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ON SERIES INVOLVING INVERSE EVEN
POWERS OF SUBEVEN AND
SUPEREVEN NUMBERS.

By J. W. L. Glaisher.
Introduction, § 1.

§ 1. IN a paper in Vol. XXVI. of the Quarterly Journal*

T was led to calculate the logarithms of u,, u, u,, ..., where
1 1 1 1
uﬁ=1’—§, S B F‘+ g.—&c.

The value of logu, was there deduced from a twenty-figure
value of u,, which I had calculated some years beforet, but the
values of logu, logu,, ... were calculated without previously
determining the values of ug w,;, .... In §24 (p.42) of the.

aper I remarked that, in order to calculate logu,, it would
irobably be found convenient first to calculate », by means of
fuler’s semi-convergent series
B, du, B, d'u,
Su, = 0+fuxdac—‘}ux+2—! e e ant W+&c.

At the time of writing that paper T had not noticed that
4, u, %, ... could all be calculated very readily by the
following method, which was suggested by the processes
employed in the preceding paper on numerical products.
The same method also applies to the series

1 1 1 1 1 1
o s B e B R
pte-rtr et %
and generally to series of even inverse powers of subeven
and supereven numbers, having contrary signs; the subeven
numbers to mod. @ being those which =~ 1, mod. @, and the

supereven numbers to mod. a those which = 1, mod. af.

Tl 1

* ‘On the series 3 + S —&ec.,’ pp. 33—-4T7.

g aTRtin e
t ‘On the numerical value of a certain series” Proc. Lond. Math. Soc.,
Yol. vIIL, pp. 200—204.

1 Quart, Jour. Math., Vol. XXVI., p. 64.
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DR. GLATSHER, ON SERIES. 177

Gleneral series involving inverse squares, §§ 2, 3.
§2. We have

log{(; o) (322) .. (2 ”‘)} — 282+ 394 + 352° + &e.,

x) \2—x n—x

where, as in the preceding paper i e 8

1
S—1+ T +I,+&c.;

7
and S,=1+—+1+-..+!
2 3 n
=1 +logn.
§ 3. Differentiating with respect to z,
e s e el il
14 1—-2 242 2—w n+xr n-x

=2 (8, + 8"+ Sz' + S + &e.) 5
and, differentiating again,
1 1 1 1 1 1
(-2 (+a) @-2r @+oF G-2) @Gra)y
=4 (S +282" + 88,8 + &e.).

+ &e.

The series u,, §§ 4—8.
§ 4. Putting =%, we find

R T e
3—,—5-,+7—,-9—,+&c.
1 1 ‘
e, (s,;+25543+3s 4,+&c)

= 834,+285E+3S,I,+4SB48+&c

§ 5. This series is even more convenient for calculation
than that which was used in Vol. viiL. of Proc. Lond. Muth.

Soc., viz.
SR i ety
o Sl ol
m (1 ) s s
=7 (é+§2—:+;;}:+%£g+&c.),
VOL. XXIIL N
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178 DR. GLAISHER, ON SERIES OF INVERSE

1 1 1
h e RS i i
where =l=+ gt &e.

§ 6. In orderto express the series in a form better adapted
to actual calculation, the S’s should be replaced by S”’s, where
S8, =8-1 This is effected by simply omitting the first
two terms in § 3, the formula being

1 il 1 + 1 1
@C-2) @C+x) B-z)' B+=x

=4 (8/z + 28/ + 38,%° + &e.).

% + &e.

§ 7. Putting .z-=' 1, we thus find

1 1 1 / '
Ao gtip- ]3, —&c. =8, 4, +28, 44+2S, 4,+&c

§ 8. Denoting, as in the paper in the Quarterly Journal,
the series

o bl G 1
Sl SR )

by u,, the results of §§4 and 7 may be written

- &e.

1
1—-u,=SaI,+2S 44+ 38, 46-i-&c.

1 1 ’
1—§+§5—u,= ,+2S ‘+3 6+&c.

The sertes g,, §§ 9—10.

