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EXAMPLES OF THE DIALYTIC METHOD OF ELIMINATION 
AS APPLIED TO TERNARY SYSTEMS OF EQUATIONS.

[Cambridge Mathematical Journal, ιι. (1841), pp. 232—236.]

This method is of universal application, and at once enables us to reduce 
any case of elimination to the form of a problem, where that operation is to 
be effected between quantities linearly involved in the equations which 
contain them.

As applied to a binary system, fx = 0, φx = 0, the method furnishes 
a rule by which we may unfailingly arrive at the determinant, free from every 
species of irrelevancy, whether of a linear, factorial, or numerical kind.

The rule itself is given in the Philosophical Magazine (London and 
Edinburgh, Dec. 1840). The principle of the rule will be found correctly 
stated by Professor Richelot, of Kδnigsberg, in a late number of Crelles 
Journal, at the commencement of a memoir in Latin bordering on the same 
subject (“Nota ad Eliminationem pertinens”).

My object at present is to supply a few instances of its application to 
ternary systems of equations.

Ex. 1. To eliminate x, y, z, between the three homogeneous equations

(1)
(2)
(3)

Multiply the equations in order by — z^, y‘\ add together, and divide
out by 2zry; we obtain

(4)

By similar processes we obtain

(δ)

(θ)
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6 2  E x a m pl es  i n Di al yti c  Eli mi n ati o n.  [ 1 2

B et w e e n  t h es e si x, tr e at e d as si m pl e e q u ati o ns, t h e si x f u n cti o ns of 
√ c,  y,  z, n a m el y,  χ y,  xz,  yz, tr e at e d as  i n d e p e n d e nt oi  e a c h ot h er,  m a y
b e  eli mi n at e d ; t h e r es ults m a y  b e  s e e n, b y  m er e  i ns p e cti o n, t o c o m e o ut

• or r ej e cti n g t h e s p e ci al ( N. B. n ot  irr el e v a nt } f a ct or A B C,  w e  o bt ai n

I m a y  r e m ar k, t h at t h e e q u ati o ns  ( 1), ( 2), ( 3), or  ( 4), ( 5), ( 6), e x pr ess t h e 

c o n diti o n of

h a vi n g  a  f a ct or ∖ x  +  μ y  +  vz  ; a  g e n er al  s y m b oli c al f or m ul a of  w hi c h  I a m i n 
p oss essi o n f or d et er mi ni n g  i n g e n er al  t h e c o n diti o n of  a n y p ol y n o mi al of  
a n y d e gr e e h a vi n g  a f a ct or, f ur nis h es m e  at o n c e wit h  eit h er of  t h e t w o 
s yst e ms i n diff er e ntl y. T h e  a v ersi o n I f elt t o r ej e ct eit h er, l e d m e  t o e m pl o y  
b ot h,  a n d  t h us w as  t h e o c c asi o n  of  t h e Di al yti c  Pri n ci pl e  of  S ol uti o n  m a ni ­

f esti n g its elf.

E x.  2. ( 1)

( 2)

( 3)

M ulti pl y  e q u ati o n ( 1) b y  β y  +  < yz,  e q u ati o ns ( 2) a n d ( 3) b y  vz a n d κ y  

r es p e cti v el y, a n d a d d t h e pr o d u cts  t o g et h er, w e  o bt ai n  t er ms of  w hi c h  y ^z  
- a n d yz ^  ar e  t h e o nl y  t w o i nt o w hi c h  x  d o es  n ot  e nt er.

M a k e  n o w  t h e c o effi ci e nts of  e a c h  of  t h es e z er o, a n d  w e  h a v e

H e n c e,  m ulti pl yi n g  as  dir e ct e d,  a n d  t h e n di vi di n g  o ut  b y  x,  w e  o bt ai n

or  b y  s u bstit uti o n.

Si mil arl y,  b y  pr e p ari n g  t h e e q u ati o ns s o as t o a d mit i n t ur n of  y  a n d  z 

as  a  di vis or,  w e  o bt ai n
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1 2]  E x a m pl es  i n l)i al yti c Eli mi n ati o n.  6 3

B et w e e n  t h e si x e q u ati o ns  ( 1), ( 2), ( 3), ( 4), ( 5), ( 6), y ∖ x y,  xz,  yz,  m a y  

b e  eli mi n at e d ; t h e r es ult will  b e  a  f u n cti o n of  ni n e  l ett ers {t hr e e  o ut  of  e a c h  

e q u ati o n ( 1), ( 2), ( 3) } e q u at e d t o z er o. P er h a ps  t h e d et er mi n a nt m a y  b e  
f o u n d t o c o nt ai n  a  s p e ci al f a ct or of  t hr e e l ett ers; a n d if s o, m a y  b e  r e pl a c e d 
b y  a  si m pl er f u n cti o n of  si x l ett ers o nl y.

E x.  3. T o  eli mi n at e  b et w e e n  t h e t hr e e g e n er al  e q u ati o ns

B y  virt u e  of  o n e  of  t h e t w o c a n o ns w hi c h  li mit t h e f or ms i n Λ v hi c h  t h e 
l ett ers c a n a p p e ar c o m bi n e d i n t h e d et er mi n a nt of  a g e n er al s yst e m of  
e q u ati o ns, w e  k n o w  t h at t h e d et er mi n a nt  i n t his c as e (fr e e d of  irr el e v a nt 
f a ct ors) o u g ht  t o b e  m a d e  u p  i n e v er y t er m of  ei g ht l ett ers ( p o w ers b ei n g  
c o u nt e d  as  r e p etiti o ns), n a m el y,  ( A , B,  C,  J }, J Ξ, F)  m ust  e nt er  i n bi n ar y  c o m ­

bi n ati o ns,  ( L, Ai,  N,  P,  Q,  F)  t h e s a m e,  w h er e as  f, g,  h  m ust  e nt er  i n q u at er n ar y  
c o m bi n ati o ns.

