$logi—-3%- %_/ ’rlogsinmdw,
=4logm+4logi—4-%logi=4logm 4.

§ 54. Putting —x for « in §49 and multiplying the
results, we have
(A=) A +a)*..(n—a)"" (n+a)"™"*
19. 26. 38 =5 nzﬂ

&% %
2 (L 24 2 gt 8 o8
ry (u”” +s4x+5b’+&°)’
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whence we deduce that
(a B 1)a—l ((l + l)aﬂ (2(1 L 1)'.'a—l
X (2a 4 1)**"... (na — 1) (na + 1)"*

1
(n-+n)a a+— —-Jan’+ +2W
= 4" (na)- ; )

B 1By
5.6

5+—" 7+ &e.
a

where W= ?’E E,

a3+

%1

§ 55. Putting @ =2, the left-hand member
=3°5"... (2n - 1)’ (2n + 1)™*
= A’”22n’+%n2"2_ée_n2(2n)’"“e

= 22n’+2n+gn2n2+2n+ge—n’+l’

and the right-hand member

£ A. 22n2+2nn2n2+2n+g —n’+1'y+2W
5
3.4

S,
+._.._

where W= . + &e.

-+

brd |

S,
78

RO st
N>|.-A

Equating these expressions,
6logd=1+7Flog2—3y -2W,

which is the same relation as that found in § 23, W being the
geries which was there denoted by Q.

. Products vn which the exponent s the ?eczprocal of the number,
§§ 56—69.

§ 56. I cannot close this paper without drawing attention
to the very elegant expressions that Prof. Rogel has obtained
for the products corresponding to those in § 1, but in which
the exponent is the reciprocal of the number.*

* Educational Series Reprint, Vol. LX, (1894), p. 66. Question 11968,
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Starting with the formula

I’?g“% sin dpm + 19'5—3 sin6um + 10—54 sin 8um + &e.

= {log ' (u) + 3} log sinpmr - (1 - p) logm
—G-wy-G-np) log2},

and, taking the exponential of both sides, he obtains the
general result,

sindpw ginfuw gin8uw y {(ain pm) T (l"')}’r

£ 3 b il o o5
2 % .3 g .4 4 PIRE s Nk

§ 57. Putting p=4%, and replacing I'(}) by its value
271‘*1(”*, K° being the complete elliptic integral of the first

kind corresponding to the mcrdulus&%2 , the formula gives

1
590,13, (an+ )" 2K\
ok

g7t (gn - )"

This result is very curious, involving as it does all the
four constants e, , v, K°.

§ 58. Similarly by putting u =} the corresponding ratio
involving the subeven and supereven numbers to modulus 3
is obtained, viz.,

1 ..
a7l 1om.., B+ )M (3*1‘( A))*J
1 b ol 1 17
. 2°n%e
ol 5tgh.. Bn—1)""

This result may, as pointed out by Prof. Rogel, be ex-
pressed in terms of the complete elliptic integral to modulus
sin 15° by means of the relation

r'@)= 2l I,
K, being the value of K when %= sin 15°.,
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The value of the product so expressed is found to be

27
(g

,n.e%'y

§59. For the modulus % = sin 15° we know that

K’
T(=\/3;

if therefore we denote by K, the value of K for the modulus
k=3sin75°, we have K,=3!K.
The value of the product in the last section may there-
fore be written also
2w
(o

m&v

§ 60. The series from which the products are derived
involve the subeven and supereven numbers to the moduli
4 and 3, with contrary signs. They seem therefore deserving
of notice on their own account. Taking the results in §§ 57
and 58 the series-formulee may be written

0
log3 logh & log7 log9 & B cie (%7_ log2K >;

3 i) 7 9 T
and
log2 log4 log5 loo?7 Ch A ( o 2§K',)
-l e ol 7 +&c.—3v3 $y—log )

§ 61. By putting u =4 in § 56, we find
log2 log4 logh log7 log8
B T o e &e.
1
27 1o {3 I‘(é)}.

