66.

ON THE EXPLICIT VALUES OF STURM'S QUOTIENTS.
[Philosophical Magazine, vi. (1853), pp. 293—296.]

By Sturm’s quotients is of course meant to be understood the quotients
which result from applying the process for the discovery of the greatest
common measure between fr (an algebraical function of the nth degree
in «, and whose first coefficient is unity) and f’'z its first derivative, as in
Sturm’s theorem; or which is the same thing in effect, supposing '{;T;G
to be represented by

S A 1

Q-Q—-Q-"""0’

(where @,, Q,... @, are all linear functions of «), the quotients in question
are @, Q... Q,. Before proceeding to discuss these quotients, it will be
well to state the form under which the other quantities which appear in the
course of the application of the Sturmian process admit of being represented.
First, then, it will be remembered that the residues with the signs changed
are all of the form

Ri=MZ {&(hy, by ... by) (@ = hiyy) (@ = higs) ... (2= b)),

where & (hy, hy ... h;) indicates the squared differences between every two
of the quantities h,, h, ... h;, and h,, h, ... h, are supposed to be the n roots
of fz; and where, using {; to denote & (hy, h, ... k;), with the convention that
& =1, & =n, and understanding by (7), 4 {1 + (=)'},

My é’“.'_gé”sq ---é"’m+1

v r‘i—l gsi—s see Cgm X

Here it will be observed that the only quantities appearing are the factors
and the differences of the roots of fz; and since these latter are the same
as the differences between the corresponding factors, for

(@—h)— (e=h)=h —h,
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638 On the explicit Values of Sturm’s Quotients. [66

the entire quantity which expresses any residue R; may be considered as
a function of the factors of fx exclusively.

Again, if we solve the syzygetic equation
N,-fw+D,-f’w=.Ri,

I have published many years ago in this Magazine the value of D;, and subse-
quently in a paper read before the Royal Society on the 16th of June last [p. 429
above] the value of Vi, both which values are also functions of the factors of fa

; WS I !
exclusively. =, it is easily seen, represents the successive convergents to
Dy

the continued fraction by which ‘% is supposed to be expressed, and R; (to
a constant factor prés) is the denominator of the reverse convergents of the
same continued fraction. To the completion of this part of the theory it
evidently therefore becomes necessary to express the quotients @, ., @s...
Qu_y, @y (of which the first (n — 1) are those which appear in Sturm’s process,
and the last is simply the penultimate Sturmian residue divided by the
ultimate residue) under a similar form, that is as functions exclusively
of the factors of fa, or, which comes to the same thing, of the factors and the
differences of the roots. Guided by an instinctive sense of the beautiful and
fitting, in a happy moment I have succeeded in grasping this much wished
for representation, with which I propose now and for ever to take my farewell

of this long and deeply excogitated theorem.

If we write [cf. p. 499 above, and the Author’s footnote, p. 495]
Ri =M, {A; 2" = B;_ ;2" 4 &c.},
and

R,' = Mi {Aia:""" —_ B,;x"—i_l + &C.},
we have
Ai =38y hyooibiy), Big=Z(hi+hipa+.cc + ) &, by oo biy),
Ai = Eg(hl, }L2 e hi): Bi= 2 (]l,'+1 + IL,'.H + oo+ }ln) g(hly ]l2 by ]Li),
and the ith quotient is evidently
My AisAdiz + (4iaBi— AiBiy)
M; Ap :
and this is the quantity (unpromising enough in aspect) to be transformed
in the manner prescribed.
M;_,, M;, and A; are already given under that form, and I find that,
putting

