16.

ON THE CHANGE OF SYSTEMS OF INDEPENDENT
VARIABLES.

[Quarterly Journal of Mathematics, 1. (1857), pp. 42—56, 126—134.]

(1) THE theorem contained in the subjoined pages having been printed *,
with many typographical and other errorst, in the Proceedings of the Royal
Society, Vol. vit. No. 8, I think, on account of its importance to the direct
march of the differential calculus, of which, as an instrument of expansion, it
may be said to complete the processes, that the reissue of it in a more correct
form may be acceptable and useful to the readers of this journal.

The purpose of the theorem is to effect for any number of variables the
same end which has been accomplished by Burmann and others for a single
variable ; that is to say, % being supposed to be a function of the variables,
@, y, ... 2, each of which is a given function of u, v, ... w, and a, 3, ... v,
being any positive integers, the theorem gives the complete development of

((%)"(%)p ((%')73 in terms of J—%, div’ d(fb’ @Y, ey Snok;
I say, is the primary form of the theorem ; but it enables us, as will hereafter
be shown in this paper, in fact, and as a consequence, to do much more than
this, namely, to solve the question of differential transformation, under its
most general aspect. The question so proposed may be stated as follows:
Given ¢, =0, ¢,=0, ... ¢, =0, where each ¢ is a function of @, @,, ... &,
it is required to pass from an expression in which the differentiations have
respect to @, @, ... @; to an equivalent expression, in each of the terms of
which the differentiations have respect to @y, @a,, ... @, these last-written
quantities being any ¢ arbitrarily chosen terms out of the given set of n+1
variables, @,, @y, ... @nyi. Through the medium of the reversion of series,
the solution of this problem for the case contemplated in the theorem
about to be enunciated (where @,, @,, ... @; are given explicitly in terms of
* Want of leisure prevented me then, and still prevents me, from producing the proof of the
theorem, or the investigation by which I arrived at it. It must, however, be understood, that the

theorem was not obtained tentatively, but that the proof of it is in my possession.
[+ p. 50 above.)

8 IL ' 5
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66 On the Change of Systems of [16

Uy, Up, ... U;), enables us to write down the solution for the case where these
two systems of variables are connected by equations in the more general
manner just above supposed. It may then be asked whether it is meant to
affirm that Burmann’s law for passing from one independent variable z to
another 7, of which the first is a known function, conducts immediately to
the law for effecting such change, when # and y are connected through the
intervention of one equation between z and #, or several equations between
z, y, and other connecting variables. The answer to this question is in the
negative ; for even if we take the simpler case where z and y are connected
by a single equation, it will be found that to solve the problem for this case
in the manner indicated, we shall need to know the solution of the problem,
how to pass to two variables, u, v, from two others, #, y, given explicitly as
functions of the former two; and so in general it is the fact, that the theorem
applicable to the case of implicit connections between any number of variables,
is always a corollary to the theorem applicable to the case of explicit connection
between a greater number of variables. Thus it comes to pass, that Burmann’s
law for one variable explicitly connected with another, does not contain within
itself the law for one variable implicitly connected with another; but the
general law which I have discovered for a system of any number of variables
explicitly connected with another such system, does contain within itself the
general law for systems implicitly so connected *.

As the theorem is one of considerable complexity, it will be rendered
most easily intelligible by taking separately and successively the cases of
two and of three variables; the reader will then not experience any difficulty
in seeing how it is to be extended to any greater number.

ProBLEM FOR TwoO VARIABLES.

i ! # L g d\ d\?
(2) Leta,ybe given functions of u, v, it is required to express (EE) (@) o

in terms of the partial differential coefficients of z, 7, Y in respect of u and ».

SOLUTION.

Form the Jacobian determinant

[ e e
du’ dv |’

| dy dy

| du’ dv

* Any linear function of infinity is still infinity, and all infinity is one, but not so of a finite

integer ; thus it is that the particular does not carry with it the particular, although the general
does the general.
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16] : Independent Variables 67

which call J; the required expression will be made up of terms, each of
which will have for its components; 1° a power of (—=); 2° a positive integer
numerical multiplier; 3° a negative power of J; 4° and 5° (subject to a
subsequent distinction into two sets), factors of the form

@) @)= @F @

d\4 /d\B
and 6°, a factor of the form (—) (—) ]
du) \dv

The distinetion of the factors under the combined headings 4 and 5 into
two sets, referring to these headings separately taken, is dependent upon the
values of p, ¢; p, ¢. The 4th heading is intended to comprise the factors,
for which p=1 and ¢=0 or p=0, ¢=1, and similarly for p’ and ¢/, that is,
factors for which p+¢ or p"+ ¢ is unity. The 5th heading comprises those
factors in which p+¢ or p'+¢ (as the case may be), exceeds unity. These
two sets require to be carefully distinguished and considered apart: those
values of p, ¢; p’, ¢ belonging to the second set will be distinguished by the
letters a, b; /, b’ so that it is to be understood that a +b>1, @'+ > 1.

