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O N  C E R T AI N  N U M E RI C A L  P R O D U C T S  I N 
W HI C H  T H E  E X P O N E N T S  D E P E N D  

U P O N  T H E  N U M B E R S.

B y  J. W .̂  L.  Gl ais h e r.

R ati os  of  p r o d u cts  i n w hi c h  t h e e x p o n e nt  is t h e s a m e as  t h e 
n u m b e r ^  § §  1 — 1 7.

§ 1. In  V ol.  VI.  ( p p. 7 1 — 7 6)  of  t h e M ess e n g e r  a n  e x p r e s si o n  
w a s  o bt ai n e d  f o r t h e v al u e  of  t h e q u oti e nt  

w h e n  n  i s v e r y  l a r g e. It i s o nl y  r e c e ntl y t h at I h a v e  n oti c e d  
t h at a  si mil a r m et h o d  e n a bl e s u s  t o a s si g n t h e v al u e of  t h e 
p r o d u ct

§ 2. P r o c e e di n g  a s  i n V ol.  vι.,  p.  1 8 9,  l et 

t h e n 

w h e r e

*  ‘O n  a n u m eri c al  c o nti n u e d pr o d u ct, ’ M ess e n g er,  V ol.  vι.,  p p.  7 1 — 7 6, a n d  
‘F urt h er  n ot e  o n  c ert ai n n u m eri c al c o nti n u e d pr o d u cts, ’ V ol,  vι.,  p p.  1 8 9 — 1 9 2.  
Ot h er  p a p ers  c o n n e ct e d  wit h  t h e s a m e s u bj e ct, a n d  w hi c h  ar e r ef err e d t o i n t h e 
pr es e nt  p a p er,  ar e  ‘ O n  t h e n u m eri c al  v al u e  of a  c ert ai n  s eri es, ’ Pr o c.  L a n d.  M at h.  
! ^o c ., Ng ∖.  viii ., p p.  2 0 0- 2 0 4,  a n d  ‘Pr o of  of  Stirli n g ’s t h e or e m 1. 2. 3. .. n =J( 2 nιr) n " e*",  
Q, u art.  J o ur n.  M at h·,  V ol.  x v,,  p p.  5 7- 6 4.

V O L.  X XIII.  L
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146 DR. GLAISHER, ON NUMERICAL PRODUCTS.Thus

§ 3. Putting a; = ⅜ in this result, we find 
whence, cubing each side,

Now 
and so that, by division.

Multiplying the above quotient by this product, we have
The values of ... have been tabulated*,  so that

* The values of 8n, from w = 1 to n = 35, were calculated, to sixteen places of 
decimals, by Legendre {Traite det Fonctions Elliptiqu6s, Vol. II., p. 432). This table 
is reprinted De Morgan’s Elff. and lnt. Cale., p. 554. The values of ⅛ 8^, ..., «S',2 
were given in Vol. vιιι., p. lttθ, of the Proc, Land. Math, 8oc, to twenty-two places.

the calculation of the series in the exponent presents no difficulty.§ 4. The exponent in the general formula of § 2 is
and this series may be readily expressed as an integral. For, we have
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DE. GLAISHEE, ON NUMEEICAL PEODUCTS. 147whence
We may also write the value of the series In the form 

which is readily obtained by Integration by parts.§5. The value of the first quotient In § I may also be deduced from the general theorem in § 2; for, by putting = we find 
whence, raising both sides to the fourth power,

Now 1.2.3...(4n + 1) = √(2τr) (4w +and 2.4.6...4zi = √(2τr) 2≡" (2n∕"÷^e"''";whence, by division.
Multiplying the above result by this product, we find
§ 6. The result obtained in the previous papers already deferred to was*  

* Messenger^ Vol. vι., p, 192. l2

where
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148 DR. GLAISIIER, ON NUMERICAL PRODUCTS,denoting the series
From this result it follows that
§ 7. By equating this value of the product to that found in § 5, we obtain the relations

§ 8. The equality of the first two expressions may be readily verified: for, by § 4, 
so that the equation becomes 
which is derivable from the known results

§ 9. By equating the first and last expressions in § 7, we find
Now
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 149SO that the right-hand side when expressed in terms of becomes
Thus the equation reduces to 

which may be easily verified: for by § 4,

§ 10. It will be noticed that the expression 
is even more convenient for calculation than
from which the numerical value of the series 1 - ⅜ + — &c·was obtained to 22 places of decimals in vol. Vin. of the 
Proc. Land. Math. Soc. (p. 200).§ 11. The process employed in §§ 2 and 3 affords also the value of the quotient 
the numerator containing the first n numbers which ≡ 1, mod. α, and the denominator the first n numbers which ≡ - 1, mod. α*,  each number being raised to a power equal to itself.