V3 of o8 AY

The terms in the series have the positive sign when the
number =1 and 2, mod. 6, and the negative sign if it
=-1 and - 2, mod. 6,
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§ 62. The formula of § 58 may be written

log2 log4  logh log7 4 log8

2 4 5 7 i R

oo lagl G
o ;\/3 23‘7r§616’7 :
Thus, by adding and subtracting, we find

log2 log4 A log8 log10

2 4 8 TR
MBS i @)
= '\/3log{2 T Q)

logs log7 logll logi13 -
5"'7+11—.'13+&c.
1
BLAWLLOLOT
N8 o gt edy

In the first series the terms are positive or negative,

according as the number =2 or —2, mod. 6; and in the

second series they are positive or negative, according as the

number =—1 or 1, mod. 6. Thus the second series depends

upon the subeven and supereven numbers to modulus 6, taken
with contrary signs.

§ 63. Since
F(&)=2'§13§W%IQ§=29W%K},

we may express the values of the two series in terms of
K, or K, instead of Gamma Functions. We thus find

log2 log4 log8 log10 T 2&3*1(, :
2 faag el v +&°"é'ﬁl°g{ may}’
and
logh log7 logll logi13 T UK,
5 T+‘1F‘T+&c-="731°g{“?er}
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§ 64. Expressed as a produet, the last formula becomes

1 ™
7187197 (6n + 1)6”+1 RS,
1 aredy )

st 1., (60 — 1)

§ 65. We may obtain also the value of the corresponding
quotient involving subeven and supereven numbers to

modulus 8.
For, by putting w=% in the general formula of § 56,

we have

log2 log6 log10 logl4  log18
oy T Tl TR TR

1 <log3 log5 log? 4 log9 ¥ log 11 —&c.)

e 5 7 9 11
L om )
Eiioa {(sm im) 1 (g)}
. 23 fl
The first line
log 2 T T
SR ki 2 85)
| lo.g'?) logs log7 log9
‘ﬂT“T*?“?”M)
_log2 = (sm;}w)l‘ @)
g ohE { A

i),

Thus, substituting this value,

1 (log3 logh log7  log9  logll _ )
s e s st e
ke sing7 I (3)
—ﬂ%MWm'
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and therefore
log8 log5 log7  log9 logll
s g e £ b
) singm I (%)
N2 ¢ 2t7et' [ (4) )
The terms in the series are positive when the number =1
and 3, mod. 8, and negative when it =— 1 and — 3, mod. 8.

§ 66. Combining this result by addition and subtraction
with

log3 log5 X log7 log9 % log1l _

3 i 9 - S
r@d }
=mxlog{ —2
g{ﬁ,,%ew J
we obtain the values of the series
log8 logh logll logi13
s, s e T
L4 log7 _log9+10g15__log]7+&c.’

7 9 15 17

in the former of which the terms are positive or negative
according as the number =38 or — 3, mod. 8; and, in the
latter, according as it = —1 or 1, mod. 8.

§ 67. In conclusion I may remark that the value of the
series
log3 log5 log7 log9
=t 5T =5 b 5 @ + &e.
may be expressed by means of the constant 4.
For, integrating the general formula of §56 with respect
to w between the limits 0 and u, we obtain the equation
1 (log2 2

— [ —=- sin*2
9 pm +

: 4,
sin’3um + l%%— sin’du + &c.)

log 3
3"

=qu“logl‘(,u)d,u+§f“log sin uwr du

— (= 3" log =} (i - ) <v+1og2>}.
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Putting u =1, we have

log3 i log5 log7 log9
8’ "SR BRI

3 4
=7r’{/ log T (w) dp,+-}f log sin pwrdu
o o

+ &e.

—§logm—}log2 - %v}
b4
=7r’{[ logl‘(p,)dp—glog2—%Iogw—{;'y} .

§ 68. Now, from § 23,

4
3logd=1+ 7;log2-} log1r+2/ logl (1 + ) dx,
and :

3 3 3
flogl"(1+a:)dx=/ 1o-gxdw+f logT () da
° 0 o

. :
BN I RE A f log T () da.
0
Thus the equation becomes

b
3log A= — 5 log2 — } logm + 2[ log T (<) da,
[

and therefore

3
f log I () dx = ; log2 + 1 logw + § log 4.

§ 69. Substituting this value of the integral in the formula
of § 66, we find

log3 log5 log7 3 log 9
3’ 51 7! 9!
= (logd —Flog2 - flogm - §7);
and therefore, expressing this result as a product,

glgsyasgir =< A* )5"”
g

+ &e.
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