The general term may thus be put under the form

g (- (-5 <@
) @) o e
<A@ @) o xee
(@) )™

The negative signs are employed with ZZ 5 Z—: in the first line of factors,

because, as will be seen when we pass to the case of more than two variables,
it is the first minors of J which give rise to these factors, and these first

minors are respectively
gy i 9 o Ry
dv’  du’ dv’ du’
The &e. in the second line of factors refers to a, b, I becoming changed
into a,, by, l,; @, by, ly &c.; and indicates that the product is to be taken of
all the factors thus formed upon the type of

(@) @
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68 On the Change of Systems of [16

Similarly, the &c. in the third line of factors refers to a’, V', I’ becoming
changed into @/, b/, Iy’ &c.; and the product taken of all such factors so

formed upon the type of
ANE 7AYo\
{(@) (&) 9} '

[We may of course, if we please, write the first line under the form

- ¥ 2 () G ) e
by making 7' =7+ 8 +a'.]

In the first place,
1=1+&c. +1' + &c.

In the second place,
w=a+B+ad +p3.

In the third place,

a+a =la+ & +lad+&c+ A4, (1)
B+ R =1b+&e +1'b + &e. + B, (2)
2 a+B =f+3l, (3)
d+B8 =g+3l, (4)
which two systems of equations of course imply the existence of the equation
S(a+b—1)+3 (0 + b =1)=(f+9)— (4 + B). (5)
And finally :

_ o H@+B-DI(+8-1)
N D o TS T

Ma+a —DI(B+B-1)
{Hl(l'[aﬂb)‘} x &e. x (11U (11’ ITV')} x &e. x ITA 11 B’

IIn fo_r any value of the integer n indicating the factorial 1.2.3...n, and D
denoting the determinant hereunder written, namely :

\‘ a+ B, 0, la + &ec., b+ &e.
\ a+B, Vd+8&c., U+ &ec
; a, a, oa+d, 0

. halas 0, B+8
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16] Independent Variables 69

which writing la + &c. = Zla, l'a’+ &c.=32l'a/, and substituting for a+a/,
Sla+3l'a’ + A, and for B+ B/, b+ 2D’ + B, becomes when developed

(a+B)(«+p)AB
+{B@+B)Zla+p (a+RB)Sla} B
+{a (' +B)2b+a (a+B)2D} A
D being essentially positive, NV can only vanish when the following equations
(or the analogues to them obtained by the interchange of @, a, 4 with b, 3, B)
are fulfilled, namely :

A=0, B=0,
or Ai=0 B=0; B =0,
or A=0; e a=0,
or 4 =0, ‘d =0, B =0,
or Ai=0; B=0, Zlla}=0,
or 4 =0 B =0, Zla=0,
or A=0 3la=0, Xla’=0

(3) By way of illustration, let us suppose /=2, g =0, so that the expression
to be developed is :ii;, which is to be expressed in terms of ; j O Y

Tt will be the simpler mode of proceeding to find this development by actual

expansion, and compare the result with that given by the theorem in the text.
We shall find without difficulty by the ordinary process

'y (dy)’ d*y 2 dydy d*y (d_y)’ Y

dat =~ i \dv) dwe ~ Tidu dv dude T T \du) @

1 da (dy) dydy 2 dedydy dy dY

J’ dv \dv) dw* du~ J*dv dudv dudv du
AR RS
J Sdy (du dv® du
_ldy (c_lg)’ dydy <dy> dy dz d%
Jidu\dv) dwdu " J*\dv) dududy du
-7 i e
» U, v* du
_ 1 de(dy\*diydy | 2 dedydy dy d%
Jdv \dv) duwrdv  J*dududv dudv dv
“8yes
S dv \du v dv
l dy (dy)’d’zd% _ 2dydydy dw dy
J du\dv) dwdv ~ J*dududv dudv dv
1 da jdy\*d*ydS
+Jia¢1(¢ru) dv* dv
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70 On the Change of Systems of [16