T o  o bt ai n  t h e d et er mi n a nt,  writ e

W e  w a nt  o n e  e q u ati o n m or e  of  t hr e e l ett ers b et w e e n  i c ≡, y' ,̂ z ,̂ x y,  xz,  yz.  
T o  o bt ai n  t his, writ e

F or g et  t h at x ^  = x,  y ^ =  y, =  z, a n d  eli mi n at e  X γ,  y ^  z ,̂ o bt ai n
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64 Examples in Dialytic EUmination. [12

This may be put under the form
(6)

where the coefficients are of the first order in respect to f, g, h, L, M, N, 
P, Q, R, A, R, G, D, E, F; in all of the third order.

Between the equations marked from (1) to (6), the process of linear 
elimination being gone through, we obtain as equated to zero a function of 
δ + 3, or of eight letters, two belonging to the first equation, two to the 
second, and four to the third ; so that the determinant is clear of all factorial 
irrelevancy.

Ex. 4. To eliminate x, y, z between the three equations

Call these three equations U = 0, K= 0, IF = 0, respectively. Write
-r!7=0, (1) yU=a, (2) zU=Q, (3)
icF= 0, (4) yK= 0, (δ) .2^Κ=0, (6)
a;TF=0, (7) yTF=0, (8) ^W=0. (9)

We have here nine unilateral equations: one more is wanted to enable us 
to eliminate linearly the ten quantities

This tenth may be found by eliminating x, y, z between the three equations 

for, by forgetting the relations between the bracketed and unbracketed letters, 
we obtain 

which may be put under the form
(10)

* We might dispense with a 10th equation, using the nine above given, to determine the 
ratios of the ten quantities involved to one another; and then by means of any such relations as 

obtain a determinant. But it is easy to see that this would be made up of terms, each containing 
literal combinations of the 18th order.

Again, we might use five out of the nine equations to obtain a new equation free from 
7∕≡, y"^z, yz^, ; that is, containing x in every term : which being divided by x, and multiplied
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1 2]  E x a m pl es  i n Di ali/ ti c Eli mi n ati o n.  6. 5

B y  eli mi n ati n g li n e arl y b et w e e n  t h e e q u ati o ns m ar k e d  fr o m ( 1) t o ( 1 0), 
w e  o bt ai n  as z er o a q u a ntit y  of  t h e t w elft h or d er  i n all, b ei n g  of  t h e f o urt h 

or d er  i n r es p e ct t o t h e c o effi ci e nts of  e a c h of  t h e t hr e e e q u ati o ns,  w hi c h  is 
t h er ef or e t h e d et er mi n a nt  i n its si m pl est f or m.

I h a v e  p ur p os el y,  i n t his bri ef  p a p er,  a v oi d e d dis c ussi n g  a n y t h e or eti c al 

q u esti o n. I m a y  t a k e s o m e ot h er o p p ort u nit y of  e nl ar gi n g u p o n s e v er al  
p oi nts  w hi c h  h a v e  hit h ert o  b e e n  littl e c o nsi d er e d  i n t h e t h e or y of  eli mi n ati o n,  

s u c h as  t h e C a n o ns  of  F or m, — t h e D o ctri n e  of  S p e ci al  F a ct ors, — t h e M et h o d  

of  M ulti pli ers  as  e xt e n d e d  t o a  s yst e m of  a n y  or d er, — t h e C o n n e xi o n  b et w e e n  

t h e m et h o d  of  M ulti pli ers  a n d t h e Di al yti c  Pr o c ess, — t h e I d e a of  D eri v ati o ns  
a n d  of  Pri m e  D eri v ati v es  e xt e n d e d  t o ultr a- bi n ar y  S yst e ms. F or  t h e pr es e nt  

I c o n cl u d e wit h  t h e e x pr essi o n  of  m y  b est  wis h es  f or t h e c o nti n u e d  s u c c ess of  
t his v al u a bl e  J o ur n al.

b y  y,  or  b y  z, w o ul d  f ur nis h a 1 0t h  e q u ati o n  n o  l o n g er li n e arl y i n v ol v e d i n t h e 9  alr e a d y  f o u n d. 
T h e  d et er mi n a nt,  h o w e v er,  f o u n d i n t his w a y,  w o ul d  c o nsist  of  1 4- ar y  c o m bi n ati o ns  of  l ett ers.

Fi n all y,  w e  mi g ht,  i nst e a d of  a  s yst e m of  t e n e q u ati o ns, e m pl o y  a s yst e m of  1 5,  o bt ai n e d  b y  
m ulti pl yi n g  e a c h  of  t h e gi v e n  t hr e e b y  a n y  5  o ut  of  t h e 6  q u a ntiti es y' ∖ z ,̂ x y,  xz,  yz ; b ut  t h e 
d et er mi n a nt,  b esi d es b ei n g  n ot  t ot all y s y m m etri c al, w o ul d  c o nt ai n c o m bi n ati o ns of  t h e 1 5t h  
or d er.

I m a y  t a k e t his o p p ort u nit y  of  j ust a d v erti n g  t o t h e f a ct, t h at t h e m et h o d  i n t h e t e xt d o es  i n 
f a ct c o nt ai n  a  s ol uti o n of  t h e e q u ati o n  

w h er e  r +  s +  i =  4, a n d λ, μ,  v ar e f u n cti o ns of  t h e s e c o n d d e gr e e i n r e g ar d t o x, y·, z t o b e  
d et er mi n e d.

S.  5
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