
6 6.

O N  T H E  E X P LI CI T  V A L U E S  O F  S T U R M ’S  Q U O TI E N T S.

[ P hil os o p hi c al M a g azi n e,  vι.  ( 1 8 5 3), p p. 2 9 3 — 2 9 6.]

B y  St ur m ’s q u oti e nts  is of  c o urs e m e a nt  t o b e  u n d erst o o d  t h e q u oti e nts  
w hi c h  r es ult fr o m a p pl yi n g t h e pr o c ess f or t h e dis c o v er y of t h e gr e at est  
c o m m o n m e as ur e  b et w e e n  f x ( a n al g e br ai c al f u n cti o n of t h e nt h d e gr e e  

i n X,  a n d w h os e  first c o effi ci e nt is u nit y)  a n d  f' x its first d eri v ati v e,  as i n 

St ur m ’s t h e or e m; or w hi c h  is t h e s a m e t hi n g i n eff e ct, s u p p osi n g 

t o b e  r e pr es e nt e d b y

( w h er e Qι,  Q ·̂··  Q n  ar e all li n e ar f u n cti o ns of  x ∖ t h e q u oti e nts  i n q u esti o n  
ar e Qι,  Q 2∙∙∙ ‰∙  B ef or e  pr o c e e di n g  t o dis c uss t h es e q u oti e nts,  it will  b e  
w ell  t o st at e t h e f or m u n d er  w hi c h  t h e ot h er  q u a ntiti es  w hi c h  a p p e ar i n t h e 
c o urs e of  t h e a p pli c ati o n of  t h e St ur mi a n  pr o c ess  a d mit  of  b ei n g  r e pr es e nt e d. 

First,  t h e n, it will  b e  r e m e m b er e d t h at t h e r esi d u es wit h  t h e si g ns c h a n g e d  
ar e  all of  t h e f or m , , 

w h er e  ζ { h, h ^-.- hi)  i n di c at es t h e s q u ar e d diff er e n c es b et w e e n  e v er y t w o 

of  t h e q u a ntiti es  h,  h ^ ... hi, a n d h,  h., ... h n  ar e s u p p os e d t o b e  t h e n  r o ots 

of f x ∖ a n d  w h er e,  usi n g  ζi t o d e n ot e  X ξ'( Λι,  h ^ ... Λi),  wit h  t h e c o n v e nti o n  t h at 

ζ o =  1, ζι =  n,  a n d  u n d erst a n di n g  b y  (t), ⅜  { 1 +  (-) ^ },

H er e  it will  b e  o bs er v e d  t h at t h e o nl y  q u a ntiti es  a p p e ari n g  ar e  t h e f a ct ors 

a n d t h e diff er e n c es  of  t h e r o ots of  f x; a n d si n c e t h es e l att er ar e t h e s a m e 

as  t h e diff er e n c es  b et w e e n  t h e c orr es p o n di n g  f a ct ors, f or
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the entire quantity which expresses any residue 72; may be considered as 
a function of the factors offx exclusively.

A^ain, if we solve the syzygetic equation

I have published many years ago in this Magazine the value of D;, and subse­
quently in a paper read before the Royal Society on the 16th of June last [p. 429 
above] the value of Ni, both which values are also functions of the factors of 

7V∙ . . .exclusively, jγ, it is easily seen, represents the successive con vergents to 

the continued fraction by which is supposed to be expressed, and 72; (to 

a constant factor pres} is the denominator of the reverse convergents of the 
same continued fraction. To the completion of this part of the theory it 
evidently therefore becomes necessary to express the quotients Qι,
Qn→, Qn (of which the first (n — 1) are those which appear in Sturm’s process, 
and the last is simply the penultimate Sturmian residue divided by the 
ultimate residue) under a similar form, that is as functions exclusively 
of the factors of fx, or, which comes to the same thing, of the factors and the 
differences of the roots. Guided by an instinctive sense of the beautiful and 
fitting, in a happy moment I have succeeded in grasping this much wished 
for representation, with which I propose now and for ever to take my farewell 
of this long and deeply excogitated theorem.

If we write [cf. p. 499 above, and the Author’s footnote, p. 495] 

and 

we have 

and the ιth quotient is evidently 

and this is the quantity (unpromising enough in aspect) to be transformed 
in the manner prescribed.

J7;_i, Mi, and A; are already given under that form, and I find that, 
putting

Ti may be represented by the double sum
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T his  of  c o urs e i m pli es t h e tr ut h of  t h e i d e ntit y

i n its elf a tr ul y r e m ar k a bl e e q u ati o n, w hi c h  it will  b e  s e e n is of  2  —  1) ^
di m e nsi o ns  i n r es p e ct of  t h e r o ots *.

W h e n  i =  1,

a n d  w h e n  i =  2,

t h at is

W h e n  i = =  n.  T n  b e c o m es

as it e vi d e ntl y  o u g ht  t o d o. S u bstit uti n g  f or 7 ζ· _ι,  1 ∖ a n d t h eir v al u es,  

Λ v e  h a v e  as t h e c o m pl et e g e n er al  e x pr essi o n of  t h e ft h St ur mi a n  q u oti e nt  
t h e f oll o wi n g e x pr essi o n, i n w hi c h,  a gr e e a bl e t o a n ot ati o n  w hi c h  I h a v e  
pr e vi o usl y  us e d  a n d  e x pl ai n e d.

n a m el y

m e a ns

It o u g ht  n ot  t o b e  p ass e d  o v er  i n sil e n c e, t h at if w e  writ e

a n d if w e  s u p p os e Ni { x)  a n d Di( ^)  t o b e  e x pr ess e d i nt e gr all y, a n d t o b e  
al g e br ai c all y  pri m e  t o o n e  a n ot h er,  t h e n

* T h us  if n  =  4  a n d  i =  2  

a n d  w e  h a v e

a n d s o i n g e n er al   w hi c h is t h e pr o d u ct  of  t w o s u ms of  v ari a bl e  n u m b ers  of  s q u ar es,
is e x pr essi bl e  r ati o n all y as  t h e s u m of  a  c o nst a nt  n u m b er  ( n) of  s q u ar es f or all  v al u es  of  i.

+  (i) d e n ot es  ⅛ {(-l) *  +  l }.
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Hence Qi is contained as a factor in

It may be observed also, that for all values of i between 1 and n 
inclusively, 

and also that the determinant 

is always zero [cf. p. 502 above]. To complete the theory, I subjoin the value
SOof N^i, the simplified numerator of the fth convergent to , expressed

∙'as an improper continued fraction.

Let the sum of the products of x — h, x — k... x — I combined i and i 
together be denoted by Si(h, k ... I), and the sum of the ith powers of the 
same by σi{h, k ... I), then Ni is equal to

The anomaly of the last term being of the form (1 + cro) Si-i (for of course 
σ-o = f), instead of being σoSi^ι, is not a little remarkable.

Of the four sets of Sturmian quantities, namely the residues, the quotients, 

and the denominators and numerators of the convergents to ‘f - , it will have 

been seen that the first and third are expressible in terms of the roots and 
factors by single summations of equal simplicity, the second and fourth by 
double summations, whereof that which corresponds to the numerators is 
much the more complicated of the two.
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