(4) In the first term

=2 B=01 =0, 18 =—i0
a=0, b=0, &e.=0, SI=0,
=0 V=0 &ec.=0 3I'=0,
A =2 B=0,

and we have, as indicated by the theorem,
1=31+3I'=0, w=a+B+d+8 =2,
a+a =2la+3l'a'+A=2,
B+B =2b+3Zl'V + B=0,
at+B=f=2,
a+B'=9g=0.
; a+B—-1II(a+8 -1
N becomes ( l'faH B)ﬁHZ(’—H ,B'B )
xH(a+a’—l)H(,8+/3'—l)
114
x(a+pB)(@+RB)AB;

it is easily seen that
nNB+B-1)xB

=IH(B+p-1)x(B+7A)
Ll
@+ (d+B -1)=II(a +B)=1I0=1,
so that the value of the fraction above written is in fact
M(a+8)4 (1127
MaTI4A ~— (1128

1

In the second term,
a=1, B=1 oa=0, B=0;
everything else remains as before, except that the numerical factor is (—)8 N,
that is, — N, where N =2.
(5) If we take the eighth term (the second one of the fourth line) we have
=2 Rk =0 SO
a=1, b=1, a'=0, 'B=K] Sl=li=]1
A=]1, B=0,
and we have
i=l+B+d=3+B+ad =2
w=a+B+ad+p =3,
a+d =la+A4=2,
B+B=lb+B=1,
a+B=f+1=3,
«+p =g=0,
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16] Independent Variables 71
O(a+B—1)TI(a+ 8 —1)
1lallB I 115

(He+d —DIE+F-1)
Hallb 1IIA 1B

which, since I +B -1 x(@+p)=00=1,

_O@+p-14_1N2.2 ,
‘ 4 U ) s

and N becomes

{a(a+ B)} b4,

(6) The above examples, although taken from the simplest terms, are in
a certain sense exceptional cases, inasmuch as IV for these cases involves one
or more fractions of the form §; but this is a mere accident, resulting from
the peculiar form of representation which I choose to employ, as being in
general the most convenient to operate with.

If we take the fifth term (that is, the second term of the second line), this
exception does not apply. We have for this term
a=1lB8=1sa'=1 i 80,
a=0, b=0, a'=1, b=1, ZW=l=1,
A=1, B=0,
I11 x 110 111110
THIx 01 HIxOlx >
2x0x1x0
={+(1x14+0+0x1%x1)0}=2.
+ 1x1x0+1x2x1

and we find N D=D

" g
(7) In general, to form all the terms in ((%) ( diy \)-‘7 9, that is, to find all

the systems of indices, we may begin by taking 4 + B = u, and giving to x in
succession, every value from 1 to f+ g, and calling '+ ¢ ==, and writing
Sla+b-1)=1L,
(@ +b -1)=1L,
we have to combine each solution of the equation A + B=u with each of the
equation L + L'=n—pu, that is, we may assume for 4 in succession each
value from 1 to w, and for L, from 1 to n—pu.

It will be convenient to denote in general an integer which may be
anything from 1 to p by [p]. We have then

w=[n],

a=[m]. B=n-[s-1].
p=[n-p], L=n-p-[n- ).
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72 On the Change of Systems of [16

We have then to break up L in every possible way into parts which will
give by combining equal parts into groups all the values of /, (¢ +b—1). In
like manner, the partitionment of L' will give all the values of 7, (o’ +b —1).

Any of the values of a+b—1 and of a’+ b’ —1 respectively being called
¢ and ¢/, we have
a=[c+1], b=c+1—[c+1], ¢'=[c+1], b'=c¢+1—[c+1].
Hence every system of 0y, ai, by; b, as by; ...
and of by, Oy . bas s Oy s o

satisfying the equations of condition may be found. To find the corresponding
values of a, B; o, B’ we must observe that one combination of the equations
(1), (2), (3), (4), having been employed to obtain the quantities already found,
only three of these equations are independent ; we shall accordingly have

a=[f+32l], B=f+Z2-[f+2l],
o =3la+32l'a + A —a,
B =2 + 2V + B -,
and the problem is completely resolved.
(8) If now we pass to the case of three variables x, &', 2”, given explicitly
as functions of u, u’, u”, we must take
du’ du’  du”
du b dul b du// ’
L A
du’ du'’ du”