* These numbers are of interest in connexion with several arithmetical 
enquiries, and I have suggested that they nιay be conveniently called the 
supereven and subeven numbeι∙s to modulus a. (j^uar. Jour. Math. vol. xxvι., 
p. 64). Thus the numbers occurring in the numerators of the quotients in § 1 are 
the subeven numbers to mod. 4 and mod. 3 respectively, and the numbers in the 
denominators are the supereven numbers to the same moduli.
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150 DR. GL/MSHER, ON NUMERICAL PRODUCTS.

FoΓj putting ic = - in the theorem of § 2, and raising both sides to the power α, we find

Now

Putting n = - , this result becomes
Multiplying the products as before, we find

§ 12. If a = 3, the factor multiplying the exponential 
agreeing with §§ 3 and 5.If α = 6, the factor = (6n)^"^''∖§ 13. It is easy to obtain a corresponding general formula in which only uneven multiples of a occur.For, proceeding as in §§ 2 and 11, we find

www.rcin.org.pl



DR. GLAISHER, ON NUMERICAL PRODUCTS. 161 .
whereAlso 

so that

§ 14. Putting a = 2, we find
Dividing by (4w +1 )*"**  and inverting the quotient, we «obtain 

where
§ 15. Comparing the result with that found Γn § 5, we find'
Since the left-hand side becomes
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152 DR. GLAISHER, ON NUMERICAL PRODUCTS.Thus the equation reduces to 
which is the same as that found in § 9.

§ 16. We may also obtain without difficulty the value of the product 
in which the signs are alternatively positive and negative in the numerator and in the denominator.For, proceeding as in § 2, if 
then where, as before.Thus

Also
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 153Thus, by multiplication, we find 
where

§ 17. Putting 2n for n in the result of § 11, it becomes 

whereMultiplying together this formula and that found in the preceding section, and taking the square root of each side of the equation, we find 

which agrees with the formula in § 13, for the quantity under the square root sign 
and, obviously.
Ratios of products in which the exponent is the square of the 

number^ §§ 18—43.§ 18. We may readily obtain similar formulae in which the exponents are the squares of the numbers.Thus, let
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154 DE. GLAISHER, ON NUMERICAL·. PRC DUCTS.then 
and, since 
we have 
80 that

§ 19. Let 
thee 

whence
Now it was shown in Vol. Yiι. of the Messenger (p. 43)*  that

where Λ is a constant whose value is there assigned. Therefore
and, putting a; ≈ - , we find¢1
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DR. GLAISHER, ON NUMERICAL PRODUCTS, 155§ 20. Let

80 thatand therefore
§ 21. Multiplying together the results contained in the three preceding sections, we find 

where
§ 22. The value of the constant A was expressed in Vol. VII. of the Messenger^ (p. 46) in the form 

where has the same meaning as in § β; and its numerical value was there found to be
Λ≈ 1.28242 7130.We can also express A in terms of >S’s (instead of s’s) as follows.§ 23. In the paper just quoted it was shown that
www.rcin.org.pl



156 DR. GLAISHER, ON NUMERICAL PRODUCTS.Now 
lθgΓ 
whence

Thus 
and therefore 
where

§ 24. Substituting this value of A in the formula of § 21 it becomes 

where
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DR. GLAιSHER, ON NUMERICAL PRODUCTS. 157

§ 25. By putting α = 2 in the formula of § 21, it becomes 
where

■ The left-hand side 
and, denoting the second factor by m,

Thus, the left-hand side
The right-band side 

so that the equation becomes 
that is

§ 26. It is easy to deduce from Afessen^er, Vιl., p. 46, that logj4 = 0’24875 44770 3,the last figure being uncertain.We also havelog2 = 0 69314 71805 6, γ = 0 57721 56649 0, and the right-hand side is thus found to be= 0’01070 61426 9.
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158 DR. GLAISHER, ON NUMERICAL PRODUCTS.§ 27. In order to calculate the value of the series 4P, viz.
it is convenient to consider the more general series

The value of this series can obviously be obtained much more rapidly by transforming it into one in which the terms depend upon >S∕, /S'/, &c., where¾'=¾-l, ⅞' = ¾-l, &c.This transformation may be readily effected for

Thus the series in question

§ 28. The series 4P of δ 28 is therefore equal to
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 159The first line is found to be= 0'00899 98202 0,and the terras of the series in the second line are respectively0'00168 38075 3,2 19808 1,5176 9,158 5,5 6,2, giving as the value of 4P0'01070 61426 6,which agrees, except in the last figure, with the value obtained in § 26.§29. Putting a = l in the formula of §21 (and noticing that the limit of when x is zero is unity) the left-hand member

