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ON THE MOTION OF ROTATION OF A SOLID BODY.

[From the Cambridge Mathematical Journal, vol. 111. (1843), pp. 224—232.]

IN the fifth volume of Liouville’s Journal, in a paper “Des lois géometriques qui
régissent les déplacemens d'un systéme solide,” M. Olinde Rodrigues has given some
very elegant formule for determining the position of two sets of rectangular axes with
respect to each other, employing rational functions of three quantities only. The
principal object of the present paper is to apply these to the problem of the rotation
of a solid body; but I shall first demonstrate the formule in question, and some others
connected with the same subject which may be useful on other occasions.

Let A=z, Ay, Az; Ax, Ay, Az, be any two sets of rectangular axes passing
through the point A: =z, v, 2, #,, y,, 2z, being taken for the points where these lines
intersect the spherical surface described round the centre A with radius unity. Join
@z, vy, 22, by arcs of great circles, and through the central points of these describe
great circles cutting them at right angles: these are easily seen to intersect in a
certain point P. Let Pz=f, Py=g, Pz=h; then also Pz,=f Py =g, Pz =h: and
ZxPx,= LyPy,= £2Pz,, =0 suppose, 6 being measured from zP towards yP, yl
towards 2P, or zP towards #P. The cosines of f, g, h, are of course connected by the
equation

cos? f+cos?g+costh =1.

Let a, B, 4; @, B, v'; a”, B”, ", represent the cosines of zx, yux, z22; 2y, yy, 2y
22, Y2 2z: these quantities are to be determined as functions of f, g, A, 6.

Suppose for a moment,

£yPz=x, £zPx =y, LaPy=1z;
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then

and

Substituting,

a =cos*f + sin? f cos 6,
@' = cos f cos g+ sin f'sin g cos (z — 6),
@ = cos f cos h+sin f'sin h cos (y + 6),
B =cosgcos f + sin g sin fcos (z + 6),
B =cos’g + sin? g cos 6,
B” =cos g cos h + sin g sin h cos (x — 6),

v =cosh cos f+sin h sin fcos (y — 6),
v' =cos hcos g + sin k sin g cos (x + 6),

v’ =cos*h -+ sin® A cos 6.
sin ¢ sin k cos x = —cos g cos h,
sin A sin fcos y = — cos h cos f,
sin f sin g cos z= — cos fcos g,

sin g sin A sin x = cos £,

sin k sin fsiny = cos g,

sin f'sin g sin z = cos h.
a =cosf + sin? f'cos 6,
a =cos fcosg (1l —cos )+ cos k sin 6,
a” =cos fcos h (1 —cos 0) — cos g sin 6,
B =cosgcosf (1l —cosf)—cosh sinb,
B =cos’yg + sin? g cos¥,
B” = cosgcosh (1 — cos 6)+ cos fsin 6,
v =cos hcos f(1—cos6)+cosgsin 6,
v =coshcosg (1 — cos 0) — cos fsin 6,
v’ =cos*h + sin? h cos .

29

Assume A =tan 6 cos f, u=tan 0 cosg, » = tan $0 cos h, and sec? 30 =14 A 4 p? + 12 = x;

then ,ca=1+7\’2_#2

kB=2(\u—v),
ky =2 (WA + p),

— kd =2 (Ap+v),

gy =2 (pv =),

o B k=),
B =Tr s | e =2 FA),
ey’ =1+v =N —p?;

Wwhich are the formulse required, differing only from those in Liouville, by having
A, u, v, instead of tm, In, $p; and aq, o, a'7; B, B, B"; v o, " instead of a, b, ¢
@, V, o o b’ ¢”. It is to be remarked, that B, 8”7, B; o”, v, o, are deduced from
% @, a’, by writing u, v, A; v, A, g, for A, p, ».

Let l+a+pB ++4”"=v; then vv=4, and we have

Nif = B// fa 'yl’

Mo=14+a—B —y", pv=l—a+f -y, Yv=1-a-F—q

/
po=y—d, w=d~,

7

>
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Suppose that Az, Ay, Az, are referred to axes AX, Ay, Az, by the quantities
I, m, n, k, analogous to A, u, v, «, these latter axes being referred to Az, Ay, Az,
by the quantities I, m, n, k,.

Let a,:b e o, b5 o pual, sbiao it Bl ¢ nond, sabas 56,50 o, by e - denotetthe
quantities analogous to a, B, v; a, B, v'; a’, B”, v”. Then we have, by spherical
trigonometry, the formulee

/7 r” .

a =aa,+ba +ca/, B =ab +bb +cb/, v =ac +tbc' +ec’;
’ § 7/ ’

a/ =ala/+b/a11+cl 0/,”, Bl =q b/+b b/ + C/bl”, 'y/ =a/c/+b/ c//+ C’Cl”;