25 o el d
,u”, to denote o v TR e T be

which, for greater brevity, using u, u’
written

e, we,  uo |

uw, ua, u'a
The nine first minor determinants may then be expressed under the respective
forms

&
duz’ du'z’ du’z’
& L
dur’’ due’ dux’

dJ dJ d.J

da{E” ) dﬁ'w” ) duuw'/'/ ¥
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i Jé I
The general term in (;) ( d‘i) ({%,) Y will then be

5 () (=) (@)

(ew) o)

G @ )

and similarly to the last case
=31+ 3l + 2V,
wo=a+B+y
+ad+ B8 +y
+d’+ 8"+,
a+ad +a’=3la+32la +3""+ 4
B+B+B" =3+ 3V + 't +B
vy+o +o"=3lc + 3¢’ +32l"¢" +C,
a+B+qg=f+3
@+ B +y =f +30
o'+ 8" +o"=f"+3l",
from which six equations we may deduce
Sl(a+b+e=1)+Z (' +b +c =1)+ 2" (@ +b"+c¢" =1)
=f+g+h—(4+B+0).
(9) And the six equations first written may be solved in a manner
analogous to the four equations in the preceding case.
We have finally

Ma+B+y— D)@ +B +y =D +B +y 1)
MallBTly o 113 11y T2 T137 1Ty

Mat+a +a'-DIB+B +B" -DI(y+y +9"—1)

IIl(HaHbﬂc)‘x&c x TI (e’ 16 TIe ) x &e. x 117 (Ila” 10" T1e")" x &e.

x D+ (ITATIBIIO).

N-=
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74 On the Change of Systems of [16

where D =the determinant following, namely,

a+ B+, 0, 0, Sla, S1b, Sle
0, a+B +v, 0, b ¥ 1" saliu b gl 1 I
0, 0, ' 4B +v", Sl b > 4 17"
a, o, o a+a +a’, 0, 0 1
B, - @ B, 0, B+8 +8, 0
2 v v’ 0, 0, Yo £y

which, employing the equations
a+d +a’=3la+3Zld +32"d" + 4
B+B +pB'=3Zb+ 3 +2'V' +B
vy+o +q =3lc+ 3l +2'¢” + O,
may be expressed under the forms
NABC + uBC + p'CA + p"AB +vA + VB +v"C,

where all the coefficients A, u, v, are essentially positive functions of a, 8, v,

&e., Sla, 2b, Slc, &e.

The general form of D is apparent, as is also the reason why there is no
term in which one of the indices, 4, B, C' ... does not appear, namely, that
the sum of the lines in the lower half of the square, minus the sum of the
lines in its upper half, gives rise to the line of terms following, which may be
substituted in place of any one of the existing lines

0, 0,+0'13 4,8, ' v..

so that one of the letters 4, B, C' ... must appear in every actual term of the
development. '

(10) Let us return for a moment to show what the theorem becomes

for the case of a single variable «, from which the transition is to be made
to w. '

da \
du’
and the 1st minor which is a determinant of zero places, as is well known to

those conversant with determinants, must be taken + 1. The formula then
becomes

g {(G) o (G - (G @)

For this case J =

\

where 7;=l1+l2+ i S g a)=a=llal+l2a’+ el +leaa+A’

I(z—1) II(a—1)
and 7, A M. A/l O L D
Mo 110 (Tay )i T, (Tl ay)s ... 11, (Ta,). TIA *
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a, a—A4A

where = \ = ad.

a, o

II (a—1)

Hence o 107, (Ia, > x &c. x i, (Ha,)e x IL(A — 1)’

agreeing, as it ought, with Burmann’s Law.

(11) For particular classes of terms N admits of a reduction to a
simpler form.

Thus, in the case of three variables, suppose that the matrix

a, 3, v assumes the form a, 0, O,

o, B, o 0, 8,0,
o B A 0, 0, v,
by which I mean that
B=0, ¢=0,
=0 o=,
a’=0; 8! =0.