The right-hand member' 
whereThus the equation becomes 
that is§ 30. The right-hand side of the equation is easily found to be = 0'03004 29121 5.
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160 DR. GLAISHER, ON NUMERICAL PRODUCTS.Expressing, as in § 27, the series 
as the sum of the two series 
and we notice that the first series 

n being infinite.
= 0’02648 05138 9.The terms in the second series are0’00336 76150 5,17 58464 5,1 65660 3,20286 8,2879 9,449 5,75 0,13 1,2 4,4,giving as the value of P,0’03004 29121 3,which agrees with the value found for the right-hand side of the equation, except in the last figure.
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 161§ 31. By putting α = 4 in the formula of §§ 21 and 21, we find 

where or, substituting for Ά its value (§ 23) 
where

§ 32. On p. 191 of Vol. vι. of the Messenger it was shown that, n being even, 
where 
s^ denoting, as before, the series

§ 33. Writing 2zz for n in this result, inverting the quotient and multiplying by 
we find

* The formula given in the bottom line but two of p. 191 of Vol. vι. is correct, 
but the expression derived from it, on the bottom line of the page, is erroneous, 
the factor e^i being omittted.

VOL. XX11I. M
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162 DR. GLAISHEE, ON NUMERICAL PRODUCTS.

§ 34. The value found in § 31 may be written 
so that, by comparing the two values, we have 
that is.This result I have verified to five places of decimals, each side of the equation being =0*08921....§ 35. By putting α = 3 in §§21 and 24, we find 
where
orwhere

§ 36. Considering now the general product in which uneven numbers only occur, and proceeding as in § 18, we find that 

where, if r > 1, 
andThusand therefore
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Dr. GLAISHER, ON NUMERICAL PRODUCTS. 163§ 37. As in δ 19, we can show that 
whereiJow, putting 2n for n in the formula quoted in § 19, 
and, multiplying the same formula by 2*̂**"∙**",  
whence, by division,

Substituting this value, we find that

§ 38. We also have
§ 39. Multiplying these results, we have finally .

W’here or, substituting for Z7, its value, the quotient
M 2
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164 DR. GLAISHER, ON NUMERICAL PRODUCTS.

where
§ 41. Inverting the quotient and multiplying by 

as in § 33, the formula becomes
§42. Comparing this result with that found in §31, we have 

that is,Now
and

Also
BO thatThus jP+ V is the same as the P of § ‘25, and the above equation is the same as the relation found in that section, and verified in the three following sections.§43. As another verification let α = l in §39. The formula then gives 
wherethat is.
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 165

Now 
the former seriesand the latter 
so that the equation is verified.

Calculation of log §§44—4 .§44. The constant Λ was calculated in the Messenger^ Vol. VII. p. 46, by means of the series3 logjl = ⅛ log2 + ⅜ log 7r - iγ + - ∣s, ⅛ - &c.It may, however, be calculated more readily by means of the formulae obtained in §§25 and 29.§45. Thus, from § 25 we have 
where and, taking the expression for 4P given in § 28, we find 
from which logJL may be readily calculated to as many figures as the values of 5/, ∕Sj',... permit.§ 46. Similarly from § 29 
whereIn § 30 it was shown that
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166 DE. GLAISHEE, ON NUMERICAL PRODUCTS.SO that 
but this formula does not converge so rapidly as that given in the preceding section.§47. We can obtain another equation for log J. by comparing the results in §§ 31 and 32, but the formula so obtained requires the calculation of two series.§48, When I wrote the paper upon 1\2’.3’.... n" in Vol. VI. of the Messenger (1877) I was not aware that this product had been considered before. I have recently found, however, that on page 97 of Vol. V. of the Quarterly JournaV^ (1862) the late Mr. H. M. Jeffery gave the formula 
and determined (7 as 0’24875. This Cis the same as log A of this paper (§26). Apparently Jeffery did not seek to obtain converging series for the calculation of C,

Values of some other products^ §§ 49—55.§ 49. By integrating between the limits x and 0 the equation 
where it IS easy to show that 
where

♦ ‘ On the expansion of powers of the trigonometrical ratios in terms of series 
of ascending powers of the variables,’ pp. 9i—108.
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 167

sPutting ~∙ ≡∙nd writing for its value 7 + l0gn, the equation becomes, when raised to the a*'^  υower.

where 
whence

§ 50. By putting α = 1 in this result we do not obtain a series for log∠l, for the left-hand member 
and, equating this value to the right-hand member, we find

This equation can be easily verified; for, by integrating 
we find 
and 
the former integral being zero and the latter =⅜ log(2π).§51. If we put α = 2, the right-hand member of the equation becomes
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168 DR. GLAISHER, ON NUMERICAL PRODUCTS,

where and the left-hand member
Equating these values, we find

§ 52. Now, it was found in § 23 that 
whence, by equating the values of 3 log 4,

fi 53, To verify this equation, we notice that 
whence, by integratioR,

§ 54. Putting — for a; in § 49 and multiplying the results, we have
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DE. GLAISHER, ON NUMERIC AL PRODUCTS. 169whence we deduce that

where
§ 55. Putting α = 2, the left-hand member

iind the right-hand member
where

Equating these expressions,
which is the same relation as that found in § 23, W being the series which was there denoted by Q.