1”1

a/l =a//a/ + bl/all+ c/lalll, BI’ =(z//b/ + b//b/./+c//bll/, ’yll= a//CI + b//cl/ +c c/ 1
Then expressing a, b, ¢; d, ¥V, ¢; a", V', d";.a,b,¢; @, b, ,¢; a” b7 ¢, in

terms of I, m, n; I, m,, n, after some reductions we arrive at

kke v =41 -1U,— mm,—nn)’, =4II* suppose,
kk,(B"—y)=40 +1, +nm—nm)]II,
kk,(y — ) =4(m+m,+Im —1lm,)II,
kk,(d — B")y=4(n+n, + mn—mn)II;
and hence
II =1-10, —mm,—nn, Orx=1+1+nm—nm,
up=m+m,+lm—Im, IIv =n+n,+mn—mn,
which are formule of considerable elegance for exhibiting the combined effect of
successive displacements of the axes. The following analogous ones are readily obtained:

P =14+AN+ pm + vn, Pl =\ =1l —vm +pun,
Pm,=p —m— An +vl, Pn,=y —n—ul+rm:
and again,
P =1+4+M,+um,+vn,

/

Pl=Xx—-1+vm,—pun,
Pm =p—m,+n, —vl,, Pn=v—mn,+ pul, —rm,.

These formule will be found useful in the integration of the equations of rotation of
a solid body. \

Next it is required to express the quantities p, ¢, r, in terms of A, u, », where
as usual

a8 a8 ,dB"
Py dt+'y m"")’ g

N A
q—ad—t+am+a dr

da’”’
dt

da S e
r=Bg+8 5 +8
Differentiating the values of Bk, 8'x, 8", multiplying by v, ¢/, 4", and adding,
Kp = 2N (yp = YN+ 9") + 20 (A — Y+ V) + 20 (— y = o'v + op),

www.rcin.org.pl
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& du dv
dt’ dt’ dt

kp=2N+vu' —vp):

from which it is easy to derive the system

where N, p, v/, denote Reducing, we have

kp=2( N+ —vp),
kg=2(—vN + p +v\),
kr=2( p\N =N +v );

or, determining A/, u/, v/, from these equations, the equivaient system

N =(14+M)p+ Ap—v) g+ @rA+u)r,
2w =Ap+v)p+(1+p)g+@—2)r,
2y’=(y)\,—l,¢)p+(p.v+7\-)q+(1+v’)r.

The following equation also is immediately obtained,
k' = (Ap + pg +r).

The subsequent part of the problem requires the knowledge of the differential

coefficients of p, ¢, », with respect to A, u, v; N, p/, ¥. It will be sufficient to write

down the six

ap _ dp 12
Itd—x,— 2, xd—i+2pX-— 0,

d d /
xaxq,=—2v, xd—£+2q7\,= 2V,

dr dr

dk’ 2/"‘: dk+ 2rA = — 2/1.,

from which the others are immediately obtained.

Suppose now a solid body acted on by any forces, and revolving round a fixed
point. The equations of motion are

d dT dT'" _dV

dt AN~ dx dn’

adr_ar_av.
dt dv  dv dv’
where T= $(Ap*+ Bg*+ Cr*); V=Z2[f(Xdzx+ Ydy+ Zdz)]dm ;

r if Xdx+ Ydy+Zdz is not an exact differential, (ZZ ((ll—::’ c(li , are independent
ymbols standing for
dz dy
E(XR+YE Yy 25 dms e

www.rcin.org.pl
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see Mécanique Analytique, Avertissement, t. . p. v. [Ed. 3, p. viL]: only in this latter

case V stands for the disturbing function, the principal forces vanishing.

Now, considering the first of the above equations

ar _ , d d dr 2
o =4p p L +BgZl+0r Y, =% (4p—vBg+ ulr);

5 IS At dp dq dr d«
whence, writing s g, ey for T

S g T e s b T ol U
(Ed—x,=;(Ap—ng’+y.C’1')—’—chu+;C’r;L—KL2(Ap—qu+/LO'1‘).

Also "’_T_Apdp+qu§+0 i =_27"(Apﬂ+Bq=+Gr=)+%Bqu'—%or,/;

dn dr dx’

d d1' idl
and hence % (d_t o ﬁ)

1 ) ¢
= 2 (Ap' — vBg + WO~ 2By + 2 Ori' + XAy + B + 09 = & (Ap — vBg + uO).
Substituting for A, x/, ¥/, «/, after all reductions,

¥ (% = ‘f}l—f) = L [14p +(C~B) gr} = v (B + (A~ C) rp} + u (Or + (B — 4) pg)];

and, forming the analogous quantities in u, », and substituting in the equations of
motion, these become

{A4p' +(C—B) qr} —v (Bg + (4 — C) rp} + u {Cr + (B~ A) pg} = ’*”‘%7’

v (4p'+(C - B) gr} + {Bq’+(A—C')rp}—x{or'+(B_A)pq}=,},¢%’,

p{dp +(C—B)qr} +M{Bq + (A — C)rp} + {01"+(B—A)pq}=,}x%7;

or eliminating, and replacing p’, ¢, 7, by ((%), %% Z—:, we obtain

A%+(C’—B)qr=%{(1+7\Q)%+(7\p+v)ﬁ—z+(v}, ) EK}
B% +(A O)rp= ‘l‘{xﬂ v)d)\.+(1+“)d +(,uv+)»)d }

C‘gﬁ(B 4)pg= %{(v?»w) ((ih+(;w SrL4 i +(1+y2)dV}
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to which are to be joined

w=2( GG -rz)
ams(oBs §0g)
x'r=2( #%_h%*— %),

where it will be recollected

k=1+ N+ p*+1?;
and on the integration of these six equations depends the complete determination of
the motion.