Then by substituting for the 4th, 5th, and 6th lines in D the differences
between the 4th and 1st, the 5th and 2nd, the 6th and 3rd, respectively,
D assumes the form

%010 Sla, 31, Sle
0,0 8% »0; Sla, Uy, e’
0, O’ 'Y’/’ El,l(t’,’ Elllbll’ El/lcll
Sla’
0, 0; 0, +ZVa’ =2 =3l
+4 ’
Sib
0, 0, 0, =3la, +3"b", =Zl¢
+ B,

e

0, 0, 0, -—3l"a" -=3I"b", +3NV¢
+C
which :
Sla' + 3Va"+ 4, -2la, - 3l"a”
=By’ X - 30, b+ 2" + B, 20" .
- Zle, - 2l'd, Sle+3ld +C

v 1Ty

which we may call a8y"D'.
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The entire value of IV is consequently
, o W a=1)1 (B=d )1l (y" —1)
ik DalIR Ty
1 M@a-DIE DI -1)
T (TTa TIbTIcY x &c. x 11 (TTa'TIb TIc’) x &e. x [177 (IIa” 116" TIc”)*" x &e.
x ._L
ITATIIBIIC
iy TIallB Ty
T I (a1 TIcy x &e. x 11 (ITa/TIX TIC'Y x &e. x I11” (Ila” 116" TIc")" x &c.
X __i__
IHAIIBIICS

(12) The form of I is deserving of consideration on its own account.
Call 2la = Ay, ' Zla" = A,
3t =B, X'V =B,
2le=0,, 3l'd=0,.
Then D' =ABC+ (4, + Ae) BC+ (B, + B,) CA + (C, + Cy) AB
+(B.Cy+ B,Cy+ B,Cy) A + (Co Ay + CL A + O Ay) B
+ (4B, + A,B, + A.B,) C.

The entire number of terms is 16. In general, for m variables the
corresponding number will be (m+ 1), as may easily be shown*.

* The number of terms in I, since each of them has positive unity for its numerical coefficient,
is evidently the value of a determinant, which, for three variables, is

8 -1, =11
- B, T Sy
g N e S
To find in general the value of such a determinant in its more general form
P, SRS IR D |
-1, U T [P
S P aget g

which is the discriminant of @ (22+3%+2?%) —2yz — 222 — 22y, we may observe that this latter
formula becomes a perfect square, that is, loses two orders when a= —1, Hence (a+1)*is a
factor of the determinant. Again, when a=2 the sum of all the terms in each column is zero.
Hence (a—2) is also contained in it as a factor; the complete value of the determinant is
therefore (a-2)(a+1)?% that is, 42, when a=3; and so for a determinant of the mth order we
obtain {a— (m-1)} (a+1)"-1, which becomes (m+1)™~1 when a=m.

The same result may also be obtained directly by the integration of a linear equation of
differences of the second order of the form given in the example at the foot of page 14, in
Mr Cohen’s paper in this Journal.

If we take D, which also, like I, consists exclusively of positive terms, only with unit
coefficients, the number of these terms for the case of 1, 2, 3 variables I find to be 1, 12, 432 ;
and for the general case of m variables I presume that the law is m™ (m 4 1)1,
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The terms themselves may be found without calculation by means of a
simple rule.

Suppose that there are four variables, we may then find D’ for the case
corresponding to the one just treated of for three variables by taking the

product of
Ay +A.+ 44+ 4,

B, + B, + Bq + B,
Co+ O+ Cy+C,
Dy+Dy+ D, + D,

and rejecting every term in such product in which any group of the letters
forms a cycle.

Thus, for example, every term in which 4, x B, enters must be rejected,
because AB, BA is a cycle.

So, again, every term in which A4, x B,x (, enters must be rejected,
because AB, BC, CA forms a cycle.

We might take the product of 4,+ 4, + A,+ 43+ A, and the quantities
similarly formed, and proceed as above; for since A4 is a cycle, as is also

BB, CC, DD, therefore A,B,C,D, will not appear in the final result.

Applying the method of rejection, we find without difficulty I, which
represents the determinant

A+ Ay+ A, + Aq, A o 1% |
‘ g - B+B,+B,+ B, AN AR
—q,, -tk C+Cy+ Cy +Ca, %y K
a5 By, A, K D+Dy+Dy+D,

=ABCD + X (A4, + A, + A3) BOCD+ 2 (4, B, + 4, B+ A,.B,
+A.B,+ A.By+ AqBy+ A3 B+ A3B3) CD
AgBaCa+(Ay+ A4,) BiCy+ (Be+ By) Cad g+ (Co+ Cy) 4, B,
+3 ( {Ba (Ca+ Cy) + B.Co} Ca+ {Cp (dp+ A;) + Ca Ay} Ad) D.
+{4.(B. + B,)+ 4, B} By
The total number of terms being
144x3+8x64+4x16=125=75%,
as it ought to be.
Other cases of simplification will readily suggest themselves; and, of

course, when y=0, v'=0, ¢”=0, which equations imply also Xle=0,
e’ =0, 31"¢" =0, and C'= 0, the value of N will reduce as it ought to the

form corresponding to the case of only two variables, and so in general (the
value of the coefficient of any term in the development of the transformed

www.rcin.org.pl



78 On the Change of Systems of [16

value of any differential coefficient of a function of several variables depending
ouly upon such of them as appear in the term itself, and in no way upon the

other variables not so appearing).