§9. Putting =1 in the formula of § 3, we have

1 1 L

1
Fopt 3,—7—,+&c.=4(s +28, 35+ 38 3,+&c)

335

§10. In a paper® in Vol. XXVI. of the Quarterly Journal,
the series

1 1 1! 1 L
I-gip-Frtpoptd
i Fig e 1 3
On the series 3t5~7 11_ﬁ+&°" pp. 48—65. In this paper the

series g is considered, buf' only for uneven values of .
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POWEZRS OF NUMBERS. 179

was denoted by ¢g,. Using this notation the formula of the
preceding section may be written

1—g2=4(8'3§—3+2 ,,+3S +&c)

7 57
Corresponding to the formula of § 7, we have also
) s | :
l——+16 9= ( a+2Ssds+3 137-{»&0)

Values of u and g,, §§ 11, 12.

§ 11. Differentiating twice the formula in § 3, we have
3! 31 3! 31
(- " @+ @-o~ Grar T
=2{2.3.48 + 4.5.65,2" + 6.7.85,." + &c.},

80 that
1 1 1 1
A-ar (+o) @=o @+o
=}1{2.3.48x + 4.5.65,2° + 6.7.85,2° + &ec.}.

+ &e.

§ 12 Putting z = } and « = }, this formula gives

e W v 1
37‘_5_‘+,'F‘—E_)_‘+&c'=§{2.3'4‘s‘¢§+4'5687474-&0'}’
and

IR & 8, g3+ 4.5.65 &
2_‘_1‘-‘-*-5‘ + G =234 +4 613ﬂ+ Cy

and we have of course the correspondmg formulee involving
8’8 for

1 1 1
1—?7+-5—‘—u‘ and 1—§;+Z4—g‘.

Values of u, and g,, §§ 13, 14.

§ 13. Similarly we find
51 5] 5! 51
(1—a) N (1 +.',c)"+ (2—;&)6_ 2+ )
—2(234568+4567.88,5 +6.7.8.9.108 * + &el,
N2

-+ &e.
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180 DR. GLAISHER, ON SERIES OF INVERSE

so that

G i e ie (PR |
37,—5—3+77,—§3+&0.

=1 {2.3.4.5.65’,% + 4.5.6.7.83,;2 + &c.} :

and
1 1 1 1
Fptp-ptée
; . AR
=39 2.3.4.5.6.5’7 '?',—é + 4.5.6.7.8 g?‘, + Cil o

Tt is unnecessary te write down the corresponding formulae
for the higher powers, as the general law is obvious.

Series involving subeven and supereven numbers, § 14.

§ 14. It is evident that, by putting x=£ in the general

formule, we obtain expressions for the series of which the
terms are the inverse even powers of subeven and supereven
numbers to any modulus, taken with different signs.

Thus,

1 1 1 1
@G- @+ T @-0) @+

s + &e.

1 1 1
=4(Sags+235a—s+337;1+&°-)’

3k 1 & 1 1 &
(G=1) {asi)  B=a)s (2a+1)‘+ %

1
=3} (2-3-455 s 4.5.68’,‘—117 + &c.) 3

1 i | + 1 = 1
(@—1F (a+1)" (2a-1)° (Qa+1l)

s + &e.

1
wd (2.3.4.5.68, 5+ 456785, ‘% + &c.) p
and s0 on.
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EVEN POWERS OF NUMBERS. 181

Series involving uneven multiples of x only, §§ 15—18.
§ 15. Proceeding as in §2 and starting with

g {(122)329) - (a2

=2Uz+3U2"+ 3 U2 + &e.,

where, as in the previous paper (§ 36),

U,=1+?%,+51,+;},+&c.,
and Uy=1 3+ 4ot g
=3y+log2+4 logn,
we find, by differentiating twice,
1 1 1 1
-2 (+2 i G-2¢" (3 +x)’+&c'

= (U +20a" + 302 + &e.).

§16. Putting 2=13, we find

1 1 1

Pl 1 0

1 1
l—-a—| =4 Fih
1 1 1
= U‘,é+2U52—,+3U,5—5+&e.
and also, writing

U'=U,—1‘, U, =U, -1, &,

3

Lo TRy 1 il 1 7ol
Fp +9—,—1—1,+&c.= Uy 5+20, pt30 g+ &,y
the left-hand members of these equations being
1
u, and u,— 1 - 3
respectively.