If we neglect the terms depending on V, the first three equations may be
integrated in the form

C-B A-C B-4A
p’=P12— _14.__ ¢: q’ =q12— .B ¢7 7'2+ r]! C ¢;

o e o .

and considering p, ¢, r as functions of ¢, given by these equations, the three latter
ones take the form

2t =

£ e fh’ d,u. dy
igr=  dpTTdTMag
& k _ dn | dp dy
ap~ Vgt agtrag

oL O

ipg~ HapTNapT dp’
f which, as is well known, the equations following, equivalent to two independent
quations, are integrals,

kg= Ap (1 +N—p*—v*)+2Bg (\p—v) +20r (v + p),
kg =24p A\p +v) + Bg (14+p* =N =) + 20r (uv — ),
kg’ =24p (v — p) + 2Bq (uv + ) + Or(1 4=\ - pud);

here g, ¢/, g”, are arbitrary constants satisfying
F+9°+9"=A’p’ + B’ + Oy

To obtain another integral, it is apparently necessary, as in the ordinary theory, to
evert to the consideration of the invariable plane. Suppose g'=0, ¢” =0,

hen 9’ =+ (A°p? + B¢ + C*r%), =k suppose.
C. 5
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We easily obtain, where Ny, po, ¥, #, are written for A, w, v, «, to denote this particular
supposition,

ko Ap =2 (voho — o) £,

kBq =2 (povs + M) K,

kOr= (1+v2—N2—pl) k;

whence, and from g, =14 A + o + v, #,0r= (2 + 20 —k,) &, we obtain

24 200k 14?4 1+v?) B
e GERIE, - m= GG men =GO

Hence, writing h=Ap?+ Bg?+ Cr?, the equation

dvgiar 1

T~ g (OM— OP + (et 2 g+ (L +) 1}

§ 4 dvy  h+kr

reduces itself to T+vi dg (k+ Or)pgr’
: : o | R AD

or, integrating, 4tan™ v, = f (k+Or) pgr

The integral takes rather a simpler form if p, ¢, ¢ be considered functions of 7

and becomes

o il S Oy (AB)dr _
"%+ 0r VI —Bh+B-0C) Cr} (dh—F + (C—4) Cr}]’

and then, », being determined, A,, w, are given by the equations

3 _vdp + Bq =vqu—Ap
: k+Cr ~° ol k+Cr -

Hence I, m, n, denoting arbitrary constants, the general values of A, u, », are given
by the equations

Py, =1 —INj— mp,— ny, ,
Pa=1 4+ N+my,— ny,,
Po,”'=m+ Mo + nXo—ly,
Py=n+ vi+ lpy—mh,.
In a following paper I propose to develope the formule for the variations of

the arbitrary constants p,, ¢1, 7, I, m, n, when the terms involving V are taken into
account.
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Note. It may be as well to verify independently the analytical conclusion imme-
diately deducible from the preceding formule, viz. if A, u, », be given by the differential
equations,

d)\. du  dv

i 50 e e
o d)\ dp

i Al DR "d

s d)\. Hs du dv

R @t &

where k=1+N+4pu*+1% and p, ¢, », are any functions of ¢ Then if A, w, v, be
particular values of A, w, », and [, m, n, arbitrary constants, the general integrals are
given by the system

P, =1 — N, —mu,—nv, ,
Pr=1 +2r, +my, —nu,,
Po,ul=m+ Mo+ Ny — vy,
Py=mn+ vy + lpy, —mh,.
Assuming these equations, we deduce the equivalent system,
(LM + pe + o) L =N —Ng +vop — vy,
(1 4+ AN+ ppty + vv) M= po — po + Ay — A,
X+ Mg+ ppo+vv)) n =v — v+ ph — p,.
Differentiate the first of these and eliminate [, the result takes the form 0=
= (e + v?) (N +op’ — V') — (o — Nope) (— VN 4+ 5/ + M) + (o + Agw) (N = A" + V') 4w\,
+ (1 4 1%) (o vopse” = o) + (¥ = M) (= vhg+ 0’ + Xav) — (1 + M) (kg — Aopts’ + ) — s,

A .
where A/, &ec. denote ‘;li_t , &e. and ko =1+ N2+ p? + v

Reducing by the differential equations in A, g, v; Ao, to, v, this becomes

k(N +3p (0 +2*) +3q (v —Ap)—r(p +W))
— &6 Mg+ 3P (o +25) +3g (0 — M) = 37 (o + M)} =05
or substituting for X', A, we have the identical equation

3p (ke — Kkg) =0

and similarly may the remaining equations be verified.
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