(13) To indicate the method of passing from the theory of transformation
of systems explicitly to that of systems of variables implicitly connected, let

i
us suppose ¢ (z, ¥) =0 and that fl% is to be expressed in terms of diy Sy,

We may make this transformation depend upon our being able to solve
the following question in the reversion of series, namely :

Given E=ap+bo+ 1% (cp?* + 2dpo + ea®) + &c.,
n=dp+bo+ Il—é (¢'p* + 2d'po + €'a*) + &c.,

to express pta* in terms of € 7. The solution of this question, when b=0,
a’=0, has been given by Jacobi, Crelle, t. vi. 1830 ; and as is obvious and
pointed out by Jacobi, the general case, by either of two methods, namely,
combination of the equations or linear transformations effected in the variables
p, o contained in them, may be made to depend on the particular case for
which b=0, ' =0; but Jacobi has not followed out the effects of these
processes, and apparently was not aware of the results being (as we may now
see is the case) capable of an explicit representation, which mode of repre-
sentation is essential for the purpose we have in view.

Let «, y be functions of u, v; and suppose #, y, Y to become z+ &, y + 19,
S +7, when » and » become u+h and v+ % respectively; then we shall

have

1 dA+B
f_ h+d—k+&c +{&°+HAIIBd v p Bh kB +&c}+&c.,
_dy,  dy 1 d*By . 8
”‘E‘ﬁh+Ik+&c+{&c+11AnB AT +&°}+&°

1. d4+ > ;
_h+d ke + &e. +{&C+HAHBduAdeh ke +&c}+&c.,

but treating 7 as a function of £, 5, we have also

it 1 1Yy
-r_&c.+{&c. +Hng a3 fdyog 7 + &c.}-{-&c.
H 1 ik DT .
ence 5 FTlg " datdys being expanded by means of our theorem in terms

¢ d 8 th g ] ; 4+By g
of 705 7208, Y, 3, the coefficient in such expansion of duddy® will exhibit

the v alue 0 i 4 i b - II
h f the coefﬁc]e“i, O( E 7)” mn the expan n 1 HB
te] ms Of E alld n.
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(14) As there are no quantitative relations between the coefficients in
the equations above written which express £ and 7, we are therefore now
able to express the value of h4k® in terms of £ and » when £ and 7 are
respectively expressed as rational integral functions of (and vanishing with)
h and k. Thus, let us write in general

E == Epr,s hr ke s
=3, bk,
where p, , and g, , are each zero, but all the other values of p and g absolutely

arbitrary. We have now p, ,, ¢, ; respectively replacing

O SNt N TR

IIr1ls durdv®’ TIrlls du"dv®
and consequently the general term in the expansion of 24%k? as a function of
& and 7 will be 7,97, where

IIANB N
I;,= TifTly 2 (= )itpte J¢+p+a+BQo1Pol€I”10Pﬂlo

X (IaTIb pg,p) x &c. x (Ia'IIV gq,5)" x &c.,
where

y_O@+B-HI @+ -1)
g HallB d 1IR3

M(a+a -1) T (B+8 —1) D
* I (Tl LD x &c. x 117 (I’ TIHY x &e.  [IATIB’

and
Pros Poa |

J=|
Qo5 Qonx

Hence
I, =3 |(—)+at+pta H@a+B-1H(+8—1)
ol allB Lo I8

xn(“'*'“ -HIOEB+p —1) 9%, 981.01’“'0.1}’5'1.0' ,
Iy Iy (l’l.o Qo1 — Do,1 G1,0)*HPHeHE
@ + 8, Sla, S ;
l «+g, Za, TV |
3 \\ a, o, a+a, :

B, g, B+8

I)Ia‘ll 0, qra’,h‘ R )}
X(Hl x &c. X 1 x &e. )¢,
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a,B; o, B; 1, I, &e., being any system of positive integers which are capable
of satisfying the equations
a+B=2l+f,
o +8 =3'+f,
a+a' =3la+32l'a + A,
B+ B =Zb+3l'b + B.