. Products in which the exponent is the reciprocal of the number. §§ 56-69.§ 56. I cannot close this paper without drawing attention to the very elegant expressions that Prof. Hogel has obtained for the products corresponding to those in § 1, but in which the exponent is the reciprocal of the number.*
* Educational Series Eeprint, Vol. LI. (1894), p. 66. Question 11968.
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1 7 0  D R.  G L AI S H E R,  O N  N U M E RI C A L  P R O D U C T S.

St a rti n g  wit h  t h e f o r m ul a 

a n d, t a ki n g t h e e x p o n e nti al of b ot h si d e s, h e o bt ai n s t h e 
g e n e r al  r e s ult.

§ 5 7. P utti n g  ∕ x =  ⅛,  a n d r e pl a ci n g Γ  (∣) b y it s v al u e  

K °  b ei n g t h e c o m pl et e elli pti c i nt e g r al of  t h e fi r st 

ki n d  c o r r e s p o n di n g t o t h e m o d ul u s  ~  , t h e f o r m ul a gi v e s .
f ∖ J Λ

T hi s  r e s ult i s v e r y c u ri o u s, i n v ol vi n g a s it d o e s all t h e 
f o u r c o n st a nt s e,  τ r, γ,  K°.

§ 5 8. Si mil a rl y  b y  p utti n g  μ  =  ∣ t h e c o r r e s p o n di n g r ati o  
i n v ol vi n g t h e s u b e v e n a n d s u p e r e v e n n u m b e r s  t o m o d ul u s  3  
i s o bt ai n e d,  vi z.,

T hi s  r e s ult m a y,  a s p oi nt e d o ut b y P r of.  B o g el,  b e e x 
p r e s s e d  i n t e r m s of  t h e c o m pl et e elli pti c i nt e g r al t o m o d ul u s  
si n 1 5 ’ b y  m e a n s  of  t h e r el ati o n
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 171The value of the product ao expressed is found to be
§ 59. For the modulus k = sin 15° we know that

if therefore we denote by the value of K for the modulus 
k = sin 75°, we have = A",.The value of the product in the last section may therefore be written also

§ 60. The series from which the products are derived involve the subeven and supereven numbers to the moduli 4 and 3, with contrary signs. They seem therefore deserving of notice on their own account. Taking the results in §§57 and 58 the series-formulae may be written 
and

The terms in the series have the positive sign when the number ≡ 1 and 2, mod. 6, and the negative sign if it = — 1 and - 2, mod. 6.
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172 DR. GLAISHEE, ON NUMERICAL PRODUCTS.§ 62. The formula of § 58 may be written

Thus, by adding and subtracting, we find

In the first series the terms are positive or negative? according as the number ≡ 2 or — 2, mod. 6 ; and in the second series they are positive or negative, according as the number ≡ - 1 or 1, mod. θ. Thus the second series depends upon the subeven and supereven numbers to modulus 6, taken with contrary signs.
§ 63. Since

we may express the values of the two series in terms of or Λζ instead of Gamma Functions. We thus find
and

www.rcin.org.pl



DR. QLAISHER, ON NUMERICAL PRODUCTS. 173§ 64. Expressed as a product, the last formula becomes

§ 65. We may obtain also the value of the corresponding quotient involving subeven and supereven numbers to modulus 8.For, by putting ∕λ = ⅜ in the general formula of §56, we have

The first line

Thus, substituting this value,
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174 DR. GLAISHER, ON NUMERICAL PRODUCTS.and therefore

The terms in the series are positive when the number = 1 and 3, mod. 8, and negative when it ≡ — 1 and — 3, mod. 8.§ 66. Combining this result by addition and subtraction with 

we obtain the values of the series 
and in the former of which the terms are positive or negative according as the number ≡3 or —3, mod. 8; and, in the latter, according as it ≡ — 1 or 1, mod. 8.§ 67. In conclusion I may remark that the value of the series 
may be expressed by means of the constant A.For, integrating the general formula of §56 with respect to μ between the limits 0 and μ. we obtain the equation
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DR. GLAISHER, ON NUMERICAL PRODUCTS. 175Putting ∕A = I, we have

§ 68. Now, from § 23, 
and

Thus the equation becomes 
and therefore'

§ 69. Substituting this value of the integral in the formula of § 66, we find 
and therefore, expressing this result as a product,
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