Ti=Ai Aix+ (44 B; — A;B;,),
T; may be represented by the double sum
2 {[E {g (Ilgl, h92 “es ho‘_l) (}lq g, hol) (hl b }192) ves (hl ot llzg‘_l)}]2 (.T o, hl)}'
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This of course implies the truth of the identity
Z (2L (hey, hay vov hgpy) (= ho)) (hy = hgy) ... (hy = hg ) = Aiy Ai =i,
in itself a truly remarkable equation, which it will be seen is of 2 (7 —1)
dimensions in respect of the roots*.
When1=1,
TI'=2(xz—M);
and when 7= 2,
Ty = Z{[Z (h = hg)T (2 = I},
that is =2{[(m=1) Iy = (ha+ s+ ... + 1)} (z = hn)}.
When 2 = n, T, becomes
p {é‘-‘(hn hy oo hy) X & (ha, hs ... hy) (x—kl)} =8+ 2 {g(ﬁa: hy ... hy) (2 = hy)},

as it evidently ought to do. Substituting for 7, 7; and A4,, their values,
we have as the complete general expression of the ¢th Sturmian quotient
the following expression, in which, agreeable to a notation which I have
previously used and explained,

h
I:}‘;v i ha._,] means (b, —hg,) (h, — hgy) oo (hy = hy,_,),

namely
Q' i) ggi—l ‘i—s g‘i—u veu C‘n‘p "_'

R 7 57 RO T

x 3 ({2‘, (;‘(k.,l, R Dy B:; h h,‘_,])}g(“’ i le)) .

It ought not to be passed over in silence, that if we write
A 11 1 N
Q-Q:—@Q-"" Q:‘—Di(x) ‘
and if we suppose N;(2) and D;(z) to be expressed integrally, and to be
algebraically prime to one another, then

Bacyiln)~i5 {;‘(ﬁal, R ke B‘;ﬂ oan hm]} .

* Thusif n=4 and i=2

=4 L=Z(h-Nh)?
and we have

4{(hy ~ hg)®+ (hy = Rg) + (hy = By)* + (g = hg)*+ (g = ) * + (g - D))}
=(8hy = hg— hg = hy)?+ (Bhy = by — hg— Ry + (Bl — by — hg = hg)* + (Bhy = hy = hg = hy)?,

and so in general {;_, {;, which is the produet of two sums of variable numbers of squares,
is expressible rationally as the sum of a constant number (n) of squares for all values of i.

+ (i) denotes § {(-1)i+1}.
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Hence ; is contained as a factor in _
Dicaln* (2 = ) + (Diy o) (& — hs) ... + (Diy by ) (@ — hy).

It may be observed also, that for all values of ¢ between 1 and n
inclusively,
.D,;}ll T .Dihg + Dih3+ eee +Dihn= 0,

and also that the determinant

L 15 i £ RS |
(D1 )3, (Dyhy)?, (D byt (i)
(D, 1), (D,hy), (D) = CDshay

......................................................

(Dash), (Dnshsly, (Dnoshy)? ... (Dpcyhn)?

is always zero [cf. p. 502 above]. To complete the theory, I subjoin the value

of N;, the simplified numerator of the 7¢th convergent to % , expressed
as an improper continued fraction.

Let the sum of the products of # —h, #—k...2—1 combined % and 7
together be denoted by S;(h, k... 1), and the sum of the 7th powers of the
same by a; (h, k ... I), then N; is equal to

Eg(hﬂl) h02 ves }loi) X {o-i-l (hol, h92 eos ho‘) — O (hal, hon cee ho‘) Sl (h0‘+1 ‘es hon)
+ 03 (hgl, hoz ves ho‘) S2 (hg'.“ vin hgn) ¥ &e.
RN s | 1R

The anomaly of the last term being of the form (1 + o) S;_, (for of course
o,=1), instead of being ¢,;_,, is not a little remarkable.

Of the four sets of Sturmian quantities, namely the residues, the quotients,
% o \

and the denominators and numerators of the convergents to % , it will have
been seen that the first and third are expressible in terms of the roots and
factors by single summations of equal simplicity, the second and fourth by
double summations, whereof that which corresponds to the numerators is

much the more complicated of the two.
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