Hence the value of h4k?, which =321, ,E/7, is completely determined as
an explicit function of £ », and the coefficients p, g, of the equations by which
£ 7, are given in terms of  and £.

(15) So for three variables, supposing

E=32m,, . ik,
n= Enm,t hrkslt,
& = 2P, o I,
where 7mq, 4,0, Mo,0,0 A0 Py o0, are each zero, but all other values of m, n, p
absolutely arbitrary, making
Ma, 0,0,  Mo,1,05  Mayo,1 |
M,0,0,  Mo,1,00  Mo,0,1 =J,
P00  Po,1,00  Pojo,1 |
and writing in general

dlog J
il T
dlog J
F e L
dlog J
" =i, 0,i",
we shall fibd WARPIC = ST, , n o O,
where
o= {{(- yorrr IO B DT (48 oy DI 4/ =1
z HallB1ly e TIA Ty e’ 1187 Ty
H@+d+od' -DIB+L+L" -1 (y+9' +9'—1)
11/ Iig 11k )

™ P ’ " ’ " " "
x D x F71,0,0 0,1,0 #70,0,1 v 1,0,0 VA 0,1,0 V70,0,1 4’“ 1,o,o¢>a 0,1,0 4’7 0,0,1

mb v '
a,b,e Wave B it
e e a, P av,e
TR &e. x TR &e. x 7 % &e.t,

where D is a known determinant of the sixth order expressible in terms of
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a, B’ 'Y; a', BI, 'Y,; a//’ B”’ 'y//; Ela, Zlb, ZZC; zl/al, zz/bl’ zl/c/; 2 / " zl”b”

21l”¢”, and where
a+B+y=3l+f
a' +B +y'=3+yg,
o +B"+v"=Z"+h,
a+d +ao’=3la+3ld +3V'a" + 4,
B+pB +B"=3lb+3'V +2I"" + B,
y+o +o"=3lc+ 3¢’ + 3¢ + C.

(16) Suppose now that we wish from the equation 0=3p, A"k to
deduce the value of k* in terms of A.

We may put E=2p, NI,
n=h,

and then apply the formula of reversion for finding 4* in terms of & and #;
but since £ =0, we may reject all the terms out of =7, except those in
which f=0; moreover, in adapting the formula applicable to this case, we
must put ¢, ,=0 for all values of the system 7, s, except 1, 0, and for that

system ¢,,=1; we have, therefore, to retain such terms only in I,, for
which a=0, Zl'a’=0, 2V =0

B, 0, 2la, b I

D 1 b 0) al+B') 01 O
consequently becomes 0, o, " 0
B, B, 0, B+A8
i o BB | on |1, B+ =B
_a(a+8)118, 4 _a(a+B)B 1’ B+B/
=al(al+Bl)BB;
hence
1,,=3 {( - yweosa L1 HAII (o +B)xHa nE+pg-1)B
no=3 A1 118 Ilg
PP Plap
Xp:f"l*‘;*‘o T &c}
with the conditions
o = Zla, /3=2}_ ()
B+B =3b+B, d+8 =g
8. 1L 6
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we have, therefore, finally

II{S(Ib)+ B—1} p, 2000+ (pl,,) (pe%’be)
g BE({E( i Im2{@G-1)+5B}" po’lzumw"- TV 113 })

with the sole condition deduced from the system (w),
Lm+b—-1)+hL(@a+b—-1)+... +f(a,+b—-1)=9g—B.

Suppose, now, that ¢ (z, y) =0, and that we wish to express %gg (where,

for greater simplicity, I consider % a function only of y) in terms of =, y,
without solving the equation ¢ =0; we know that if we write

d € d ®
k+&c+{&c +<—‘Q-(—f/—)-h=k"+&c}+&c

then will be the coefficient of A% in the expansion of

aé ,
a
g
dat

.7
Iy
S, ady kB by B

@k+@7ﬁ+7¢m &ec. in terms of A.

Consequently, if we make

drs FIN
da? 2EBol B>
i I0{S (1b) + B— 1}
Ex=ggegy (- P s by + B— 34

@ T @Y (@)
(%)WB T (M lIby ~ ** " 1I7, (I, LG,y

where, as before, writing in general a; + b, — 1 =,

bey+ bes+ ... + lico=9— B, \

g being now given, and B variable and subject to assume in succession every
value from 1 up to B.