These series do not converge so rapidly as those given in
§ 8, which proceed by powers of } intead of 4.
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182 DR. GLAIBHER, ON SERIES OF INVERSE

§ 17. We find also, by differentiation, as in §§ 11 and 183,

1 ) 1 1 1 &
(-2 [+o Q-a Qra

=3 (23400 + 456U + &c.}

L 301 304 1
Q-2 (+2° @B-2° B+
= 5 (2.3.4.5.6 U + 4.5.6.7.8U3a" + &c},

Y + &e.

and so on; the formule being exactly similar to those in
§§ 11 and 13, but with U’s in place of S’s.

§ 18. By putting = = %, we obtain expressions for

1
9o ga-l+3_4’

1
) ys—l+3—6, &e.,

in series proceeding by powers of §.

Remarks on the formulee, §§ 19—-20.

§19. The formula of §8 affords a striking example of the
great simplification in the calculation of a numerical quantity,
which may be effected by an algebraical transformation of the
most elementary character. Four terms of the S'-series in
that section suffice to give the value of u, to nine places of
decimals, and the calculation does not require five minutes’
work. But the nine-place value given in Vol. vI. of the
Messenger (p. 76) was only obtained as the result of a laborious
calculation; and if we calculate w, directly from the series
itself, it is necessary to include terms up to 5% in order to
obtain five places (p. 74). The series in §8 is also preferable
to that used in Vol. vir. of the Proc. Lond. Math. Soc. as it
converges much more rapidly, and does not require the final
multiplication by §.

§ 20. The extreme simplicity of the formula of trans-
formation is noticeable. In the preceding sections they have
been deduced from the logarithmic products of §§2 and 15,
because it was in this way that 1 was led to them, and it
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EVEN POWERS OF NUMBERS. 183

seemed interesting to connect them with the formule of the
preceding paper. The truth of each formul of transformation
18, however, evident at sight; e.g. the equation

1 - 1 % 1 & 1
(l-2) (A+x)  @2-2) @E+xF
=3 (2.348x + 4.5.682" + &e.),

— &e.

or
R i s Buge)
2-a) QR+x) @B-z) @B+z
=3 (2348 +4.5.68, 2" + &c.)

% + &e.

is at once seen to be true, by expanding the left-hand side in
ascending powers of & by the Binomial Theorem.

Relation connecting w,, u,, u, &c., §21.

21. In the Nouwvelles Annales (Ser. 111. Vol. 11, p. 429 A
' P
it was shown that

{l‘(})}’= 9 24 49 80 121

l’(%) 8 25 48 81 120"
now . F3) F(%)—;mT T2,
8o that the left-hand side

_r'd
27

The equation may therefore be written
o e e o el [
167"  8-1 5 7T-1 ¢

e e

Now, if K° denote the complete elliptic integral of the

. 1
first kind to modulus ~7—2

L ¥

At !

()Y 8 5-1°7 9=
Dl s SRR ik B IR SR

whence
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184 DR. GLAISHER, ON SERIES.
and by taking the logarithm, we have

loggﬁ—;)’:—lqg(l-—)+log(l—-—) log( )+&c;

1 1 1 1
=§,—"5‘2+?—§‘,+&0.

3t

Y510
+%(§’ gt 9°+&°)
fo .o gnais o nen sesesesscesencecscassen

=1-u,+4(1-u)+3(1-2u)+&e,
80 that, denoting 1 —»_ by »/,
u, + %u, + ju, +&e.=2 log K° — log .

This formula would afford a very useful verification of the
values of u,, u,, u, ... when calculated ; or it could be applied
to the calculation ‘of u, say, when ug, u,... had been calculated.

§22. The quantity K° is equal to i—' , where w is the

quantity so denoted by Gauss¥ (¢.e., the length of a lemniscate

whose diameter is unity).
Thus the right-hand member of the equation

=2 logw — log 2 —log .

Gauss calculated logw to twenty-five places of deéimals,
his result being {
logw = 096395 93356 31536 86352 36577.

Taking this value of log w, the value of the series
u, + 3w+ 3u + tu + &e.

is 0:09004 16048 53728 24348 66558.

* Werke, Vol. 1L, p. 413.  + Id,, p. 414,
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