(17) By way of verifying the above formula, and as a protection against

accidental errors of calculation, suppose ¢ = — 2 + 4 (y),
so that d¢ i g de d\lf

the only terms to be retained are those in which no (a) index appears.
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We have, therefore, for this case 3/(b—1)=g— B,

that is, 2+ B-Zl=g,
sl (- ()
dy

agreeing, as required, with Burmann’s law.

(18) As another example, in illustration of the fact that our general
theorem embraces the whole theory of reversion, suppose we have the equation
2my, 59" k*1'=0, and that it is required from this equation to deduce ¢ as a
function of A and k.

We may write E=2m, . g k2L,
n=q,
=k

We have then 9= 31, . g k*,

and in assigning the value of 7, ,;, we need, moreover, to retain in I, , 5
only those terms in which the &', ¥, ¢’ and a”, b”, ¢” systems of indices are
wanting ; for

Sla'=0, 3UY=0 3Ilc=0,

Sl'a” =0, 3" =0, Zl"¢"=0.
Moreover a, 3, v; o, B, v'; «”, B”, v"; being the indices respectively of the
minor determinants of the matrix

My 0,05 Mo1,05 Moo,

we may consider a=0, 8=0, 8'=0, «’=0, since the minor determinants
which have these indices are all zero.

Hence, for the actual terms in I, ; 5, D becomes

% 7 Sl ey e, 2,  Slo

vy, 0 I s i S SR aveld

R g TR LA

R TR - o

% v, ATl aera o seiy Y HIRYT
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which obviously reduces to the form
8 W +NE T S
=dB" (@ +v) (B +9")7C;
also the equations of condition between the indices become
=2, o =la,
o + 'Y’ =9 B” = ZZb,
B +v'=h wy+q +y =Z2lc+C,
in addition to the special equations

a=0, B=0, a’'=0, B =0.

Hence 1¢= 21, ;9k", where I, represents

S g Tlh Mo TR T (y+v/ +9' ~1)C
(- Moy na Ty - Ty TTh i
My+y +9"—1) my,, S~ Y, 1,0)7” (=, 0)1,
= ( i3 )El c H'YH'Y, H"y” . Moo, 17+'y'+y”+u’+ﬂ" X &C.

I (v + ¥ + 'Y” -1) myno,l,o myll,o,o

¥ Rl i g e
b ( ) Y ny H'Y( [Iry" Wi, Sy
3 Mlape % mlza,,b,cz 4 Zn_leaebece :
11l i T,

where L (a;+b,+¢,—1)+ ... +l. (@, +b.+¢c,—1)=g+h—C, g and h being
assumed of any values respectively, such that their sum is not less than C':
the partitionment of g+ A — U, gives every possible system

bLoody; (@a+b+c—1)...(ap+b+c,—1);

and to every such system correspond known systems of values of a, b, ¢; ...;
@y, b,,c..  We have then oy =2, o/ + 4" =3l (c— 1)+ C, which latter equation,
for each value of ¢, gives 2l(c—1)+ C+ 1 systems of values of " and .

Thus we have the complete solution of the equation Zm, ,.q"k*lt=0.

In like manner, if we suppose i variables ¢, ¢, ... ¢q;, and for greater
simplicity, in addition to the condition always supposed of the constant
term being zero, likewise conceive that the coefficient shall be unity in each
linear term of the equation

2y, gy QG - G =0,
we shall find ’ ; '
Oy + 9+ ... +9:—1)
A3, _)’Y|+72+ g, it Yo Yi
% ( : oy, ey, ... ey

(m',9,..i,) (M, 5,,...i,)"
.Tl X &e, X —° ﬁ"z;__i,, 91"sz’ e qi_]fi—)’
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with the conditions following for finding the (y) and g, % ... @ ... 'a,, %a, ... ‘a,
systems, namely,

la+a+ ... +a—1)=fi+fi+ ... +fia—4A;
=3 ytyt ... +y=3L(@-1)+4;+1.

(19) In like manner we may without difficulty assign the general law
for solving with like generality any number of simultaneous equations
between any greater number of variables, the functions equivalent to zero
being all supposed to be without a constant term, and to be expressed as
rational integral functions of the variables; and we can consequently pass
from one system of independent variables to any new system in whatever
way, whether explicitly or implicitly, through any number of equations and
any number of connecting variables, the two systems may be supposed
to be related.
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